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Preface

Practical Management Science provides a spreadsheet-
based, example-driven approach to management
science. Our initial objective in writing the book was to
reverse negative attitudes about the course by making
the subject relevant to students. We intended to do this
by imparting valuable modeling skills that students can
appreciate and take with them into their careers. We are
very gratified by the success of the first three editions.
The book has exceeded our initial objectives. We are
especially pleased to hear about the success of the book
at many other colleges and universities around the
world. The acceptance and excitement that has been
generated has motivated us to revise the book and make
the fourth edition even better.

When we wrote the first edition, management
science courses were regarded as irrelevant or
uninteresting to many business students, and the use of
spreadsheets in management science was in its early
stages of development. Much has changed since the
first edition was published in 1996, and we believe that
these changes are for the better. We have learned a lot
about the best practices of spreadsheet modeling for
clarity and communication. We have also developed
better ways of teaching the materials, and we
understand more about where students tend to have
difficulty with the concepts. Finally, we have had
the opportunity to teach this material at several
Fortune 500 companies (including Eli Lilly, Price
Waterhouse Coopers, General Motors, Tomkins,
Microsoft, and Intel). These companies, through their
enthusiastic support, have further enhanced the
realism of the examples included in this book.

Our objective in writing the first edition was very
simple—we wanted to make management science
relevant and practical to students and professionals.
This book continues to distinguish itself in the market
in four fundamental ways:

B Teach by Example. The best way to learn
modeling concepts is by working through
examples and solving an abundance of problems.
This active learning approach is not new, but our
text has more fully developed this approach than
any book in the field. The feedback we have
received from many of you has confirmed the
success of this pedagogical approach for
management science.

® Integrate Modeling with Finance, Marketing,

and Operations Management. We integrate
modeling into all functional areas of business.
This is an important feature because the majority
of business students major in finance and
marketing. Almost all competing textbooks
emphasize operations management—related
examples. Although these examples are
important, and many are included in the book,
the application of modeling to problems in
finance and marketing is too important to ignore.
Throughout the book, we use real examples from
all functional areas of business to illustrate the
power of spreadsheet modeling to all of these
areas. At Indiana University, this has led to the
development of two advanced MBA electives

in finance and marketing that build upon the
content in this book. The inside front cover of
the book illustrates the integrative applications
contained in the book.

Teach Modeling, Not Just Models. Poor attitudes
among students in past management science
courses can be attributed to the way in which they
were taught: emphasis on algebraic formulations
and memorization of models. Students gain more
insight into the power of management science by
developing skills in modeling. Throughout the
book, we stress the logic associated with model
development, and we discuss solutions in this
context. Because real problems and real models
often include limitations or alternatives, we
include many “Modeling Issues” sections to
discuss these important matters. Finally, we
include “Modeling Problems” in most chapters to
help develop these skills.

Provide Numerous Problems and Cases.
Whereas all textbooks contain problem sets for
students to practice, we have carefully and
judiciously crafted the problems and cases
contained in this book. Each chapter contains
four types of problems: Skill-Building Problems,
Skill-Extending Problems, Modeling Problems,
and Cases. Most of the problems following
sections of chapters ask students to extend the
examples in the preceding section. The end-of-
chapter problems then ask students to explore

Xi
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new models. Selected solutions are available to
students who purchase the Student Solution Files
online and are denoted by the second-color
numbering of the problem. Solutions for all of
the problems and cases are provided to adopting
instructors. In addition, shell files (templates) are
available for most of the problems for adopting
instructors. The shell files contain the basic
structure of the problem with the relevant
formulas omitted. By adding or omitting hints in
individual solutions, instructors can tailor these
shell files to best meet the individual/specific
needs of their students.

New to the Fourth Edition

The main reason for the fourth edition was the
introduction of Excel 2010. Admittedly, this is not
nearly as much a game changer as Excel 2007, but it
does provide new features that ought to be addressed.
In addition, once we were motivated by Excel 2010 to
revise the book, we saw the possibility for a lot of
other changes that will hopefully improve the book.
Important changes to the fourth edition include the
following:

®  Undoubtedly, the biggest change in Excel 2010,
the one that affects our book the most, is the new
Solver add-in. Frontline Systems, the develop of
Solver, swapped the previous version of Solver
for what we used to provide separately: Premium
Solver. Now all Excel 2010 users have essentially
the old Premium Solver. (Therefore, we no longer
provide an academic version of Premium Solver
with the book.) As discussed in detail in the
optimization chapters, the new Solver provides
several important enhancements: (1) It has a
nicer, more compact user interface; (2) it appears
to work better, giving many fewer “conditions
for linear model not satisfied”” messages for
models that are indeed linear; and (3) it includes
Evolutionary Solver, which we continue to use
for difficult non-smooth models in Chapter 8.

B To make the book somewhat shorter, we moved
the old chapters 9 (Multiobjective Decision
Making) and 15 (Project Management) online,
renumbering the former as 16. Based on user
reports, these are two of the less-covered
chapters in the book, but they are still available
online if you want to use them. Of course, the
remaining chapters have been renumbered
accordingly. (Both chapters are found on the
Instructor web site and the students’ Essential

Xii  Preface
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Resource Web site. Instructions for access to
these sites are described later in this preface.)

B In the first optimization chapter, Chapter 3, we
replaced the introductory two-variable diet
model with a simpler two-variable product mix
model. Then we follow it up with a larger
version of the same basic product mix model. We
believe this should make the introduction to
optimization easier for instructors to teach and
for students to follow.

® In the regression and forecasting chapter, now
numbered Chapter 14, we discontinued the use
of the Analysis Toolpak and jumped directly into
the Palisade StatTools add-in. We believe that
StatTools is vastly superior to Analysis Toolpak,
so we decided to take full advantage of it.

B One of the main strengths of this book has
always been its numerous problems. However,
some of these had been around for over a decade
and were either totally out of date or required
better data. Therefore, we deleted some
problems, added some brand new ones, and
changed the input data for many others. We have
included a file for instructors, PMS4e Problem
Database.xlsx, that lists all of the changes.

B One last change didn’t make it into the book, but
we are offering it on a limited trial basis to
instructors. Specifically, we have added several
large optimization models (more changing cells
than Solver can handle) to the instructor
materials. (They are under Extra subfolders in
the Example Files folders.) The motivation for
these additions is to let students experience what
it is like for managers who do not have access to
optimization software. What kinds of heuristics
might they use? Will these heuristics get
anywhere near optimality? For comparison, we
have provided optimal solutions. If nothing else,
we believe these examples might make students
appreciate the true power of optimization
software such as Solver.

The Essential Resource Web Site
for Students

The tools offered with the fourth edition of Practical
Management Science extend beyond the textbook.
Students purchasing a new textbook receive access to
the Essential Resource Web site that accompanies this
book. For students who do not purchase a new
textbook, there are other access and product options
available at CengageBrain.com.



Software

We continue to be very excited about offering the most
comprehensive suite of software ever available with a
management science textbook. The commercial value
of the software available with this text exceeds $1000
if purchased directly. This software is available free
with new copies of the fourth edition. The following
Palisade software is available from a link that is
provided on the Essential Resource Web site:

B Palisade’s DecisionTools™ Suite, including the
award-winning @RISK, PrecisionTree,
StatTools, TopRank, RISKOptimizer,
NeuralTools, and Evolver. This software is not
available with any competing textbook and comes
in an educational version that is only slightly
scaled down from the expensive commercial
version. (StatTools replaces Albright’s StatPro
add-in that came with the second edition. If you
are interested, StatPro is still freely available from
http://www.kelley.iu.edu/albrightbooks, although
it will not be updated for Excel 2007 or 2010.)
For more information about the Palisade
Corporation and the DecisionTools Suite, visit
Palisade’s Web site at http://www.palisade.com.

B To make sensitivity analysis useful and intuitive,
we continue to provide Albright’s SolverTable
add-in (which is also freely available from
http://www kelley.iu.edu/albrightbooks).
SolverTable provides data table-like sensitivity
output for optimization models that is easy to
interpret.

Example Files, Data Sets, Problem Files,
and Cases

Also on the Essential Resource Web site are the Excel
files for all of the examples in the book, as well as many
data files required for problems and cases. As in
previous editions, there are two versions of the example
files: a completed version and a template to get students
started. Because this book is so example- and problem-
oriented, these files are absolutely essential. For
instructors, there is a third annotated version of each
example file that provides even more insights into the
model.

How to Access the Essential Resource Web Site

Student Access: Students are given access instructions
to the Essential Resource Web site via the bind-in
card in new editions of their book. Go to http://
login.cengagebrain.com, click on “Create an

Account,” and then, in the space provided, enter the
unique access code found on the access card bound in
your new book. Students who do not buy a new,
printed textbook may search CengageBrain.com for
other purchase options, such as CourseMate, which
offers an eBook format of the book with access to the
Essential Resource Web site.

Instructor Access: Go to http://login.cengage.com.
Use your current user account to sign in. If you do not
have an account, follow the screen instructions to create
one. Verification of instructor status takes 24 to 48 hours
for new accounts. Once you are logged in, type this
textbook’s ISBN number in the search box. (The ISBN
is found on the back of your textbook.) You are then
presented with selection options to add to your
“Bookshelf,” such as the Instructor Web site, Student
Essentials Resource Web site, and CourseMate (if
applicable to your class). Your selections will show up
on your account home page for access to instructor and
student materials.

Ancillaries
Instructor Materials

Adopting instructors can obtain the Instructors’
Resource CD (IRCD) from your regional Cengage
Learning sales representative. The IRCD includes:

B PMS4e Problem Database.xlsx file, which
contains information about all problems in the
book and the correspondence between them and
those in the previous edition

B Solution files (in Excel format) for all of the
problems and cases in the book and solution
shells (templates) for selected problems in the
modeling chapters

PowerPoint® presentation files

Test Bank in Word format and now also in
ExamView Testing Software

Instructor ancillaries are also posted on the Instructor
Web site. Access instructions are described in the
previous section. Albright also maintains his own Web
site at http://www.kelley.iu.edu/albrightbooks. Among
other things, this site includes errata for each edition.

Student Solutions

Student Solutions for many of the odd-numbered
problems (indicated in the text with a colored box on
the problem number) are available in Excel format.
Students can purchase access to Student Solutions
Files on CengageBrain.com. In the search window of
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this Web site, type in this book’s ISBN number (found
on the back cover of your book) and hit enter. A
product page will show you “Related Products” you
can purchase, including the Student Solutions.

Companion VBA Book

Soon after the first edition appeared, we began using
Visual Basic for Applications (VBA), the program-
ming language for Excel, in some of our management
science courses. VBA allows you to develop decision
support systems around the spreadsheet models. (An
example appears at the end of Chapter 3.) This use of
VBA has been popular with our students, and many
instructors have expressed interest in learning how to
do it. For additional support on this topic, a companion
book, VBA for Modelers, 3e (ISBN 1-4390-7984-6) is
available. It assumes no prior experience in computer
programming, but it progresses rather quickly to the
development of interesting and nontrivial applications.
The fourth edition of Practical Management Science
depends in no way on this companion VBA book, but
we encourage instructors to incorporate some VBA
into their management science courses. This is not
only fun, but students quickly learn to appreciate its
power. If you are interested in adopting VBA for
Modelers, contact your local Cengage Learning
representative.
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CHAPTER

Introduction to Modeling

Monkey Business Images/2010/Used under license from Shutterstock.com

COMPLEX ALGORITHMS AND THE “SOFTOR”
APPROACH SOLVE REAL-WORLD PROBLEMS

As you embark on your study of management science, you might question
the usefulness of quantitative methods to the “real world.” A front-page
article in the December 31, 1997, edition of USA bday entitled “Higher Math
Delivers Formula for Success” provides some convincing evidence of the applica-
bility of the methods you will be learning. (More recent evidence that math skills
continue to be valuable can be found in the January 23,2006, Business Wéek
cover story “Math Will Rock Your World.” You can find this article by doing a
Web search for the title.) The subheading of the article,“Businesses turn to algo-
rithms to solve complex problems,” says it all. Today’s business problems tend to
be very complex. In the past, many managers and executives used a “seat of the
pants” approach to solve problems—that is, they used their business experience,
their intuition, and some thoughtful guesswork to solve problems. But common
sense and intuition go only so far in the solution of the complex problems busi-
nesses now face. This is where management science models—and the algo-
rithms mentioned in the title of the article—are so useful. VWWhen the methods in
this book are implemented in user-friendly computer software packages that are
applied to complex problems, the results can be amazing. Robert Cross, whose
company, DFI Aeronomics, sells algorithm-based systems to airlines, states it suc-
cinctly: “It’s like taking raw information and spinning money out of it”
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The methods in this book are powerful because they apply to so many problems
and environments. The article mentions the following “success stories” in which manage-
ment science has been applied; others will be discussed throughout this book.

m  United Airlines installed one of DFI’s systems, which cost between
$10 million and $20 million. United expected the system to add $50 million to
$100 million annually to its revenues.

m  The Gap clothing chain uses management science to determine exactly how many
employees should staff each store during the holiday rush.

m Management science has helped medical researchers test potentially dangerous drugs
on fewer people with better results.

= |IBM obtained a $93 million contract to build a computer system for the U.S.
Department of Energy that would do a once-impossible task: make exact real-time
models of atomic blasts. It won the contract—and convinced the DOE that its sys-
tem was cost-effective—only by developing management science models that would
cut the processing time by half.

m Hotels, airlines, and television broadcasters all use management science to implement a
method called yield management. In this method, different prices are charged to different
customers, depending on their willingness to pay. The effect is that more customers are
attracted and revenues increase.

Although most of this book describes how quantitative methods can be used to solve
business problems, solutions do not always need to be quantitatively based. In a recent
article, Kimbrough and Murphy (2005), two academics located in Philadelphia, describe
how they were commissioned by the city to study the knowledge economy of the
region and make recommendations on ways to improve its rate of growth. Unlike
most of the success stories chronicled in the Interfaces journal (which is described in
section 1.5), the authors state right away that they used no quantitative methods or
mathematical models to develop recommendations for the city. Instead, they used a soft
OR approach.' By this, they imply that they used a systematic approach to formulate and
solve their client’s problem, even though the approach does not employ quantitative
methods.

Specifically, Kimbrough and Murphy used two interrelated approaches in their study.
First, using ideas in the management science and economics literature, they developed a
comprehensive framework for thinking about regional economic development. This
allowed them to identify the many factors that influence a region’s economic vitality or
lack thereof. Second, they interviewed a wide range of people from the region, including
researchers in science and technology, business people, government officials, and acade-
mics. Instead of asking these people what ought to be done, they asked them to propose
ideas or policy initiatives that might improve the region’s economy. As they state, “The
results were gratifying. The framework we developed focuses people’s thinking on prob-
lems, bottlenecks, and leverage points in the knowledge economy. Asking for specific ideas
produced a rich and constructive list of more than 50 promising, realistic, and detailed
policy initiatives.”

