Applications of derivatives

Maxima and Minima :
Increasing and decreasing function : Let f be defined on an
interval and x;, x; denoted a number on that interval :
- If f(x1) < f(xz) when ever x; <x; then f is increasing on that
interval .
- If f(x;) > f(x;) when ever x; <Xx, then f is decreasing on that
interval .

- If f(xy) = f(x,) for all values of x;, x, then f is constant on
that interval .

The first derivative test for rise and fall : Suppose that a

function f has a derivative at every point x of an interval L
Then :

- f increaseson I if f'(x)>0, Vxel

- f decreaseson I if f'(x)>0, Vxel

If f'changes from positive to negative values as x passes from
left to right through a point ¢ , then the value of f at cis a
local maximum value of f , as shown in below figure . That is
f(c) is the largest value the function takes in the immediate
neighborhood at x =c.
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Similarly , if ' changes from negative to positive values as x
passes left to right through a point d , then the value of f at d
is a local minimum value of f . That is f(d) is the smallest value
of f takes in the immediate neighborhood of d .

3
EX-5 — Graph the function : y=f(x)=xT—2x2+3x+2 .
Sol.- f'(x)=x"—-4x+3=>(x-1)(x-3)=0=>x=1,3

f'ex) + + + 1 - - - - 3 o+ + +

Min.

The function has a local maximum at x = I and a local
minimum at x=3.



To get a more accurate curve , we take :
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Concave down_and concave up : The graph of a differentiable

function y =f(x) is concave down on an interval where f”'

decreases , and concave up on an interval where f' increases.

The second derivative test for concavity : The graphof y=f(x)

is concave down on any interval where y''< 0, concave up on

any interval where y''>0.

Point of inflection : A point on the curve where the concavity
changes is called a point of inflection . Thus , a point of
inflection on a twice — differentiable curve is a point where
"' is positive on one side and negative on other ,i.e. y''=0.




1
EX-6 — SKketch the curve : y=E(x3 —6x’ +9x+6).

y'=§x2—2x+§=0:x2—4x+3=0=»(x—1)(x—3)=0=»x=1,3

yi'=x—-2Datx=1= y"=1-2=-1<0concave down .
Satx=3=>y"=3-2>0 concave up .
=at y"'=0=> x-2=0= x=2 point of inflection .
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EX-7 — What value of a makes the function :
f(x)=xz+% , have :

i) a local minimum atx =2 ?
ii) a local minimum atx =-3 ?
iii) a point of inflection at x =1 ?
iv) show that the function can’t have a local maximum
for any value of a .
Sol. —

d d’
f(x)=x2+£=>l=2x—i=0=}>a=2x3tmd _y=2+2_a
x 2

X dx’ x3



2
i) atx=2=a=2*8=16and d {=2+ 2*316=6>0Mini.
dx 2

2
-5
if ) atx=-3:>a=2(-3)3=—54andd {=2+2(—43)=6>0Mini.
dx (—3)

2
iii ) m‘x=1=>d{=2+2—a=0$a=—1
dx 1
2 3
iv) a=231c3=>‘i;x{=2+2(2';C )=6>0
a X

Since d—2>0 for all value of x in a=2x3.
I

Hence the function don’t have a local maximum .

H.W

. Find any local maximum and local minimum values , then sketch
each curve by using first derivative :

1) fix)=x" -4x" +4x+35

2) fix)= ;:;11 (ans.:min.(0,—1))

3) flx)=x’-5x-6 (ans.:max.(—1,-2);min.(1,-10))
1) fx)=x

(ans.: max.(0.7,6.2 );min.(2,5))

4 1
3 —x3 (ans.: min.(0.25,-0.47))
Find the interval of x-values on which the curve is concave up and
concave down , then sketch the curve :

3
1) fﬁr)=%+x-’—3x
2) fix)=x’=5x+6

3) fix)=x"-2x"+1

(ans. : up(—1,);down(—0,—~1))
(ans. : up(—00,00))
(ans.: up(é ,w);down(—oo,%))

4) fix)=x*-2x’ (ans. : up(—oo,—%),(%,w);down(—%,%))
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