However, the study went beyond brainstorming. After conducting the interviews
and analyzing the responses, the authors made specific recommendations to their client

IOR is an abbreviation for operations research, another term for management science. Over the years, the two
terms have become practically synonymous, although some people in the field still prefer to be called manage-
ment scientists, whereas others prefer to be called operations researchers.
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on initiatives that might be implemented to improve the knowledge economy. Based on
these recommendations, the board of directors of Greater Philadelphia First adopted
Six for Success, a strategy that commits leaders to (1) attract more research dollars and
expertise, (2) implement strategies to accelerate science and technology, (3) promote an
entrepreneurial climate, (4) launch a business marketing plan, (5) leverage quality-of-life
infrastructure and amenities, and (6) streamline and rationalize business-oriented non-
profits. Granted, these ideas are not necessarily groundbreaking, but they made sense to
leaders in Philadelphia. The important point is that they were developed through a
systematic approach to solving a problem—even if it wasn’t the quantitative approach
discussed through most of this book. B

1.1 INTRODUCTION

The purpose of this book is to expose you to a variety of problems that have been solved
successfully with management science methods and to give you experience in modeling
these problems in the Excel spreadsheet package. The subject of management science has
evolved for more than 60 years and is now a mature field within the broad category of
applied mathematics. This book will emphasize both the applied and mathematical aspects
of management science. Beginning in this chapter and continuing throughout the rest of
the book, we discuss many successful management science applications, where teams of
highly trained people have implemented solutions to the problems faced by major compa-
nies and have saved these companies millions of dollars. Many airlines and oil companies,
for example, could hardly operate as they do today without the support of management sci-
ence. In this book, we will lead you through the solution procedure of many interesting
and realistic problems, and you will experience firsthand what is required to solve these
problems successfully. Because we recognize that most of you are not highly trained in
mathematics, we use Excel spreadsheets to solve problems, which makes the quantitative
analysis much more understandable and intuitive.

The key to virtually every management science application is a mathematical
model. In simple terms, a mathematical model is a quantitative representation, or ideal-
ization, of a real problem. This representation might be phrased in terms of mathemati-
cal expressions (equations and inequalities) or as a series of interrelated cells in a
spreadsheet. We prefer the latter, especially for teaching purposes, and we concentrate
primarily on spreadsheet models in this book. However, in either case, the purpose of a
mathematical model is to represent the essence of a problem in a concise form. This has
several advantages. First, it enables managers to understand the problem better. In par-
ticular, the model helps to define the scope of the problem, the possible solutions, and
the data requirements. Second, it allows analysts to employ a variety of the mathemati-
cal solution procedures that have been developed over the past half century. These solu-
tion procedures are often computer intensive, but with today’s cheap and abundant
computing power, they are usually feasible. Finally, the modeling process itself, if done
correctly, often helps to “sell” the solution to the people who must work with the system
that is eventually implemented.

In this introductory chapter, we begin by discussing a relatively simple example of a
mathematical model. Then we discuss the distinction between modeling and a collection
of models. Next, we discuss a seven-step modeling process that is used, in essence if not in
strict conformance, in most successful management science applications. Finally, we discuss
why the study of management science is valuable, not only to large corporations, but also
to students like you who are about to enter the business world.

I.l Introduction 3
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1.2 A WAITING-LINE EXAMPLE

As indicated earlier, a mathematical model is a set of mathematical relationships that rep-
resent, or approximate, a real situation. Models that simply describe a situation are called
descriptive models. Other models that suggest a desirable course of action are called
optimization models. To get started, consider the following simple example of a mathe-
matical model. It begins as a descriptive model, but then becomes an optimization model.

Consider a convenience store with a single cash register. The manager of the store sus-
pects that customers are waiting too long in line at the checkout register and that these
excessive waiting times are hurting business. Customers who have to wait a long time
might not come back, and potential customers who see a long line might not enter the store
at all. Therefore, the manager builds a mathematical model to help understand the prob-
lem. The manager wants the model to reflect the current situation at the store, but it should
also suggest improvements to the current situation.

A Descriptive Model

This example is a typical waiting line, or queueing, problem. (Such problems are studied
in detail in Chapter 13.) The manager first wants to build a model that reflects the current
situation at the store. Later, he will alter the model to predict what might make the situation
better. To describe the current situation, the manager realizes that there are two important
inputs to the problem: (1) the arrival rate of potential customers to the store and (2) the rate
at which customers can be served by the single cashier. Clearly, as the arrival rate increases
and/or the service rate decreases, the waiting line will tend to increase and each customer
will tend to wait longer in line. In addition, more potential customers will probably decide
not to enter at all. These latter quantities (length of waiting line, time in line per customer,
fraction of customers who don’t enter) are commonly referred to as outputs. The manager
believes he has some understanding of the relationship between the inputs and the outputs,
but he is not at all sure how to quantify this relationship.

This is where a mathematical model is useful. By making several simplifying as-
sumptions about the nature of the arrival and service process at the store (as discussed in
Chapter 13), the inputs can be related to the outputs. In some cases, when the model is
sufficiently simple, it is possible to write an equation for an output in terms of the inputs.
For example, in one of the simplest queueing models, if A4 is the arrival rate of customers
per minute, S is the service rate of customers per minute, and W is the average time a typi-
cal customer waits in line (assuming that all potential customers enter the store), the
following relationship can be derived mathematically:

A

V=S5 — 4 (L.

This relationship is intuitive in one sense. It correctly predicts that as the service rate S
increases, the average waiting time /¥ decreases. It also predicts that as the arrival rate 4
increases, the average waiting time J¥ increases. Finally, if the arrival rate is just barely less
than the service rate—that is, the difference S — A4 is positive but very small—the average
waiting time becomes quite large. [This model requires that the arrival rate be less than the
service rate; otherwise, Equation (1.1) makes no sense.]

In many other models, there is no such equation that relates outputs to inputs (or if
there is, it is too complex for the level of this book). Nevertheless, there may still be a
mathematical procedure for calculating outputs from inputs, and it may be possible to
implement this procedure in Excel. This is the case for the convenience store problem.
Again, by making certain simplifying assumptions, including the assumption that potential

4 Chapter | Introduction to Modeling
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Figure 1.1

Descriptive
Queueing Model for
Convenience Store

A B
1 |Descriptive ing model for convenience store
2
3 |Inputs
4 |Arrival rate (customers per minute) 0.5
5 |Service rate (customers per minute) 0.4
6 |Maximum customers (before others go elsewhere) 5
7
8 |Outputs
9 |Average number in line 2.22
10 [Average time (minutes) spent in line 6.09
11 [Percentage of potential arrivals who don't enter 27.1%

customers will not enter if the waiting line is sufficiently long, it is possible to develop a
spreadsheet model of the situation at the store.

Before developing the spreadsheet model, however, we should discuss how the man-
ager obtains the inputs he needs. There are actually three inputs: (1) the arrival rate A4,
(2) the service rate S, and (3) the number in the store, labeled N, that will induce future cus-
tomers not to enter. The first two of these can be measured with a timer. For example, the
manager can instruct an employee to measure the times between customer arrivals. Let’s
say the employee does this for several hours, and the average time between arrivals is
observed to be 2 minutes. Then the arrival rate can be estimated as 4 = 1/2 = 0.5
(one customer every 2 minutes). Similarly, the employee can record the times it takes the
cashier to serve successive customers. If the average of these times (taken over many
customers) is, say, 2.5 minutes, then the service rate can be estimated as S = 1/2.5 = 0.4
(one customer every 2.5 minutes). Finally, if the manager notices that potential customers
tend to take their business elsewhere when five customers are in line, he can let N = 5.

These input estimates can now be entered in the spreadsheet model shown in Figure 1.1.
Don’t worry about the details of this spreadsheet—they are discussed in Chapter 13. The for-
mulas built into this spreadsheet reflect an adequate approximation of the convenience store’s
situation. For now, the important thing is that this model allows the manager to enter any sen-
sible values for the inputs in cells B4 through B6 and observe the resulting outputs in cells B9
through B11. The input values in Figure 1.1 represent the store’s current input values. These
values indicate that slightly more than two customers are waiting in line on average, an aver-
age customer waits slightly more than 6 minutes in line, and about 27% of all potential cus-
tomers do not enter the store at all (due to the perception that waiting times will be long).

The information in Figure 1.1 is probably of limited use to the manager. After all, he
probably already has a sense of how long waiting times are and how many customers are
being lost. The power of the model is that it allows the manager to ask many what-if ques-
tions. For example, what if he could somehow speed up the cashier, say, from 2.5 minutes
per customer to 1.8 minutes per customer? He might guess that the 28% decrease in the
average service time leads to a 28% decrease in all of the outputs. However, this reasonable
guess would be wrong, as shown in Figure 1.2. The average line length decreases to 1.41,
a 36% decrease; the average waiting time decreases to 3.22, a 47% decrease; and the
percentage of customers who do not enter decreases to 12.6%, a 54% decrease. To

Figure 1.2
Queueing Model
with a Faster Service
Rate

A B
1 |Descriptive queueing model for convenience store
2
3 |Inputs
4 |Arrival rate (customers per minute) 0.5
5 |Service rate (customers per minute) 0.556
6 |Maximum customers (before others go elsewhere) 5
7
8 |Outputs
9 |Average number in line 1.41
10 |Average time (minutes) spent in line 3.22
11 |Percentage of potential arrivals who don't enter 12.6%

[.2 A Waiting-Line Example 5
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. A B
F IgUI‘E 1.3 1 |Descriptive queueing model for convenience store
Queueing Model 2
. 3 |Inputs
with an Even Faster 4 |Arrival rate (customers per minute) 0.5
Service Rate 5 |Service rate (customers per minute) 0.8
6 |Maximum customers (before others go elsewhere) 5
7
8 |Outputs
9 |Average number in line 0.69
10 [Average time (minutes) spent in line 1.42
11 [Percentage of potential arrivals who don't enter 3.8%

illustrate an even more extreme change, suppose the manager could cut the service time in
half, from 2.5 minutes to 1.25 minutes. The spreadsheet in Figure 1.3 shows that the aver-
age number in line decreases to 0.69, a 69% decrease from the original value; the average
waiting time decreases to 1.42, a 77% decrease; and the percentage of customers who do
not enter decreases to 3.8%, a whopping 86% decrease. The important lesson to be learned
from the spreadsheet model is that as the manager increases the service rate, the output
measures improve more than he might have expected.

In reality, the manager would attempt to validate the spreadsheet model before trusting
its answers to these what-if questions. At the very least, the manager should examine the
reasonableness of the assumptions. For example, one assumption is that the arrival rate
remains constant for the time period under discussion. If the manager intends to use this
model—with the same input parameters—during periods of time when the arrival rate
varies a lot (such as peak lunchtime traffic followed by slack times in the early afternoon),
then he is almost certainly asking for trouble. Besides determining whether the assumptions
are reasonable, the manager can also check the outputs predicted by the model when the
current inputs are used. For example, Figure 1.1 predicts that the average time a customer
waits in line is approximately 6 minutes. At this point, the manager could ask his employee
to measure customers’ waiting times. If they average close to 6 minutes, the manager can
have more confidence in the model. However, if they average much more or much less than
6 minutes, the manager probably needs to modify the model.

An Optimization Model

So far, the model fails to reflect any economic information, such as the cost of speeding up
service, the cost of making customers wait in line, or the cost of losing customers. Given
the spreadsheet model developed previously, however, it is relatively easy to incorporate
economic information and then make rational choices. To keep this example simple,
assume that the manager can do one of three things: (1) leave the system as it is, (2) hire a
second person to help the first cashier process customers more quickly, or (3) lease a new
model of cash register that will speed up the service process significantly. The effect of
(2) is to decrease the average service time from 2.5 to 1.8 minutes. The effect of (3) is to
decrease the service time from 2.5 to 1.25 minutes. What should the manager do?

He needs to examine three types of costs. The first is the cost of hiring the extra person
or leasing the new cash register. These costs are probably known. For example, let’s
assume that the hourly wage for the extra person is $8, and the cost to lease a new cash reg-
ister (converted to a per-hour rate) is $11 per hour. The second type of cost is the “cost” of
making a person wait in line. Although this is not an out-of-pocket cost to the store, it does
represent the cost of potential future business—a customer who has to wait a long time might
not return. This cost is difficult to estimate on a per-minute or per-hour basis, but let’s assume
that it is approximately $13 per customer per hour in line.2 Finally, there is the opportunity

2This charge is only for time in the queue. An alternative model is to charge for time in the queue and for time in
service.
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cost for customers who decide not to enter the store. The store loses not only their current
revenue but also potential future revenue if they decide never to return. Again, this is a dif-
ficult cost to measure, but let’s assume that it is approximately $25 per lost customer.

The next step in the modeling process is to combine these costs for each possible deci-
sion. Let’s find the total cost per hour for decision (3), where the new cash register is
leased. The lease cost is $11 per hour. From Figure 1.3, you can see that there is, on aver-
age, 0.69 customer in line at any time. Therefore, the average waiting cost per hour is
0.69($13) = $8.91. (This is because 0.69 customer-hour is spent in line each hour on aver-
age.) Finally, from Figure 1.3 you can see that the average number of potential arrivals per
hour is 60(1/2) = 30, and 3.8% of them do not enter. Therefore, the average cost per hour
from lost customers is 0.038(30)($25) = $28.52. The combined cost for decision (3) is
$11 + $8.91 + $28.52 = $48.43 per hour.

The spreadsheet model in Figure 1.4 incorporates these calculations and similar cal-
culations for the other two decisions. As you can see in row 24, the option to lease the new
cash register is the clear winner from a cost standpoint. However, if the manager wants to
see how sensitive these cost figures are to the rather uncertain input costs assessed for wait-
ing time and lost customers, it is simple to enter new values in rows 10 and 11 and see how
the “bottom lines” in row 24 change. This flexibility represents the power of spreadsheet
models. They not only allow you to build realistic and complex models, but they also allow
you to answer many what-if questions simply by changing input values.

N A B C D
FIgUI‘E 1.4 1 |Decision queueing model for convenience store
Queueing Model 2 — — —

. . 3 |Inputs Decision 1 Decision 2 Decision 3
with Alternative 4 |Arrival rate (customers per minute) 0.5 0.5 0.5
Decisions 5 |Service rate (customers per minute) 0.4 0.556 0.8

6 |Maximum customers (before others go elsewhere) 5 5 5

7

8 |Cost of extra person per hour S0 S8 S0

9 |Cost of leasing new cash register per hour S0 S0 $11

10 |Cost per customer per hour waiting in line $13 $13 $13

11 [Cost per customer who doesn't enter the store $25 $25 $25

12

13 |Outputs

14 |Average number in line 2.22 1.41 0.69

15 |Average time (minutes) spent in line 6.09 3.22 1.42

16 |Percentage of potential arrivals who don't enter 27.1% 12.6% 3.8%

17

18 |Cost information

19 [Cost of extra person per hour S0 $8 S0

20 |Cost of leasing new cash register per hour S0 S0 $11

21 |Cost per hour of waiting time $28.87 $18.31 $8.91

22 |Cost per hour of lost customers $203.29 $94.52 $28.52

23

24 |Total cost per hour $232.16 $120.82 $48.43
I

1.3 MODELING VERSUS MODELS

Management science, at least as it has been taught in many traditional courses, has evolved
as a collection of mathematical models. These include various linear programming models
(the transportation model, the diet model, the shortest route model, and others), inventory
models, queueing models, and so on. Much time has been devoted to teaching the intricacies
of these particular models. Management science practitioners, on the other hand, have justi-
fiably criticized this emphasis on specific models. They argue that the majority of real-world
management science problems cannot be neatly categorized as one of the handful of models
typically included in a management science textbook. That is, often no “off-the-shelf”
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model can be used, at least not without modification, to solve a company’s real problem.
Unfortunately, management science students have gotten the impression that all problems
must be “shoe-horned” into one of the textbook models.

The good news is that this emphasis on specific models has been changing in the past
decade or two, and our goal in this book is to continue that change. Specifically, this book
stresses modeling, not models. The distinction between modeling and models will become
clear as you proceed through the book. Learning specific models is essentially a memoriza-
tion process—memorizing the details of a particular model, such as the transportation model,
and possibly learning how to “trick” other problems into looking like a transportation model.
Modeling, on the other hand, is a process, where you abstract the essence of a real problem
into a model, spreadsheet or otherwise. Although many problems fall naturally into several
categories, successful modelers do not try to shoe-horn each problem into one of a small
number of well-studied models. Instead, they treat each problem on its own merits and model
it appropriately, using all of the logical, analytical, or spreadsheet skills they have at their
disposal—and, of course, using their experience with previous models they have developed.
This way, if they come across a problem that does not look exactly like anything they have
ever seen, they still have the skills and flexibility to model it successfully.

This doesn’t mean you won’t learn some “classical” models from management sci-
ence in this book; in fact, we will discuss the transportation model in linear programming,
the M/M/1 model in queueing, the EOQ model in inventory, and other classics. These are
important models that should not be ignored; however, you certainly do not have to mem-
orize these specific models. They are simply a few of the many models you will learn how
to develop. The real emphasis throughout is on the modeling process—how a real-world
problem is abstracted into a spreadsheet model of that problem. We discuss this modeling
process in more detail in the following section.

1.4 THE SEVEN-STEP MODELING PROCESS

The discussion of the queueing model in section 1.2 presented some of the basic principles
of management science modeling. This section further expands on these ideas by charac-
terizing modeling as the following seven-step process.

Step 1: Problem Definition

The analyst first defines the organization’s problem. Defining the problem includes specify-
ing the organization’s objectives and the parts of the organization that must be studied before
the problem can be solved. In the simple queueing model, the organization’s problem is how
to minimize the expected net cost associated with serving customers.

Step 2: Data Collection

After defining the problem, the analyst collects data to estimate the value of parameters
that affect the organization’s problem. These estimates are used to develop a mathematical
model (step 3) of the organization’s problem and predict solutions (step 4). In the conve-
nience store queueing example, the manager needs to observe the arrivals and the checkout
process to estimate the arrival rate 4, the service rate S, and possibly other inputs.

Step 3: Model Development

In the third step, the analyst develops a model of the problem. In this book, we present
many methods that can be used to model systems.> Models such as the equation for 1,

3All of these models can generically be called mathematical models. However, because we implement them in
spreadsheets, we generally refer to them as spreadsheet models.
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where an equation is used to relate inputs such as 4 and S to outputs such as W, are called
analytical models. Most realistic applications are so complex, however, that an analytical
model does not exist or is too complex to work with. For example, if the convenience store
has more than one cash register and customers are allowed to join any line or jump from
one line to another, there is no tractable analytical model—no equation or system of
equations—that can be used to determine W from knowledge of A4, S, and the number
of lines. When no tractable analytical model exists, the analyst must often rely instead on a
simulation model, which approximates the behavior of the actual system. Simulation
models are covered in Chapters 10 and 11.

Step 4: Model Verification

The analyst now tries to determine whether the model developed in the previous step is an
accurate representation of reality. A first step in determining how well the model fits real-
ity is to check whether the model is valid for the current situation. As discussed previously,
to validate the equation for the waiting time W, the manager might observe actual customer
waiting times for several hours. As we saw, the equation for ¥ predicts that when 4 = 0.5
and S = 0.4, the average customer spends 6.09 minutes in line. Now suppose the manager
observes that 120 customers spend a total of 750 minutes in line. This indicates an average
of 750/120 = 6.25 minutes in line per customer. Because 6.25 is reasonably close to 6.09,
the manager’s observations lend credibility to the model. In contrast, if the 120 customers
had spent 1,200 minutes total in line, for an average of 10 minutes per customer, this would
not agree very well with the model’s prediction of 6.09 minutes, and it would cast doubt on
the validity of the model.

Step 5: Optimization and Decision Making

Given a model and a set of possible decisions, the analyst must now choose the decision or
strategy that best meets the organization’s objectives. We briefly discussed an optimization
model for the convenience store example, and we will discuss many other optimization
models throughout the book.

Step 6: Model Communication to Management

The analyst presents the model and the recommendations from the previous steps to the
organization. In some situations, the analyst might present several alternatives and let the
organization choose the best one.

Step 7: Model Implementation

If the organization has accepted the validity and usefulness of the study, the analyst then
helps to implement its recommendations. The implemented system must be monitored
constantly (and updated dynamically as the environment changes) to ensure that the model
enables the organization to meet its objectives.

Flowchart of Procedure and Discussion of Steps

Figure 1.5 illustrates this seven-step process. As the arrows pointing down and to the left
indicate, there is certainly room for feedback in the process. For example, at various steps,
the analyst might realize that the current model is not capturing some key aspects of the
real problem. In this case, the problem definition can be changed or a new model can be
developed.
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Figure 1.5 Flowchart for the Seven-Step Process

L Model
Problem Data Model Model Optimization communication Model

definition collection development verification [—>| and decision to >| implementation
making management

Possible feedback loops

The following discussion explores these seven steps in more detail.

Step 1: Problem Definition

Typically, a management science model is initiated when an organization believes it has a
problem. Perhaps the company is losing money, perhaps its market share is declining, per-
haps its customers are waiting too long for service—any number of problems might be evi-
dent. The organization (which we refer to as the client) calls in a management scientist (the
analyst) to help solve this problem.* In such cases, the problem has probably already been
defined by the client, and the client hires the analyst to solve this particular problem.

As Miser (1993) and Volkema (1995) point out, however, the analyst should do some
investigating before accepting the client’s claim that the problem has been properly
defined. Failure to do so could mean solving the wrong problem and wasting valuable
time, money, and energy.

It is important to solve For example, Miser cites the experience of an analyst who was hired by the military to

the correct problem, investigate overly long turnaround times between fighter planes landing and taking off

and defining that again to rejoin the battle. The military (the client) was convinced that the problem was

problem is not always . . : .

easy. ca{used by inefficient ground crews—if they Worked faster, turnaround times would cer-
tainly decrease. The analyst nearly accepted this statement of the problem and was about to
do classical time-and-motion studies on the ground crew to pinpoint the sources of their
inefficiency. However, by snooping around, he found that the problem lay elsewhere.
Specifically, he learned that the trucks that refueled the planes were frequently late, which
in turn was due to the inefficient way they were refilled from storage tanks at another loca-
tion. After this latter problem was solved—and its solution was embarrassingly simple—
the turnaround times decreased to an acceptable level without any changes on the part of
the ground crews. If the analyst had accepted the client’s statement of the problem, the real
problem would never have been located or solved.

The moral of this story is clear: If an analyst defines a problem incorrectly or too
narrowly, the solution to the real problem might never emerge. In his article, Volkema (1995)
advocates spending as much time thinking about the problem and defining it properly as
modeling and solving it. This is undoubtedly good advice, especially in real-world appli-
cations where problem boundaries are often difficult to define.

Step 2: Data Collection

The data collection This crucial step in the modeling process is often the most tedious. All organizations keep
step often takes the track of various data on their operations, but the data are often not in the form the analyst
most time. requires. In addition, data are often stored in different places throughout the organization
and in different formats. Therefore, one of the analyst’s first jobs is to gather exactly the
right data and put the data into an appropriate and consistent format for use in the model.

4“Most organizations hire outside consultants, sometimes academics, to help solve problems. However, a number
of large organizations employ a staff of management scientists who function as inside consultants.
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Steps 3 and 5,
developing and
optimizing models, are
the steps emphasized
most heavily in this
book.

This typically requires asking questions of key people (such as the cost accountants)
throughout the organization, studying existing organizational databases, and performing
time-consuming observational studies of the organization’s processes. In short, it typically
entails a lot of legwork.

In this book, as in most management science textbooks, we shield you from this
data-collection process by supplying the appropriate data to develop and solve a model.
Although this makes the overall modeling process seem easier than it really is, it is
impractical in most class setting to have you go to companies and gather data. (In many
cases, it would not even be allowed for proprietary reasons.) Nevertheless, we provide
some insights with “Where Do the Numbers Come From?” sections. If nothing else,
these sections remind you that in real applications, someone has to gather the necessary
data.

Step 3: Model Development

This step, along with step 5, is where the analyst brings his or her quantitative skills into
play. After defining the client’s problem and gathering the necessary data, the analyst must
develop a model of the problem. Several properties are desirable for a good model. First, it
should represent the client’s real problem accurately. If it uses a linear (straight-line) func-
tion for costs when the real cost function is highly nonlinear (curved), the recommenda-
tions of the model can be very misleading. Similarly, if the model ignores an important
constraint, such as an upper bound on capacity, its recommendations might not be possible
to implement.

On the other hand, the model should be as simple as possible. Most good models
(where “good” really means useful) capture the essence of the problem without getting
bogged down in less important details. They should be approximations of the real world,
not mirror images of every last detail. Overly complex models are often of little practical
use. First, overly complex models are sometimes too difficult to solve with the solution
algorithms available. Second, complex models tend to be incomprehensible to clients. If a
client cannot understand a model, the chances are that the model’s recommendations will
never be implemented. Therefore, a good model should achieve the right balance between
being too simple and too complex. This is often much easier said than done.

Step 4: Model Verification

This step is particularly important in real management science applications. A client is
much more likely to accept an analyst’s model if the analyst can provide some type of veri-
fication. This verification can take several forms. For example, the analyst can use the
model with the company’s current values of the inputs. If the model’s outputs are then in
line with the outputs currently observed by the client, the analyst has at least shown that the
model can duplicate the current situation.

A second way to verify a model is to enter several sets of input values (even if they
are not the company’s current input values) and see whether the outputs from the model are
reasonable. One common approach is to use extreme values of the inputs to determine
whether the outputs behave as they should. For example, for the convenience store queue-
ing model, you could enter an extremely large service rate or a service rate just barely
above the arrival rate in the equation for W. In the first case, you would expect the average
waiting time to approach 0, whereas in the latter case, you would expect it to become very
large. You can use equation (1.1) for W to verify that this is exactly what happens. This
provides another piece of evidence that the model is reasonable.

If the model’s outputs for certain inputs are not as expected, there are two possible
causes. First, the model could be a poor approximation of the actual situation. In this case,
the analyst must refine the model until it lines up more accurately with reality. Second, the
model might be fine, but the analyst’s intuition might not be very good. That is, when
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asked what he or she thinks would happen if certain input values are used, the analyst
might provide totally wrong predictions. In this case, the fault lies with the analyst, not
the model. Sometimes, good models prove that people’s ability to predict outcomes in
complex environments is lacking. In such cases, the verification step becomes harder
because of “political” reasons (office politics).

Step 5: Optimization and Decision Making

After the problem has been defined, the data has been collected, and the model has been
developed and verified, it is time to use the model to recommend decisions or strategies. In
the majority of management science models, this requires the optimization of an objective,
such as maximizing profit or minimizing cost.

The optimization phase is typically the most difficult phase from a mathematical
standpoint. Indeed, much of the management science literature (mostly from academics)
has focused on complex solution algorithms for various classes of models. Fortunately, this
research has led to a number of solution algorithms—and computer packages that imple-
ment these algorithms—that can be used to solve real problems. The most famous of these
is the simplex algorithm. This algorithm, which has been implemented by many commer-
cial software packages, including Excel’s Solver, is used on a daily basis to solve linear
optimization models for many companies. (We take advantage of the simplex method in
Chapters 3 through 5.)

A heuristic is a Not all solution procedures find the optimal solution to a problem. Many models are

relatively simple either too large or too complex to be solved exactly. Therefore, many complex problems

Z‘#Z::O;r(::iztgsofgg;?,, use heuristic methods to locate “good” solutions. A heuristic is a solution method that is

but not necessarily guided by common sense, intuition, and trial and error to achieve a good, but probably not

optimal solutions. optimal, solution. Some heuristics are “quick and dirty,” whereas others are quite sophisti-
cated. As models become larger and more complex, good heuristics are sometimes the best
that can be achieved—and they are often perfectly adequate.

Step 6: Model Communication to Management

The analyst must eventually communicate a model and its recommendations to the client.
To appreciate this step, you must understand the large gap that typically exists between
management science analysts and the managers of organizations. Managers know their
business, but they often don’t understand much about mathematics or mathematical
models—even spreadsheet implementations of these models. The burden is therefore on the
analyst to present the model in terms that nonmathematical people can understand; other-
wise, a perfectly good model might never see the light of day.

The best strategy for successful presentation is to involve key people in the organiza-
tion, including top executives, in the project from the beginning. If these people have been
working with the analyst, helping to supply appropriate data and helping the analyst to
understand the way the organization really works, they are much more likely to accept the
eventual model. Step 6, therefore, should really occur throughout the modeling process,
not just toward the end.

The analyst should also try to make the model as intuitive and user-friendly as possi-
ble. Clients appreciate menu-driven systems with plenty of graphics. They also appreciate
the ability to ask what-if questions and get answers quickly in a form that is easy to under-
stand. This is one reason for developing spreadsheet models. Although not all models can
be developed in spreadsheets due to size and/or complexity, the spreadsheet approach in
this book is an excellent choice whenever possible because most business people are com-
fortable with spreadsheets. Spreadsheet packages support the use of graphics, customized
menus and toolbars, data tables and other tools for what-if analyses, and even macros (that
can be made transparent to users) for running complex programs.
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Step 7: Model Implementation

A real management science application is not complete until it has been implemented. A
successful implementation can occur only when step 6 has been accomplished. That is, the
analyst must demonstrate the model to the client, and the client must be convinced that
the model adds real value and can be used by the people who need to use it. For this reason,
the analyst’s job is not really complete until the system is up and running on a daily basis.
To achieve a successful implementation, it isn’t enough for management to accept the
model; the people who will run it every day must also be thoroughly trained to use it. At
the very least, they should understand how to enter appropriate inputs, run what-if analy-
ses, and interpret the model’s outputs correctly. If they conclude that the model is more
trouble than it’s worth, they might simply refuse to use it, and the whole exercise will have
been a waste of time. An interesting trend (as evidenced in many of the /nterfaces articles
discussed shortly) is for analysts to build a user-friendly Excel “front end” for their clients,
even if the actual number crunching is performed behind the scenes in some non-Excel
package. Because many employees understand at least the basics of Excel, a user-friendly
front end makes the system much more attractive for daily use.

Many successful management science applications take on a life of their own after the
initial implementation. After an organization sees the benefits of a useful model—and of
management science in general—it is likely to expand the model or create new models for
uses beyond those originally intended. Knowing that this is often the case, the best analysts
design models that can be expanded. They try to anticipate problems the organization
might face besides the current problem. They also stay in contact with the organization
after the initial implementation, just in case the organization needs guidance in expanding
the scope of the model or in developing new models.

This discussion of the seven-step modeling process has taken an optimistic point of
view by assuming that a successful study employs these seven steps, in approximately this
chronological order, and that everything goes smoothly. It does not always work out this
way. Numerous potential applications are never implemented even though the technical
aspects of the models are perfectly correct. The most frequent cause is a failure to commu-
nicate. The analyst builds a complex mathematical model, but the people in the organiza-
tion don’t understand how it works and are reluctant to use it. Also, company politics can
be a model’s downfall, especially if the model recommends a course of action that top
management simply does not want to follow—for whatever reasons.

Even for applications that are eventually implemented, the analyst doesn’t always pro-
ceed through the seven steps exactly as described in this section. He or she might backtrack
considerably throughout the process. For example, based on a tentative definition of the
problem, a model is built and demonstrated to management. Management says that the
model is impressive, but it doesn’t really solve the company’s problem. Therefore, the ana-
lyst returns to step 1, redefines the problem, and builds a new model (or modifies the orig-
inal model). In this way, the analyst generates several iterations of some or all of the seven
steps before the project is considered complete.

The Model as a Beginning, Not an End

This book places heavy emphasis on developing spreadsheet models, which is step 3 of the
seven-step modeling process. We lead you, step-by-step, through the model development
process for many examples, and we ask you to do this on your own in numerous problems.
Given this emphasis, it is easy to think of the completed model as the end of the process—
you complete the model and then proceed to the next model. However, a completed model
is really a starting point. After you have a working model of the problem, you can—and
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you should—use it as a tool for gaining insights. For most models, many what-if questions
can be asked. If the model has been developed correctly, it should be capable of answering
such what-if questions fairly easily. In other words, it should be relatively easy to perform
sensitivity analysis on the model. This is, in fact, how management science models are
used in the business world. They are typically developed to solve a particular problem, but
they are then used as a tool to analyze a number of variations of the basic problem.

For most of the examples in the book, we not only show you how to develop a model
to obtain an “answer,” but we often include a section called “Discussion of the Solution”
(or a similar title) and a section called “Sensitivity Analysis.” The first of these asks you to
step back and look at the solution. Does it make sense? Does it provide any insights, espe-
cially surprising ones? The second section indicates how the model can be expanded in one
or more natural ways. What happens if there is more or less of some scarce resource? What
happens if a new constraint is added? The point is that before moving to the next model,
you should spend some time taking a close look at the model you just developed. This is
not just for pedagogical purposes; it is exactly the way real management science projects
proceed.

I
1.5 A GREAT SOURCE FOR MANAGEMENT SCIENCE
APPLICATIONS: INTERFACES

Many of the chapter openers in this book are based on successful management science
applications that have been reported in the Inferfaces journal. This is a highly respected
bimonthly journal that chronicles real applications of management science that have gen-
erated proven benefits, often in the millions or even hundreds of millions of dollars. The
applications are in a wide range of industries, are global, and employ a variety of manage-
ment science techniques.

Of special interest are the January-February and (since 1999) the September-October
issues. Each January-February issue contains the winner and finalists for that year’s Franz
Edelman Award for Achievement in Operations Research and the Management Sciences.
This is the profession’s most honored prize for the practice of management science. The
prize is awarded for “implemented work that has had significant, verifiable, and preferably
quantifiable impact.” Similarly, each September-October issue contains the winner and
runners-up for that year’s Daniel H. Wagner Prize for Excellence in Operations Research
Practice. Each prize is named after a pioneer in the field of operations research and man-
agement science, and the winning papers honor them by documenting the practice of man-
agement science at its best.

The journal is probably available from your school’s library, either in paper or elec-
tronic format. Check with your librarian about gaining access to Inferfaces. Its articles will
confirm what we have been saying: Management science makes a huge difference to both
large and small organizations all over the world.

1.6 WHY STUDY MANAGEMENT SCIENCE?

We hope that you are convinced by now that management science is an important area
and that highly trained analysts are needed to solve the large and complex problems faced
by the business world. However, unless you are one of the relatively few students who
intends to become a professional management scientist, you are probably wondering
why you need to study management science. This is a legitimate concern. For many years,
those in the field of management science education received criticism from students and
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educators that management science courses were irrelevant for the majority of students
who were required to take them. Looking back, it is difficult to argue with these critics.
Typical management courses were centered primarily around a collection of very specific
models and, worse, a collection of mind-numbing mathematical solution techniques—
techniques that students were often required to implement by hand! (Some courses are
probably still taught this way, but we hope the number is decreasing rapidly.)

Two forces have helped to change this tendency toward irrelevance. First, the many
vocal critics motivated many of us to examine our course materials and teaching methods.
Certain topics have been eliminated and replaced by material that is more relevant and
interesting to students. We have certainly attempted to do so here. The second force is the
emergence of powerful computers and the accompanying easy-to-use software, especially
spreadsheet software. With the availability of computers to do the number crunching, there
is no need—except in advanced courses—to delve into the mathematical details of the
solution techniques. This task can be delegated to machines that are far better at it than
humans. The time formerly spent on such details can now be used to develop valuable
modeling skills.

The intent in this book is not just to cover specific models and specific approaches to
these models, but to teach a more general approach to the model-building process. We
believe that the spreadsheet approach is the best way to do this because it appeals to the
largest audience. We have been teaching our own courses with this spreadsheet-modeling
approach for nearly two decades—to a wide range of business students—and have
received very few complaints about irrelevance. In fact, many students have stated that this
is the most valuable business course they have taken. The following are some of the rea-
sons for this new-found relevance:

m The modeling approach emphasized throughout this book is an important way to
think about problems in general, not just the specific problems we discuss. This
approach forces you to think logically. You must discover how given data can be
used (or which data are necessary), you must determine the elements of the problem
that you can control (the decision variables), and you must determine how the ele-
ments of the problem are logically related. These logical thinking skills are valuable
for your career, regardless of the specific field you enter.

m Management science is admittedly built around quantitative skills—it deals primarily
with numbers and relationships between numbers. Some critics object that not
everything in the real world can be reduced to numbers, but as one of our reviewers
correctly points out, “a great deal that is of importance can.” As you work through
the many models in this book, your quantitative skills will be sharpened immensely.
In a business world driven increasingly by numbers, quantitative skills are an
important asset.

= No matter what your spreadsheet abilities are when you enter this course, by the time
you are finished, you will be a proficient spreadsheet user. We deliberately chose the
spreadsheet package Excel, which is arguably the most widely used package (other
than word-processing packages) in the business world today. Many of our students
state that the facility they gain in Excel is the most valuable part of the course. That
doesn’t mean this is a course in spreadsheet fundamentals and neat tricks, although
you will undoubtedly pick up many useful tricks along the way. A great spreadsheet
package—and we strongly believe that Excel is the greatest spreadsheet package
written to date—gives you complete control over your model. You can apply spread-
sheets to an endless variety of problems. Excel gives you the flexibility to work in a
way that suits your style best, and it enables you to present results (and often catch
errors) almost immediately. As you succeed with relatively easy problems, your con-
fidence will build, and before long, you will be able to tackle more difficult problems
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successfully. In short, spreadsheets enable everyone, not just technical people, to
develop and use their quantitative skills.

m Management science modeling helps you develop your intuition, and it also indicates
where intuition alone sometimes fails. When you confront a problem, you often make
an educated (or maybe not so educated) guess at the solution. If the problem is suffi-
ciently complex, as many of the problems in this book are, this guess will be fre-
quently wide of the mark. In this sense, the study of management science can be a
humbling experience—you find that your unaided intuition is often not very good.
But by studying many models and examining their solutions, you can sharpen your
intuition considerably. This is sometimes called the “Aha!” effect. All of a sudden,
you see why a certain solution is so good. The chances are that when you originally
thought about the problem, you forgot to consider an important constraint or a key
relationship, and this caused your poor initial guess. Presumably, the more problems
you analyze, the better you will become at recognizing the critical elements of new
problems. Experienced management scientists tend to have excellent intuition, the
ability to see through to the essence of a problem almost immediately. However, they
are not born with this talent; it comes through the kind of analysis you will be per-
forming as you work through this book.

1.7 SOFTWARE INCLUDED WITH THIS BOOK

Very few business problems are small enough to be solved with pencil and paper. They
require powerful software. The software included in this book, together with Microsoft®
Excel, provides you with a powerful software combination that you will use for this course
and beyond. This software is being used—and will continue to be used—by leading com-
panies all over the world to solve large, complex problems. The experience you obtain with
this software, through working the examples and problems in this book, will give you a key
competitive advantage in the marketplace.

It all begins with Excel. All the quantitative methods that we discuss are implemented
in Excel. Specifically, in this edition, we use Excel 2010.> Although it is impossible to
forecast the state of computer software into the long-term or even medium-term future, as
we are writing this book, Excel is the most heavily used spreadsheet package on the mar-
ket, and there is every reason to believe that this state will persist for quite awhile. Most
companies use Excel, most employees and most students have been trained in Excel, and
Excel is a very powerful, flexible, and easy-to-use package.

Although Excel has a huge set of tools for performing quantitative analysis, we have
included several add-ins with this book that make Excel even more powerful. (Access to
add-ins are available on the Essential Resource Web site. See the preface for details.) We
discuss these briefly here and in much more depth in the specific chapters where they
apply.

Together with Excel and the add-ins included in this book, you have a wealth of
software at your disposal. The examples and step-by-step instructions throughout the book
will help you to become a power user of this software. This takes plenty of practice and a
willingness to experiment, but it’s certainly within your grasp. When you are finished,
don’t be surprised if you rate improved software skills as one of the most valuable things
you have learned from the book.

SExcel 2007 was a big change from Excel 2003 and earlier versions. The changes in Excel 2010 are much more
minor. So if you have been using Excel 2007, you will see very few changes here.
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Built-in Excel Features

Virtually everyone in the business world knows the basic features of Excel, but relatively few
know some of its more powerful features. In short, relatively few people are the “power
users” we expect you to become by working through this book. To get you started, the file
Excel Tutorial.xlsx explains some of the “intermediate” features of Excel—features that we
expect you to be able to use (access this file on the textbook’s Web site that accompanies
new copies of this book). These include the SUMPRODUCT, VLOOKUP, IF, NPV, and
COUNTTF functions. They also include range names, data tables, the Paste Special option,
the Goal Seek tool, and many others. Finally, although we assume you can perform routine
spreadsheet tasks such as copying and pasting, the tutorial includes many tips to help you
perform these tasks more efficiently.

Solver Add-in

In Chapters 3-8 and 16 we make heavy use of Excel’s Solver add-in. This add-in, devel-
oped by Frontline Systems (not Microsoft), uses powerful algorithms—all behind the
scenes—to perform spreadsheet optimization. Before this type of spreadsheet optimization
add-in was available, specialized (nonspreadsheet) software was required to solve opti-
mization problems. Now you can do it all within a familiar spreadsheet environment.

SolverTable Add-in

An important theme throughout this book is sensitivity analysis: How do outputs change
when inputs change? Typically these changes are made in spreadsheets with a data table, a
built-in Excel tool. However, data tables don’t work in optimization models, where we
want to see how the optimal solution changes when certain inputs change. Therefore, we
include an Excel add-in called SolverTable, which works almost exactly like Excel’s data
tables. (This add-in was developed by Albright.) In Chapters 3-8 and 16 we illustrate the
use of SolverTable.

Palisade Decision Tools Suite

In addition to SolverTable and built-in Excel add-ins, we also have included on this text-
book’s essential resource Web site an educational version of Palisade Corporation’s pow-
erful Decision Tools suite. All of the programs in this suite are Excel add-ins, so the
learning curve isn’t very steep. There are seven separate add-ins in this suite: @RISK,
StatTools, PrecisionTree, TopRank, RISKOptimizer, NeuralTools, and Evolver.® We will
use the first three most heavily in this book, but all are useful for certain tasks and are
described briefly below.

@RISK

The simulation add-in @RISK enables you to run as many replications of a spreadsheet sim-
ulation as you like. As the simulation runs, @RISK automatically keeps track of the outputs
you select, and it then displays the results in a number of tabular and graphical forms.
@RISK also enables you to perform a sensitivity analysis, so that you can see which inputs
have the most effect on the outputs. Finally, @RISK provides a number of spreadsheet func-
tions that enable you to generate random numbers from a variety of probability distributions.

StatTools

Palisade has also developed a statistics add-in called StatTools, which enhances the statisti-
cal capabilities of Excel. Excel’s built-in statistical tools are rather limited. It has several

The Palisade suite has traditionally included two stand-alone programs, BestFit and RISKview. The functional-
ity of both of these is now included in @RISK, so they are not included in the suite.
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functions, such as AVERAGE and STDEV for summarizing data, and it includes the Analysis
ToolPak, an add-in that was developed by a third party. However, these tools are not suffi-
ciently powerful or flexible for the heavy-duty statistical analysis that is sometimes
required. StatTools provides a collection of tools that help fill this gap. Admittedly, this is
not a statistics book, but StatTools will come in particularly handy in Chapter 14 when you
study regression analysis and forecasting.

PrecisionTree

The PrecisionTree add-in is used in Chapter 9 to analyze decision problems with uncer-
tainty. The primary method for performing this type of analysis is to draw a decision tree.
Decision trees are inherently graphical, and they have always been difficult to implement in
spreadsheets, which are based on rows and columns. However, PrecisionTree does this in a
very clever and intuitive way. Equally important, once the basic decision tree has been built,
it is easy to use PrecisionTree to perform a sensitivity analysis on the model’s inputs.

TopRank

TopRank is a “what-if” add-in used for sensitivity analysis. It starts with any spreadsheet
model, where a set of inputs, along with a number of spreadsheet formulas, leads to one or
more outputs. TopRank then performs a sensitivity analysis to see which inputs have the
largest effect on a given output. For example, it might indicate which input affects after-tax
profit the most: the tax rate, the risk-free rate for investing, the inflation rate, or the price
charged by a competitor. Unlike @RISK, TopRank is used when uncertainty is not
explicitly built into a spreadsheet model. However, it considers uncertainty implicitly by
performing sensitivity analysis on the important model inputs.

RISKOptimizer

RISKOptimizer combines optimization with simulation. There are often times when you
want to use simulation to model some business problem, but you also want to optimize a
summary measure, such as a mean, of an output distribution. This optimization can be
performed in a trial-and-error fashion, where you try a few values of the decision vari-
able(s) and see which provides the best solution. However, RISKOptimizer provides a
more automatic (and time-intensive) optimization procedure.

NeuralTools

In Chapter 14, we show how regression can be used to find a linear equation that quantifies the
relationship between a dependent variable and one or more explanatory variables. Although
linear regression is a powerful tool, it is not capable of quantifying all possible relationships.
The NeuralTools add-in mimics the working of the human brain to find “neural networks” that
quantify complex nonlinear relationships.

Evolver

In Chapter 8, we show how Solver 2010’s Evolutionary algorithm can be used to solve some
“non-smooth” nonlinear models that Solver’s other algorithms cannot handle. Evolutionary
Solver uses genetic algorithms to solve these difficult problems. Although we will not use it in
this book, Palisade’s Evolver add-in is an alternative implementation of genetic algorithms.

1.8 CONCLUSION

In this chapter, we have introduced the field of management science and the process of
mathematical modeling. To provide a more concrete understanding of these concepts, we
reviewed a simple queueing model. We also explored a seven-step model-building process
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that begins with problem definition and proceeds through final implementation. Finally,
we discussed why the study of management science is a valuable experience, even if you
do not intend to pursue a professional career in this field.

Don’t worry if you don’t understand some of the terms, such as linear programming,
that were used in this chapter. Although the seven-step process is not too difficult to com-
prehend, especially when discussed in the context of real applications, it typically entails
some rather complex logical relationships and mathematical concepts. These ideas are pre-
sented in much greater detail in the rest of this book. Specifically, you will learn how to
build spreadsheet models in Excel, how to use them to answer what-if questions, and how
to find optimal solutions with the help of Excel’s Solver add-in. For practical reasons, most
of your work will take place in the classroom or in front of your own PC as you work
through the examples and problems. The primary emphasis of this book, therefore, is on
steps 3 through 6, that is, developing the model, testing the model with different inputs,
optimizing the model, and presenting (and interpreting) the results to a client—probably
your instructor.

Keep in mind, however, that with real problems, you must take crucial steps before
and after the procedures you will be practicing in this book. Because real problems don’t
come as nicely packaged as those we discuss and because the necessary data are seldom
given to you on a platter, you will have to wrestle with the problem’s scope and precise
data requirements when you solve problems in a real setting. (We have included “modeling
problems” at the ends of most chapters. These problems are not as well structured as the
“skill” problems, so the burden is on you to determine an appropriate structure and decide
the necessary data.) Also, because a mathematically accurate model doesn’t necessarily
result in a successful implementation, your work is not finished just because the numbers
check out. To gain acceptance for a model, an analyst must have the right combination of
technical skills and people skills. Try to keep this in mind as you write up your solutions to
the problems in this book. Don’t just hand in a mass of numbers with little or no explana-
tion. Sel/ your solution!
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CHAPTER

Introduction to Spreadsheet Modeling

Lise Gagnefistockphoto

ANALYSIS OF HIV/AIDS

any of management science’s most successful applications are traditional

functional areas of business, including operations management, logistics,
finance, and marketing. Indeed, many such applications are analyzed in this
book. However, another area where management science has had a strong
influence over the past two decades has been the analysis of the worldwide
HIV/AIDS epidemic. Not only have theoretical models been developed, but
even more important, they have also been applied to help understand the
epidemic and reduce its spread. To highlight the importance of management
science modeling in this area, an entire special issue (May—June 1998) of
Interfaces, the journal that reports successful management science applications,
was devoted to HIV/AIDS models. Some of the highlights are discussed here to
give you an idea of what management science has to offer in this important area.

Kahn et al. (1998) provides an overview of the problem. They discuss how
governments, public-health agencies, and health-care providers must deter-
mine how best to allocate scarce resources for HIV treatment and prevention
among different programs and populations. They discuss in some depth how
management science models have influenced, and will continue to influence,
AIDS policy decisions. Other articles in the issue discuss more specific prob-
lems. Caulkins et al. (1998) analyze whether the distribution of difficult-to-
reuse syringes would reduce the spread of HIV among injection drug users.
Based on their model, they conclude that the extra expense of these types of
syringes would not be worth the marginal benefit they might provide.
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Paltiel and Freedberg (1998) investigate the costs and benefits of developing and
administering treatments for cytomegalovirus (CMV), an infection to which HIV carriers
are increasingly exposed. (Retinitis, CMV’s most common manifestation, is associated
with blindness and sometimes death.) Their model suggests that the costs compare
unfavorably with alternative uses of scarce resources. Owens et al. (1998) analyze the
effect of women'’s relapse to high-risk sexual and needle-sharing behavior on the costs
and benefits of a voluntary program to screen women of childbearing age for HIV. They
find, for example, that the effect of relapse to high-risk behaviors on screening program
costs and benefits can be substantial, suggesting that behavioral interventions that pro-
duce sustained reductions in risk behavior, even if expensive, could be cost-saving.

The important point is that these articles (and others not mentioned here) base their
results on rigorous management science models of the HIV/AIDS phenomenon. In addi-
tion, they are backed up with real data. They are not simply opinions of the authors. B

.1 INTRODUCTION

This book is all about spreadsheet modeling. By the time you are finished, you will have
seen some reasonably complex—and realistic—models. Many of you will also be trans-
formed into Excel “power” users. However, we don’t want to start too quickly or assume too
much background on your part. For practice in getting up to speed with basic Excel features,
we have included an Excel tutorial on this textbook’s essential resource Web site. (See the
Excel Tutorial.xIsx file.) You can work through this tutorial at your own speed and cover
the topics you need help with. Even if you have used Excel extensively, give this tutorial a
look. You might be surprised how some of the tips can improve your productivity.

In addition, this chapter provides an introduction to Excel modeling and illustrates
some interesting and relatively simple models. The chapter also covers the modeling
process and includes some of the less well known, but particularly helpful, Excel tools
that are available. These tools include data tables, Goal Seek, lookup tables, and auditing
commands. Keep in mind, however, that our objective is not the same as that of the many
“how-to” Excel books on the market. We are not teaching Excel just for its many inter-
esting features. Rather, we plan to use these features to provide insights into real busi-
ness problems. In short, Excel is a problem-solving tool, not an end in itself, in this
book.

2.2 BASIC SPREADSHEET MODELING:
CONCEPTS AND BEST PRACTICES

Most mathematical models, including spreadsheet models, involve inputs, decision vari-
ables, and outputs. The inputs have given fixed values, at least for the purposes of the
model. The decision variables are those a decision maker controls. The outputs are the
ultimate values of interest; they are determined by the inputs and the decision variables.
For example, suppose a manager must place an order for a certain seasonal product. This
product will go out of date fairly soon, so this is the only order that will be made for the
product. The inputs are the fixed cost of the order; the unit variable cost of each item
ordered; the price charged for each item sold; the salvage value for each item, if any, left in
inventory after the product has gone out of date; and the demand for the product. The deci-
sion variable is the number of items to order. Finally, the key output is the profit (or loss)
from the product. This output can also be broken down into the outputs that contribute to
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Some inputs, such as it: the total ordering cost, the revenue from sales, and the salvage value from leftover items.
demand in this These outputs must be calculated to obtain profit.
example, contain a Spreadsheet modeling is the process of entering the inputs and decision variables into

considerable degree . . .
of uncertainty. ,‘g a spreadsheet and then relating them appropriately, by means of formulas, to obtain the

some cases, ds in outputs. After you have done this, you can then proceed in several directions. You might
Example 2.4 later in want to perform a sensitivity analysis to see how one or more outputs change as selected
this chapter, this inputs or decision variables change. You might want to find the values of the decision vari-

uncertainty is modeled

explicitly able(s) that minimize or maximize a particular output, possibly subject to certain con-

straints. You might also want to create charts that show graphically how certain parameters
of the model are related.

These operations are illustrated with several examples in this chapter. Getting all the
spreadsheet logic correct and producing useful results is a big part of the battle; however,
we go farther by stressing good spreadsheet modeling practices. You probaby won’t be
developing spreadsheet models for your sole use; instead, you will be sharing them with
colleagues or even a boss (or an instructor). The point is that other people will be reading
and trying to make sense out of your spreadsheet models. Therefore, you should construct
your spreadsheet models with readability in mind. Features that can improve readability
include the following:

A clear, logical layout to the overall model
Separation of different parts of a model, possibly across multiple worksheets

Clear headings for different sections of the model and for all inputs, decision vari-
ables, and outputs

Use of range names

Use of boldface, italics, larger font size, coloring, indentation, and other formatting
features

Use of cell comments

Use of text boxes for assumptions and explanations

Obviously, the formulas and logic in any spreadsheet model must be correct; however,
correctness will not take you very far if no one can understand what you have done. Much
of the power of spreadsheets derives from their flexibility. A blank spreadsheet is like a big
blank canvas waiting for you to insert useful data and formulas. Almost anything is
allowed. However, you can abuse this power if you don’t have an overall plan for what
should go where. Plan ahead before diving in, and if your plan doesn’t look good after you
start filling in the spreadsheet, revise your plan.

The following example illustrates the process of building a spreadsheet model according
to these guidelines. We build this model in stages. In the first stage, we build a model that is
correct, but not very readable. At each subsequent stage, we modify the model to make it
more readable. You do not need to go through each of these stages explicitly when you build
your own models. You can often strive for the final stage right away, at least after you get
accustomed to the modeling process. The various stages are shown here simply for contrast.

2.1 ORDERING NCAA T-SHIRTS

t is March, and the annual NCAA Basketball Tournament is down to the final four teams.
Randy Kitchell is a T-shirt vendor who plans to order T-shirts with the names of the final
four teams from a manufacturer and then sell them to the fans. The fixed cost of any order
is $750, the variable cost per T-shirt to Randy is $8, and Randy’s selling price is $18.
However, this price will be charged only until a week after the tournament. After that time,
Randy figures that interest in the T-shirts will be low, so he plans to sell all remaining
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T-shirts, if any, at $6 each. His best guess is that demand for the T-shirts during the full-
price period will be 1500. He is thinking about ordering 1450 T-shirts, but he wants to
build a spreadsheet model that will let him experiment with the uncertain demand and his
order quantity. How should he proceed?

Objective To build a spreadsheet model in a series of stages, all stages being correct but
each stage being more readable and flexible than the previous stages.

Solution

The logic behind the model is fairly simple, but the model is built for generality.
Specifically, the formulas used allow for the order quantity to be less than, equal to, or
greater than demand. If demand is greater than the order quantity, Randy will sell all the T-
shirts ordered for $18 each. However, if demand is less than the order quantity, Randy will
sell as many T-shirts as are demanded at the $18 price and all leftovers at the $6 price. You
can implement this logic in Excel with an IF function.

A first attempt at a spreadsheet model appears in Figure 2.1. (See the file TShirt Sales
Finished.xlIsx, where each stage appears on a separate worksheet.) You enter a possible
demand in cell B3, a possible order quantity in cell B4, and then calculate the profit in
cell BS with the formula

=-750-8*B4+1F(B3>B4,18%*B4,18*B3+6*(B4-B3))

This formula subtracts the fixed and variable costs and then adds the revenue accord-
ing to the logic just described.

. A | B
Figure 2.1 1 |NCAA t-shirt sales
Base Model 2
3 |Demand 1500
4 |Order 1450
5 |Profit 13750
Excel Function: IF
Excel’s IF function is probably already familiar to you, but it is too important not to dis-
cuss. It has the syntax  =IF(condition,resultlf True,resultlfFalse). The condition is any
expression that is either true or false . The two expressions resultlf True and resultlf False
can be any expressions you would enter in a cell: number s, text, or other Excel functions
(including other IF functions). Note that if either e xpression is text, it must be enclosed in
double quotes, such as
=IF(Score>=90,"A","B")
Finally, condition can be complex combinations of conditions, using the keywords AND or
OR. Then the syntax is, for example,
=IF(AND(Score1<60,Score2<60),"Fail"," Pass')
Never hard code This model in Figure 2.1 is entirely correct, but it isn’t very readable or flexible because

numbers into Excel
formulas. Use cell
references instead.

it breaks a rule that you should strive never to break: It sard codes input values into the
profit formula. A spreadsheet model should never include input numbers in formulas.
Instead, the spreadsheet model should store input values in separate cells and then include
cell references to these inputs in its formulas. A remedy appears in Figure 2.2. Here, the
inputs have been entered in the range B3:B6, and the profit formula in cell B10 has been
changed to

=-B3-B4*B9+I1F(B8>B9,B5*B9,10*B8+B6*(B9-B8))
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o A B
Flgure 2‘2 1 [NCAA t-shirt sales
Model with Input 2]
3 |Fixed order cost $750
Cells 4 |Variable cost $8
5 |Selling price $18
6 |Discount price $6
7
8 |Demand 1500
9 |Order 1450
10 | Profit $13,750
This is exactly the same formula as before, but it is now more flexible. If an input changes,
the profit recalculates automatically. Most important, the inputs are no longer buried in the
formula.!

Still, the profit formula is not very readable as it stands. You can make it more read-
able by using range names. The mechanics of range names are covered in detail later in this
chapter. For now, the results of using range names for cells B3 through B6, BS, and B9 are
shown in Figure 2.3. This model looks exactly like the previous model, but the formula in
cell B10 is now
=-Fixed_order_cost-Variable_ cost*Order+IF(Demand>Order,
Selling_price*Order,Selling_price*Demand+Discount_Price*(Order-Demand))

This formula is admittedly more long-winded, but it is certainly easier to read.
. A B C D E F
Flgure 2'3 1 |NCAA t-shirt sales
Model with Range 21
. 3 |Fixed order cost $750 Range names used

Names in Profit 4 |Variable cost 38 Demand ='Model 3'1$B$8

Formula 5 |Selling price $18 Discount_price ='Model 3'I1$B$6
6 |Discount price 36 Fixed_order_cost ='Model 3'I$B$3
7 Order ='Model 3'1$B$9
8 |Demand 1500 Selling_price ='Model 3'1$BS$5
9 |Order 1450 Variable_cost ='Model 3'ISB$4
10 |Profit $13,750

Randy might like to have profit broken down into various costs and revenues
(Figure 2.4), rather than one single profit cell. The formulas in cells B12, B13, B15, and
B16 are straightforward, so they are not repeated here. You can then accumulate these to
get profit in cell B17 with the formula
=-(B12+B13)+(B15+B16)

. A B C D E F
Flgure 2'4 1 |NCAA t-shirt sales
Model with 21
. 3 |Fixed order cost $750 Range names used
Intermedlate 4 |Variable cost S8 Demand ='Model 4'1$BS$8
Outputs 5 |Selling price $18 Discount_price ='Model 4'!$BS6
6 |Discount price S6 Fixed_order_cost |='Model 4'ISB$3
7 Order ='Model 4'1$B$9
8 |Demand 1500 Selling_price ='Model 4'!$B$5
9 |Order 1450 Variable_cost ='Model 4'1$B$4
10
11 [Costs
12 | Fixed cost $750
13| Variable costs $11,600
14 [Revenues
15 | Full-price shirts $26,100
16 | Discount-price shirts S0
17 |Profit $13,750

ISome people refer to such numbers buried in formulas as magic numbers because they just seem to appear out of
nowhere. Avoid magic numbers!
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. A B C D E F

Flgure 2.5 1 |NCAA t-shirt sales

Model with 2 .
3 |Input variables Range names used

Category Labels and 4 |Fixed order cost $750 Demand ='Model 5'!$B$10

Color COdlI‘lg 5 |Variable cost $8 Discount_price ='Model 5'I$SBS7
6 |Selling price $18 Fixed_order_cost |='Model 5'1$B$4
7 |Discount price $6 Order ='Model 5'I$B$13
8 Selling_price ='Model 5'1SB$S6
9 |Uncertain variable Variable_cost ='Model 5'I$BS5

=
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Demand 1500
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Decision variable
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Order 1450
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Output variables
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@

Costs

17| Fixed cost $750
18 | Variable costs $11,600
19 [Revenues

20| Full-price shirts $26,100
21| Discount-price shirts $S0
22 |Profit $13,750

many range names to use.

FUNDAMENTAL INSIGHT

Spreadsheet Lyout and Documentation

If you want y our spreadsheets to be used (and y ou
want your value in your company to rise),give a lot of
thought to y our spreadsheet layout and then docu-
ment y our w ork car efully. For la yout, think about
whether cer tain data ar e best oriented in r ows or
columns, whether y our w ork is better placed in a
single sheet or in multiple sheets, and so on. For doc-
umentation, use descriptive labels and headings, color
coding, cell comments, and text boxes to make your
spreadsheets more readable. It takes time and careful
planning to design and then document y our spread-
sheet models, but the time is w ell spent. And if you
come back in a few days to a spreadsheet model you
developed and y ou can’t make heads or tails of it,
don’t be afraid to r edesign your work completely—
from the ground up.

Of course, range names could be used for these intermediate output cells, but this is prob-
ably more work than it’s worth. You should always use some judgment when deciding how

If Randy’s assistant is presented with this model, how does she know at a glance which
cells contain inputs or decision variables or outputs? Labels and/or color coding can help to
distinguish these types. A blue/red/gray color-coding style has been applied in Figure 2.5,
along with descriptive labels in boldface. The blue cells at the top are input cells, the red cell
in the middle is a decision variable, and the gray cell at the bottom is the key output.? There

is nothing sacred about this particular convention.
Feel free to adopt your own convention and style,
but be sure to use it consistently.

The model in Figure 2.5 is still not the last
word on this example. As shown in later examples,
you can create data tables to see how sensitive
profit is to the inputs, the demand, and the order
quantity. You can also create charts to show any
numerical results graphically. But this is enough for
now. You can see that the model in Figure 2.5 is
now much more readable and flexible than the orig-
inal model in Figure 2.1. =

Because good spreadsheet style is so important, the
appendix to this chapter discusses a few tools for
editing and documenting your spreadsheet models.
Use these tools right away and as you progress
through the book.

In the rest of this chapter, we discuss a number
of interesting examples and introduce important
modeling concepts (such as sensitivity analysis),
important Excel features (such as data tables), and
even some important business concepts (such as

2This color convention shows up clearly in the Excel files that accompany the book. However, in this two-color
book (shades of gray and blue), it is difficult to see the color-coding scheme. We recommend that you look not only
at the figures in the book, but at the actual Excel files.
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net present value). To get the most from these examples, follow along at your own PC,
starting with a blank spreadsheet. It is one thing to read about spreadsheet modeling; it is
quite another to actually do it!

2.3 COST PROJECTIONS

In this next example, a company wants to project its costs of producing products, given that
material and labor costs are likely to increase through time. We build a simple model and
then use Excel’s charting capabilities to obtain a graphical image of projected costs.

EXAMPLE | 2.2 PROJECTING THE CoSTS OF BOOKSHELVES AT WOODWORKS

he Woodworks Company produces a variety of custom-designed wood furniture for its

customers. One favorite item is a bookshelf, made from either cherry or oak. The com-
pany knows that wood prices and labor costs are likely to increase in the future. Table 2.1
shows the number of board-feet and labor hours required for a bookshelf, the current costs
per board-foot and labor hour, and the anticipated annual increases in these costs. (The top
row indicates that either type of bookshelf requires 30 board-feet of wood and 16 hours of
labor.) Build a spreadsheet model that enables the company to experiment with the growth
rates in wood and labor costs so that a manager can see, both numerically and graphically,
how the costs of the bookshelves vary in the next few years.

Table 2.1 Input Data for Manufacturing a Bookshelf

Resource Cherry Oak Labor

Required per bookshelf 30 30 16

Current unit cost $5.50 $4.30 $18.50

Anticipated annual cost increase 2.4% 1.7% 1.5%
3

Business Objectives® To build a model that allows Woodworks to see, numerically and
graphically, how its costs of manufacturing bookshelves increase in the future and to allow
the company to answer what-if questions with this model.

Excel Objectives To learn good spreadsheet practices, to enable copying formulas with
the careful use of relative and absolute addresses, and to create line charts from multiple
series of data.

Solution

Listing the key variables in a table before developing the actual spreadsheet model is use-
ful, so we will continue to do this in many later examples (see Table 2.2.) This practice
forces you to examine the roles of the variables—which are inputs, which are decision
variables, and which are outputs. Although the variables and their roles are fairly clear for
this example, later examples will require more thought.

3In later chapters, we simply list the “Objective” of each example as we did in Example 2.1. However, because
this chapter has been written to enhance basic spreadsheet skills, we separate the business objectives from the
Excel objectives.
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Table 2.2 Key Variables for the Bookshelf Manufacturing Example

Wood and labor requirements per bookshelf, current unit costs of wood and
labor, anticipated annual increases in unit costs
Projected unit costs of wood and labor, projected total bookshelf costs

Input variables

Output variables

The reasoning behind the model is straightforward. You first project the unit costs for
wood and labor into the future. Then for any year you multiply the unit costs by the
required numbers of board-feet and labor hours per bookshelf. Finally, you add the wood
and labor costs to obtain the total cost of a bookshelf.

DEVELOPINGTHE SPREADSHEET MODEL

The completed spreadsheet model appears in Figure 2.6 and in the file Bookshelf
Costs.xIsx.* You can develop it with the following steps.

Figure 2.6
Bookshelf Cost
Model

Always enter input
values in input cells
and then refer to them
in Excel formulas. Do
not bury input values
in formulas.

A [ 8 | ¢ D E [ F [ e ] HWH T 1 T 1 K

| 1 |Projecting bookshelf costs at Woodworks

2
3 inputs Projected Bookshelf Costs
I Requirements per bookshelf Cherry Oak $550.00
| 5 |Board-feet required 30 30
| 6 |Labor hours required 16 16 $500.00 7—’4
H2 $450.00 7.’—Ig.i
| 8 |Costs of wood Cherry Oak
| 9 |Current cost per board-foot $5.50 $4.30 $400.00 = Cherry
% Projected annual increase 2.4% 1.7% $350.00 —m—0ak
E Cost of labor $300.00
| 13 |Current cost per labor hour $18.50 0 1 3 4 5 6

14 |Projected annual increase 1.5%
1 Years from Now
[15]
| 16 | Projected costs

17 Cost per board-foot | Cost per hour Cost per bookshelf
1_8 Years from now Cherry Oak Labor Cherry Oak
[19] 0 $5.50 | $4.30 $18.50 $461.00 | $425.00
[20] 1 $5.63 $4.37 $18.78 $469.40 | $431.63
Z 2 $5.77 $4.45 $19.06 $477.96 | $438.37
122 | 3 $5.91 $4.52 $19.35 $486.69 | $445.21
|23 | 4 $6.05 $4.60 $19.64 $495.58 | $452.16
| 24 | 5 $6.19 $4.68 $19.93 $504.65 | $459.22

25 6 $6.34 $4.76 $20.23 $513.89 | $466.39

c Inputs. You should usually enter the inputs for a model in the upper-left corner of a
worksheet as you can see in the shaded ranges in Figure 2.6, using the data from Table 2.1.
We have used our standard convention of coloring inputs—the numbers from the statement
of the problem—blue. You can develop your own convention, but the input cells should be
distinguished in some way. Note that the inputs are grouped logically and are explained
with appropriate labels. You should always document your spreadsheet model with infor-
mational labels. Also, note that by entering inputs explicitly in input cells, you can refer to
them later in Excel formulas.

e Design output table. Plan ahead for how you want to structure your outputs. We cre-
ated a table where there is a row for every year in the future (year O corresponds to the cur-
rent year), there are three columns for projected unit costs (columns B-D), and there are
two columns for projected total bookshelf costs (columns E-F). The headings reflect this
design. Of course, this isn’t the only possible design, but it works well. The important
point is that you should have some logical design in mind before diving in.

4This textbook’s essential resource Web site includes templates and completed files for all examples in the book,
where all of the latter have “Finished” appended to their file names. However, especially in this chapter, we sug-
gest that you start with a blank spreadsheet and follow the step-by-step instructions on your own.
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Always try to organize
your spreadsheet
model so that you can
copy formulas across
multiple cells.

Typing dollar signs in
formulas for absolute

references is inefficient.

Press the F4 key
instead.

Projected unit costs of wood. The dollar values in the range B19:F25 are all calcu-
lated from Excel formulas. Although the logic in this example is straightforward, it is still
important to have a strategy in mind before you enter formulas. In particular, you should
always try to design your spreadsheet so that you can enter a single formula and then copy
it. This saves work and avoids errors. For the costs per board-foot in columns B and C,
enter the formula

=B9
in cell B19 and copy it to cell C19. Then enter the general formula
=B19*(1+B$10)

in cell B20 and copy it to the range B20:C25. We assume you know the rules for absolute
and relative addresses (dollar sign for absolute, no dollar sign for relative), but it takes
some planning to use these so that copying is possible. Make sure you understand why we
made row 10 absolute but column B relative.

Excel Tip: Relative and Absolute Addresses in Formulas

Relative and absolute addresses are used in Excel formulas to facilitate copying. A dollar
sign next to a column or r ow address indicates that the addr ess is absolute and will not

change when copying. The lack of a dollar sign indicates that the addr ess is relative and
will change when copying. After you select a cell in a formula, you can pr ess the F4 key
repeatedly to cycle through the relative/absolute possibilities, for example, =B4 (both col-
umn and row relative), =$B$4 (both column and r ow absolute), =B84 (column r elative,
row absolute), and =$B4 (column absolute, row relative).

o Projected unit labor costs. To calculate projected hourly labor costs, enter the
formula

=B13
in cell D19. Then enter the formula
=D19*(1+B$14)

in cell D20 and copy it down column D.

e Projected bookshelf costs. Each bookshelf cost is the sum of its wood and labor
costs. By a careful use of absolute and relative addresses, you can enter a single formula
for these costs—for all years and for both types of wood. To do this, enter the formula

=B$5*B19+B$6*$D19

in cell E19 and copy it to the range E19:F25. The idea here is that the units of wood and
labor per bookshelf are always in rows 5 and 6, and the projected unit labor cost is always
in column D, but all other references are relative to allow copying.

G Chart. A chart is a valuable addition to any table of data, especially in the business
world, so charting in Excel is a skill worth mastering. Although not everyone agrees, the
many changes Microsoft made regarding charts in Excel 2007 and 2010 help you create
charts more efficiently and effectively. We illustrate some of the possibilities here, but
we urge you to experiment with other possibilities on your own. Start by selecting the
range E18:F25—yes, including the labels in row 18. Next, click on the Line dropdown list
on the Insert ribbon and select the Line with Markers type. You instantly get the basic line
chart you want, with one series for Cherry and another for Oak. Also, when the chart is
selected (that is, it has a border around it), you see three Chart Tools ribbons: Design,
Layout, and Format. The most important button on any of these ribbons is the Select Data
button on the Design ribbon. It lets you choose the ranges of the data for charting in case
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Figure 2.7
Select Data
Dialog Box

Figure 2.8
Dialog Box for
Changing
Horizontal
Axis Labels

The many chart
options are easily
accessible from the
three Chart Tools
ribbons in Excel 2007
and 2010. Don’t be
afraid to experiment
with them to produce
professional-looking
charts.

Select Data Source

Chart data range: | Model| $E41 5 $Ff2"

J/[—I ’ESﬂitch Row,/Column ] I—]\L
Legend Entries (Series) Horizontal (Category) Axis Labels
’ 5 add ” =% Edit ” * Remove ] i [E ’ £ Edit ]
Cherry 1 A
Oak 2
3
. L
5 W
Hidden and Empty Cells oK l [ Cancel

Axis Labels

Axis label range:
| =Modeli§A$19: 54425

=0,1,2 3 4.

| oK |[ Cancel ]

Excel’s default choices (which are based on the selected range when you create the chart)
are wrong. Click on Select Data now to obtain the dialog box in Figure 2.7. On the left,
you control the series (one series or multiple series) being charted; on the right, you con-
trol the data used for the horizontal axis. By selecting E18:F25, you have the series on the
left correct, including the names of these series (Cherry and Oak), but if you didn’t, you
could select one of the series and click on Edit to change it. The data on the horizontal
axis is currently the default 1, 2, and so on. To make it the data in column A, click on the
Edit button on the right and select the range A19:A25. (See Figure 2.8.) Your chart is now
correctly labeled and charts the correct data. Beyond this, you can experiment with vari-
ous formatting options to make the chart even better. For example, we rescaled the verti-
cal axis to start at $300 rather than $0 (right-click on the numbers on the vertical axis and
select Format Axis, or look at the many options on the Axes dropdown list on the Layout
ribbon), and we added a chart title at the top and a title for the horizontal axis at the bot-
tom (see buttons on the Labels group on the Layout ribbon). You can spend a lot of time
fine-tuning charts—maybe even foo much time—but professional-looking charts are defi-
nitely appreciated.
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FUNDAMENTAL INSIGHT

The Power of Chatts

A chart is typically much more informative to a busi-
ness manager than the table of n umbers it is based

on. Don’t underestimate the po wer of Excel charts
for getting y our points acr oss, and include them

iny our spr eadsheet models whene ver possible .
However, be prepared to do some in vestigating on
your own. Excel offers an abundance of char t types
and chart options to choose fr om, and they are not
all equally suited to telling your story.

Using the Model for What-If Questions

The model in Figure 2.6 can now be used to answer
many what-if questions. In fact, many models are
built for the purpose of permitting experimentation
with various scenarios. The important point is that
the model has been built in such a way that a man-
ager can enter any desired values in the input cells,
and all of the outputs, including the chart, will
update automatically. As a simple example, if the
annual percentage increases for wood costs are
twice as high as Woodworks anticipated, you can
enter these higher values in row 10 and immedi-
ately see the effect, as shown in Figure 2.9. By
comparing bookshelf costs in this scenario to those

in the original scenario, the projected cost in year 6 for cherry bookshelves, for example,
increases by about 5.5%, from $513.89 to $542.26.

Figure 2.9 Effect of Higher Increases in Wood Costs

A carefully constructed
model—with no input
numbers buried in
formulas—allows a
manager to answer
many what-if questions
with a few keystrokes.

A [ B T c ] D e [ F [ e [ w T 707 T 1 K

| 1 |Projecting bookshelf costs at dworks

2
(73 [inputs Projected Bookshelf Costs
I Requirements per bookshelf Cherry Oak $600.00

5 |Board-feet required 30 30
z Labor hours required 16 16 $550.00 :‘

7 $500.00 -
z Costs of wood Cherry Oak $450.00 ,?é
| 9 |Current cost per board-foot $5.50 $4.30 $400.00 —o—Cherry

" B B

% Projected annual increase 4.8% 3.4% $350.00 —@—0ak
[ 12 |Cost of labor $300.00
[ 13 |current cost per labor hour $18.50 0 1 2 3 4 5 6
[14] Projected annual increase 1.5%
5] Years from Now
(16| Projected costs
[17] Cost per board-foot | Cost per hour Cost per bookshelf
E Years from now Cherry Oak Labor Cherry Oak
119 | 0 $5.50 $4.30 $18.50 $461.00 = $425.00

20 1 $5.76 $4.45 $18.78 $473.36  $433.83
[21] 2 $6.04 $4.60 $19.06 $486.17 $442.87
z 3 $6.33 $4.75 $19.35 $499.44 $452.13
|23 | 4 $6.63 $4.92 $19.64 $513.20 = $461.62

24 5 $6.95 $5.08 $19.93 $527.46  $471.35
2_5 6 $7.29 $5.26 $20.23 $542.26 $481.32

You should appreciate by now why burying input numbers inside Excel formulas is
such a bad practice. For example, if you had buried the annual increases of wood costs
from row 10 in the formulas in columns B and C, imagine how difficult it would be to
answer the what-if question in the previous paragraph. You would first have to find and
then change all the numbers in the formulas, which is a lot of work. Even worse, it is

likely to lead to errors. m

2.4 BREAKEVEN ANALYSIS

Many business problems require you to find the appropriate level of some activity. This
might be the level that maximizes profit (or minimizes cost), or it might be the level that
allows a company to break even—no profit, no loss. We discuss a typical breakeven analy-

sis in the following example.

2.4 Breakeven Analysis 3 |
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EXAMPLE 2.3 BREAKEVEN ANALYSIS AT QUALITY SWEATERS

he Quality Sweaters Company sells hand-knitted sweaters. The company is planning to

print a catalog of its products and undertake a direct mail campaign. The cost of printing
the catalog is $20,000 plus $0.10 per catalog. The cost of mailing each catalog (including
postage, order forms, and buying names from a mail-order database) is $0.15. In addition, the
company plans to include direct reply envelopes in its mailings and incurs $0.20 in extra
costs for each direct mail envelope used by a respondent. The average size of a customer
order is $40, and the company’s variable cost per order (due primarily to labor and material
costs) averages about 80% of the order’s value—that is, $32. The company plans to mail
100,000 catalogs. It wants to develop a spreadsheet model to answer the following questions:

1. How does a change in the response rate affect profit?

2. For what response rate does the company break even?

3. If the company estimates a response rate of 3%, should it proceed with the mailing?
4. How does the presence of uncertainty affect the usefulness of the model?

Business Objectives To create a model to determine the company’s profit and to see how
sensitive the profit is to the response rate from the mailing.

Excel Objectives To learn how to work with range names, to learn how to answer what-
if questions with one-way data tables, to introduce Excel’s Goal Seek tool, and to learn
how to document and audit Excel models with cell comments and the auditing toolbar.

Solution

The key variables appear in Table 2.3. Note that we have designated all variables as input
variables, decision variables, or output variables. Furthermore, there is typically a key out-
put variable, in this case, profit, that is of most concern. (In the next few chapters, we refer
to it as the objective variable.) Therefore, we distinguish this key output variable from the
other output variables that we calculate along the way.

Table 2.3 Key Variables in Quality Sweaters Problem

Input variables Various unit costs, average order size, response rate
Decision variable Number mailed
Key output variable Profit

Other output variables = Number of responses, revenue, and cost totals

The logic for converting inputs and decision variable into outputs is straightforward.
After you do this, you can investigate how the response rate affects the profit with a sensi-
tivity analysis.

Adopt some layout The completed spreadsheet model appears in Figure 2.10. (See the file Breakeven
and formatting Analysis.xIsx.) First, note the clear layout of the model. The input cells are colored blue,
conventions, even if they are separated from the outputs, headings are boldfaced, several headings are indented,

;hey defer from ours, numbers are formatted appropriately, and a list to the right spells out all range names we
0 make your

spreadsheets readable have used. (See the next Excel Tip on h(?“f to cregte this list.) Also., follgwing the conven-
and easy to follow. tion we use throughout the book, the decision variable (number mailed) is colored red, and
the bottom-line output (profit) is colored gray.

32 Chapter 2 Introduction to Spreadsheet Modeling

Copyright 2011 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Figure 2.10 Quality Sweaters Model

A B 3 D E Fo G [ 0w [ 1

1 |Quality Sweaters direct mail model Range names used

2 Average_order =Model!$BS11
| 3 |Catalog inputs Model of responses Fixed_cost_of_printing =Model!$B$4

4 |Fixed cost of printing $20,000 Response rate 8% Number_mailed '=Model!$BS$8

5 |Variable cost of printing mailing $0.25 Number of responses 8000 Number_of_responses =Model!SES5
| 6 | { Profit '=Model!$ES13
| 7 |Decision variable } Model of revenue, costs, and profit | Response_rate ‘:ModeI!$E$4

8 |Number mailed 100000 Total Revenue $320,000 Total_cost =Model!$ES$12
| 9 | i Fixed cost of printing $20,000 Total_Revenue =ModellSESS
| 10 |Order inputs | Total variable cost of printing mailing $25,000 Variable_cost_of_printing_mailing =Model!$BS5
| 11 |Average order $40 Total variable cost of orders $257,600 Variable_cost_per_order =Model!$BS$12

12 |Variable cost per order $32.20 Total cost $302,600

13 | Profit $17,400

We refer to this as the
Create from Selection
shortcut. If you like it,
you can get the dialog
box in Figure 2.11
even more quickly:
press Ctri+Shift+F3

Figure 2.11

Range Name Create
Dialog Box

If you like this tip, you
can perform it even
faster: press the F3
key to bring up the
Paste Name dialog
box. (This works only
if there is at least one
range name in the
workbook.)

Excel Tip: Creating Range Names

To create a range name for a r ange of cells (whic h could be a single cell), highlight the
cell(s), click in the Name Box just to the left of the F ormula Bar, and type a r ange name.
Alternatively, if a column (or r ow) of labels appear s next to the cells to be r ange-named,
you can use these labels as the r ange names. To do this, highlight the labels and the cells
to be named (for e xample, A4:B5 in F igure 2.10), select Cr eate from Selection on the
Formulas ribbon, and make sure the appropriate box in the resulting dialog box (see Fig-
ure 2.11) is checked. The labels in our example are to the left of the cells to be named, so
the Left column box should be diecked. This is a very quid way to create range names, and
we did it for all range names in the example. In fact, by keeping your finger on the Ctrl key,
you can select multiple ranges.> After all your ranges are selected, you can sometimes cre-
ate all your r ange names in one step. Note that if a label contains any “ille gal” range-
name characters, such as a space, the illegal characters are converted to underscores.

Create Mames from Selection

Create names from values in the:
|:| Top row
Left colurmn %
[ ] Bottom row
[ ] Right column

l[ Cancel ]

Excel Tip: Pasting Range Names

Including a list of the r ange names in your spr eadsheet is useful for documentation pur-

poses. To do this, select a cell (suc h as cell G4 in Figure 2.10), select the Use in Formula
dropdown list from the Formulas ribbon, and then click on the Paste List option. You get a
list of all range names and their cell addresses. However, if you change any of these range
names (delete one, for example), the paste list does not update automatically, you have to
create it again.

SMany users apparently believe range names are more work than they are worth. This shortcut for creating range
names helps to remedy this problem.
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DEVELOPING THE SPREADSHEET MODEL

To create this model, you can proceed through the following steps.

0 Headings and range names. We have named a lot of cells, more than you might
want to name, but you will see their value when you create formulas. In general, we
strongly support range names, but it is possible to go overboard. You can waste time nam-
ing ranges that do not really need to be named. Of course, you can use the Create from
Selection shortcut described previously to speed up the process.®

6 Values of input variables and the decision variable. Enter these values and format
them appropriately. As usual, we have used our blue/red/gray color-coding scheme. Note
that the number mailed has been designated as a decision variable, not as an input vari-
able (and it is colored red, not blue). This is because the company gets to choose the value
of this variable. Finally, note that some of the values have been combined in the statement
of the problem. For example, the $32.20 in cell B12 is really 80% of the $40 average order
size, plus the $0.20 per return envelope. To document this process, comments appear in a
few cells, as shown in Figure 2.12.

Figure 2.12 Cell Comments in Model

A [ B [ ¢ D E F G H [
1 |Great Threads direct mail model | Range names used \
2 [Trialvalue, willdo | =Model!$BS$11
3 |Catalog inputs ! Model of responses \Sensitivilv analysis on Iprinﬁng =Model!$BS$4
| 4 |Fixed cost of printing $20,000y/Includes $0.10 for 8% Number_mailed =Model!$BS8
" P o printing and $0.15 for
| 5 |Variable cost of printing mailing $0425' malling each catalog ponses 8000 Number_of_responses =ModellSES5
6 | Profit =Modell$ES13
7 |Decision variable | Model of revenue, costs, and profit Response_rate =ModellSES4
8 |Number mailed 100000 Total Revenue $320,000! Total_cost =Modell$SE$12
| 9 | Fixed cost of printing $20,000 Total_Revenue =Model!SES8
| 10 |Order inputs [Includes 80% of the average of printing mailing $25,000 Variable_cost_of_printing_mailing =Model!$BS5
11 |Average order $40l $40 order size, plus $0.20 per F of orders $257,600 Variable_cost_per_order =Model!$B$12
12 |Variable cost per order $32.20 return envelo $302,600 ‘
13 [ [Profit $17,400 |

Excel Tip: Inserting Cell Comments

Inserting comments in cells is a gr eat way to document your spr eadsheet models without
introducing excessive clutter. To enter a comment in a cell, right-clid on the cell, select the
Insert Comment item, and type your comment. This cr eates a little r ed mark in the cell,
indicating a comment, and you can see the comment by r esting the cur sor over the cell.
When a cell contains a comment, you can edit or delete the comment by right-clic king on
the cell and selecting the appropriate item. If you want all the cell comments to be visible
(for example, in a printout as in F igure 2.12), clic k on the F ile tab (or Of fice button in
Excel 2007), then on Options (Excel Options in Excel 2007), then on the Advanced link,
and select the Comment & Indicator option fiom the Display group. Note that the Indicator
Only option is the default.

CHANGES IN ExcEL 2010

After Microsoft got all of us used to the Office button in the upper left corner of all Office 2007
applications, it switched to a File tab in Office 2010.The menu structure under this File tab is
slightly different from the structure under the Office button, but the functionality is basically the
same. In particular, this is where you go to change most of the Excel options.

6We have heard of one company that does not allow any formulas in its corporate spreadsheets to include cell ref-
erences; they must all reference range names. This is probably too extreme, but that company’s formulas are cer-
tainly easy to read.
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Data tables are also
called what-if tables.
They let you see what
happens to selected
outputs as selected
inputs change.

9 Model the responses. You have not yet specified the response rate to the mailing, so
enter any reasonable value, such as 8%, in the Response_rate cell. You will perform sensi-
tivity on this value later on. Then enter the formula

=Number_mailed*Response_rate

in cell ES. (Are you starting to see the advantage of range names?)
o Model the revenue, costs, and profits. Enter the formula
=Number_of _responses*Average order

in cell E8, enter the formulas

=Fixed_cost_of printing

=Variable_cost_of printing_mailing*Number_mailed

and

=Number_of responses*Variable cost_per_order

in cells E9, E10, and E11, enter the formula

=SUM(E9:E11)

in cell E12, and enter the formula

=Total_revenue-Total_cost

in cell E13. These formulas should all be self-explanatory, especially because of the range

names used.

Excel Tip: Entering Formulas with Range Names

To enter a formula that contains unge names, you donot have to type the full unge names.
You actually have two convenient options. One, you can point to the cells, and ange names
will appear in your formulas. Or two, you can start typing the r ange name in the formula,
and after a few letters, Excel will show you a list you can choose from.

Forming a One-Way Data Table

Now that a basic model has been created, the questions posed by the company can be
answered. For question 1, you can form a one-way data table to show how profit varies with
the response rate as shown in Figure 2.13. Data tables are used often in this book, so make
sure you understand how to create them. We will walk you through the procedure once or
twice, but from then on, you are on your own. First, enter a sequence of trial values of the
response rate in column A, and enter a link to profit in cell B17 with the formula =Profit.
This cell is shaded for emphasis, but this isn’t necessary. (In general, other outputs could be
part of the table, and they would be placed in columns C, D, and so on. There would be a
link to each output in row 17.) Finally, highlight the entire table range, A17:B27, and select
Data Table from the What-If Analysis dropdown list on the Data ribbon to bring up the

Figure 2.13
Data Table for Profit

A [ B [ c ] D [ e | °F
15 |Question 1 - sensitivity of profit to response rate
| 16] Response rate Profit Profit versus Response Rate
17 $17,400

$40,000 -

(18] 1% -$37,200

15 2% -$29,400 $20,000 |

[20] 3% -$21,600

21 4% -$13,800 0 — ‘
% 5% -$6,000 620,000 M/ 7% 8% 9% 10%
23 6% $1,800

S ’ -$40,000 -

Profit

1 24] 7% $9,600

A 8% $17,400 -$60,000 -

26 9% $25,200 Response Rate
[27] 10%  $33,000
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Figure 2.14 2]
Data Table Dialog Row inpuk el I =k]
Box ;

Calurnn input cell: IRespu:unse_ratE E“:]

Cancel |

dialog box in Figure 2.14. Fill it in as shown to indicate that the only input, Response_rate,
is listed along a column. (You can enter either a range name or a cell address in this dialog
box. The easiest way is to point to the cell.)

When you click on OK, Excel substitutes each response rate value in the table into the
Response_rate cell, recalculates profit, and reports it in the table. For a final touch, you can
create a chart of the values in the data table. (To do this, highlight the A18:B27 range and
select the type of chart you want from the Insert ribbon. Then you can fix it up by adding
titles, removing the legend, and making other modifications to suit your taste.)

Excel Tool: One-Way Data Table

A one-way data table allows you to see how one or more output variables vary as a single input
variable varies over a selected range of values. These input values can be arranged vertically in
a column or horizontally in a row. We will explain only
the vertical arrangement because it is the most com-
mon. 10 create the table, enter the input values in a
The Power of Datdlables column range, such as A18:A27 of Figure 2.13, and
enter links to one or more output cells in columns to
the right and one row above the inputs, as in cell B17
of Figure 2.13. Then highlight the entire table, begin-
ning with the upper-left blank cell (A17 in the figure),
select Data Table from the What-If Analysis dropdown
list on the Data ribbon, and fill in the resulting dialog
box as in Figure 2.14. Leave the Row Input cell blank
and use the cell where the original value of the input
variable lives as the Column Input cell. When you
click on OK, each value in the left column of the table
is substituted into the column input cell, the spread-
sheet recalculates, and the resulting value of the output is placed in the table. Also, if you click
anywhere in the body of the table (B18:B27 in the figure), you will see that Excel has entered
the TABLE function to remind you that a data table lives here. Note that the column input cell

must be on the same worksheet as the table itself; otherwise, Excel issues an error.

Unfortunately, many Excel users (most of them?) are
unaware of data tables, which are among the most
powerful and useful tools Excel has to offer. After you
have developed a model that r elates inputs to out-
puts, you can then build data tables in a matter of sec-
onds to see how the outputs vary as key inputs vary
over some range . Data tables are the perfect means
for ans wering a large n umber of what-if questions
quickly and easily.

As the chart indicates, profit increases in a linear manner as the response rate varies. More
specifically, each percentage point increase in the response rate increases profit by $7800. Here
is the reasoning. Each percentage point increase in response rate results in 100,000(0.01) =
1000 more orders. Each order yields a revenue of $40, on average, but incurs a variable cost of
$32.20. The net gain in profit is $7.80 per order, or $7800 for 1000 orders.

UsING GOAL SEEK
The purpose of the

Goal Seek tool is to From the data table, you can see that profit changes from negative to positive when the
solve one equation in response rate is somewhere between 5% and 6%. Question 2 asks for the exact breakeven
one unknown. It is point. You could find this by trial and error, but it is easier to use Excel’s Goal Seek tool.
used here to find the E iallv. Goal Seek i d | ol .. ol K H h

response rate that ssenpa y, Goal Seek is use to solve a single equation in a single un nown. Here, the
makes profit equal equation is Profit=0, and the unknown is the response rate. In Excel terminology, the

to 0. unknown is called the changing cell because you can change it to make the equation true.
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Figure 2.15

Goal Seek Dialog
Box

Later chapters,
especially Chapters 10
through 12, deal
explicitly with
uncertainty.

Goal Seek

Set cell: Profit 3

To walue: i
By changing cell: ResponseRate e

Cancel |

To implement Goal Seek, select Goal Seek from the What-If Analysis dropdown list on the
Data ribbon and fill in the resulting dialog box as shown in Figure 2.15. (Range names or
cell addresses can be used in the top and bottom boxes, but a number must be entered in the
middle box.) After you click on OK, the Response_rate and Profit cells have values 5.77%
and $0. In words, if the response rate is 5.77%, Great Threads breaks even. If the response
rate is greater than 5.77%, the company makes moneys; if the rate is less than 5.77%, the
company loses money. Of course, this assumes that the company mails 100,000 catalogs. If
it sends more or fewer catalogs, the breakeven response rate will change.

Excel Tool: Goal Seek

The purpose of the Goal Seek tool is to solve one equation in one unknown. Specifically, Goal
Seek allows you to vary a single input cell to force a single output cell to a selected value. 10 use
it, select Goal Seek from the What-If Analysis dropdown list on the Data ribbon and fill in the
resulting dialog box in Figure 2.15. Enter a reference to the output cell in the Set cell box, enter
the numeric value you want the output cell to equal in the To value box, and enter a reference to
the input cell in the By changing cell box. Note that Goal Seek sometimes stops when the Set cell
is close, but not exactly equal to, the desired value. 1o improve Goal Seek’s accuracy, click on
the File tab (the Office button in Excel 2007), then Options (Excel Options in Excel 2007), and
then the Formulas link. Then check the Enable iterative calculation box and reduce Maximum
Change to any desired level of precision. We chose a precision level of 0.000001. For this level
of precision, Goal Seek searches until profit is within 0.000001 of the desired value, $0.

Limitations of the Model

Question 3 asks whether the company should proceed with the mailing if the response rate
is only 3%. From the data table (see Figure 2.13), the apparent answer is no, because profit
is negative. However, like many companies, we are taking a short-term view with this rea-
soning. The model does not include the fact that many customers who respond to direct
mail will reorder in the future. The company nets $7.80 per order. If each of the respon-
dents ordered two more times, say, the company would earn 3000($7.80)(2) = $46,800
more than appears in the model, and profit would then be positive. The moral is that man-
agers must look at the long-term impact of their decisions. However, if you want to incor-
porate the long term explicitly into the model, you must build a more complex model.

Finally, question 4 asks about the impact of uncertainty in the model. Obviously, not all
model inputs are known with certainty. For example, the size of an order is not always
$40—it might range, say, from $10 to $100. When there is a high degree of uncertainty
about model inputs, it makes little sense to talk about the profit level or the breakeven
response rate. It makes more sense to talk about the probability that profit will have a certain
value or the probability that the company will break even. You will see how this can be done
in the following example and in many more such examples in Chapters 10 through 12.

Using the Formula Auditing Tool

The model in this example is fairly small and simple. Even so, you can use a handy Excel
feature to see how all the parts fit together. This is the Formula Auditing tool, which is
available on the Formulas ribbon. See Figure 2.16.
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Figure 2.16

Formula Auditing
Toolbar

The Formula Auditing
tool is indispensable
for untangling the logic
in a spreadsheet,
especially if someone
else developed it.

f:"Trace Precedents % Show Formulas
lﬂchrace Dependents ‘@ Error Checking =

3 Watch
,-J/, Remave Arrows = @ Evaluate Formula | window

Farmula Auditing

The Trace Precedents and Trace Dependents buttons are probably the most useful
buttons in this group. To see which formulas have direct links to the Number_of_
responses cell, select this cell and click on the Trace Dependents button. Arrows are
drawn to each cell that directly depends on the number of responses, as shown in
Figure 2.17. Alternatively, to see which cells are used to create the formula in the Total_
revenue cell, select this cell and click on the Trace Precedents button. Now you see that
the Average_order and Number_of_responses cells are used directly to calculate revenue,
as shown in Figure 2.18. Using these two buttons, you can trace your logic (or someone
else’s logic) as far backward or forward as you like. When you are finished, just click on
the Remove Arrows button.

. A | B c | D E
FIgLIIE 2.17 | 1 |Great Threads direct mail model
Dependents of Ea
Number of 3 |Catalog inputs iModeI of responses
~ C_ll | 4 |Fixed cost of printing $20,000 'Response rate 8%
responses Ce | 5 |Variable cost of printing mailing $0.25 Number of responses 8000
6] |
| 7 | Decision variable Model of revenue, costs, and profit
8 |Number mailed 100000 ‘Total Revenue 320,000
1 9| Fixed cost of printing 520,000
| 10 |Order inputs Total variable cost of printing mailing $25,000
| 11 |Average order $40 . Total variable cost of orders 257,600
12 |Variable cost per order $32.20 ~ |Totalcost $302,600
13 Profit $17,400
. A B c | D E
Flgure 2.18 | 1 |Great Threads direct mail model
Precedents of 20
Total revenue Cell 3 |Catalog inputs Model of responses
- | 4 |Fixed cost of printing $20,000 'Response rate 8%
| 5 |Variable cost of printing mailing $0.25 ‘Number of responses 8000
6] |
7 |Decision variabe Model of revenue, costs, and profit )
8 |Number mailed 100000 Total Revenue 320,000
ER Fixed cost of $20,000
| 10 |Order inputs otal variable cost of printing mailing $25,000
| 11 |Average order $40 . Total variable cost of orders | $257,600
12 |Variable cost per order $32.20 ~ Totalcost $302,600
13 Profit $17,400

Excel Tool: Formula Auditing Toolbar

The formula auditing toolbar allows you to see dependents of a selected cell (which
cells have formulas that reference this cell) or precedents of a given cell (which cells
are referenced in this cell’s formula). In fact, you can even see dependents or precedents
that reside on a different worksheet. In this case, the auditing arrows appear as dashed
lines and point to a small spreadsheet icon. By double-clicking on the dashed line, you
can see a list of dependents or precedents on other worksheets. These tools are especially
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You can place charts
on the same worksheet
as the underlying data
or on separate chart
sheets. The choice is

a matter of personal
preference.

useful for understanding how someone else’s spreadsheet works. Unlike in pre-2007
versions of Excel, the Formula Auditing tools in Excel 2007 and 2010 are clearly visible
on the Formulas ribbon. m

MODELING ISSUES

Is the spreadsheet layout in Figure 2.12 the best possible layout? This question is not too
crucial because this model is so small. However, we have put all the inputs together (usu-
ally a good practice), and we have put all the outputs together in a logical order. You might
want to put the answers to questions 1 and 2 on separate worksheets, but with such a small
model, it is arguably better to keep everything on a single worksheet. We generally avoid
separate worksheets unless things start getting bigger and more complex.

One other issue is the placement of the chart. From the Chart Tools Design ribbon,
you can click on the Move Chart button to select whether you want to place the chart on the
worksheet (floating above the cells) or on a separate chart sheet that has no rows or
columns. This choice depends on your personal preference—neither choice is necessarily
better than the other—but for this small model, we favor keeping everything on a single
worksheet.

Finally, we could have chosen the number mailed, rather than the response rate, as the
basis for a sensitivity analysis. A sensitivity analysis is typically based on an uncertain
input variable, such as the response rate, or a decision variable that the decision maker con-
trols. Fortunately, there is no limit to the number of data tables you can create for a partic-

ular model. =

PROBLEMS

Solutions for problems whose numbers appear within a
colored box can be found in the Student Solutions Files.
Refer to this book’s preface for purchase information.

Skill-Building Problems

1. The sensitivity analysis in the Quality Sweaters exam-
ple was on the response rate. Suppose now that the
response rate is known to be 8%, and the company
wants to perform a sensitivity analysis on the number
mailed. After all, this is a variable under direct control
of the company. Create a one-way data table and a cor-
responding line chart of profit versus the number
mailed, where the number mailed varies from 80,000
to 150,000 in increments of 10,000. Does it appear,
from the results you see here, that there is an optimal
number to mail, from all possible values, that maxi-
mizes profit? Write a concise memo to management
about your results.

2. Continuing the previous problem, use Goal Seek for
each value of number mailed (once for 80,000, once
for 90,000, and so on). For each, find the response rate

that allows the company to break even. Then chart
these values, where the number mailed is on the hori-
zontal axis, and the breakeven response rate is on the
vertical axis. Explain the behavior in this chart in a
brief memo to management.

In the Quality Sweaters model, the range E9:E11 does
not have a range name. Open your completed Excel
file and name this range Costs. Then look at the for-
mula in cell E12. It does not automatically use the new
range name. Modify the formula so that it does. Then
click on cell G4 and paste the new list of range names
over the previous list.

Skill-Extending Problem

4.

As the Quality Sweaters problem is now modeled, if
all inputs remain fixed except for the number mailed,
profit will increase indefinitely as the number mailed
increases. This hardly seems realistic—the company
could become infinitely rich. Discuss realistic ways to
modify the model so that this unrealistic behavior is
eliminated.
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2.5 ORDERING WITH QUANTITY DISCOUNTS
AND DEMAND UNCERTAINTY

In the following example, we again attempt to find the appropriate level of some activity:
how much of a product to order when customer demand for the product is uncertain. Two
important features of this example are the presence of quantity discounts and the explicit
use of probabilities to model uncertain demand. Except for these features, the problem is
very similar to the one discussed in Example 2.1.

EXAMPLE 2.4 ORDERING WITH QUANTITY DISCOUNTS AT SAM’S BOOKSTORE

S am’s Bookstore, with many locations across the United States, places orders for all of
the latest books and then distributes them to its individual bookstores. Sam’s needs a
model to help it order the appropriate number of any title. For example, Sam’s plans to
order a popular new hardback novel, which it will sell for $30. It can purchase any number
of this book from the publisher, but due to quantity discounts, the unit cost for all books it
orders depends on the number ordered. Specifically, if the number ordered is less than
1000, the unit cost is $24. After each 1000, the unit cost drops: to $23 for at least 1000
copies, to $22.25 for at least 2000, to $21.75 for at least 3000, and to $21.30 (the lowest
possible unit cost) for at least 4000. For example, if Sam’s orders 2500 books, its total cost
is $22.25(2500) = $55,625. Sam’s is very uncertain about the demand for this book—it
estimates that demand could be anywhere from 500 to 4500. Also, as with most hardback
novels, this one will eventually come out in paperback. Therefore, if Sam’s has any hard-
backs left when the paperback comes out, it will put them on sale for $10, at which price,
it believes all leftovers will be sold. How many copies of this hardback novel should Sam’s
order from the publisher?

Business Objectives To create a model to determine the company’s profit, given fixed
values of demand and the order quantity, and then to model the demand uncertainty explic-
itly and to choose the expected profit-maximizing order quantity.

Excel Objectives To learn how to build in complex logic with IF formulas, to get online
help about Excel functions with the ]; button, to learn how to use lookup functions, to see
how two-way data tables allow you to answer more extensive what-if questions, and to
learn about Excel’s SUMPRODUCT function.

Solution

The key variables for this model appear in Table 2.4. The primary modeling tasks are (1) to
show how any combination of demand and order quantity determines the number of units
sold, both at the regular price and at the leftover sale price, and (2) to calculate the total
ordering cost for any order quantity. After you accomplish these tasks, you can model the
uncertainty of demand explicitly and then find the optimal order quantity.

Table 2.4 Key Variables for Sam’s Bookstore Problem

Input variables Unit prices, table of unit costs specifying quantity discount structure
Uncertain variable Demand

Decision variable Order quantity

Key output variable Profit

Other output variables Units sold at each price, revenue, and cost totals
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Whenever the term
trial value is used for
an input or a decision
variable, you can be
sure that we will follow
up with a data table
or (in later chapters)
by running Solver to
optimize.

The first step is to develop a spreadsheet model to calculate Sam’s profit for any order
quantity and any possible demand. Then you can perform a sensitivity analysis to see how
profit depends on these two quantities. Finally, you can decide how Sam’s might choose
the optimal order quantity.

DEVELOPING THE SPREADSHEET MODEL

The profit model appears in Figure 2.19. (See the file Quantity Discounts.xlsx.) Note that
the order quantity and demand in the Order_quantity and Demand cells are trial values.
(Comments in these cells are a reminder of this.) You can put any values in these cells, just
to test the logic of the model. The Order_quantity cell is colored red because the company
can choose its value. In contrast, the Demand cell is colored green here and in later chap-
ters to indicate that this input value is uncertain and is being treated explicitly as such.
Also, note that a table is used to indicate the quantity discounts cost structure. You can use
the following steps to build the model.

Figure 2.19 Sam’s Profit Model

A [ B C D E F G H [ 1 ) K
1 |Ordering decision with quantity discounts Range names used:
2 Cost [ =Model!$B$18
3 |Inputs Quantity discount structure CostLookup =Model!$DS$5:SES9
4 |Unit cost - see table to right At Ieast‘ Unit cost‘ Demand ‘ =Modell$B$12
5 |Regular price $30 $24.00 Leftover_price =Model!$BS6
6 |Leftover price $10 1000 $23.00 Order_quantity =Model!$B$9
7 ‘ 2000 $22.25 Probabilities =Model!$B$35:5)$35
8 |Decision variable ‘ 3000  $21.75 Profit [ =Model!$B$19
9 |Order quantity 2500 4000 $21.30 Regular_price =Model!$BS5
10 ‘ Revenue ‘ =Model!$B$17
11 |Uncertain quantity ‘ ‘ Units_sold_at_leftover_price =Model!$BS$16
12 |Demand 2000 Units_sold_at_regular_price =Model!$B$15
13
14 |Profit model
15 |Units sold at regular price 2000
16 |Units sold at leftover price 500
17 |Revenue $65,000
18 |Cost $55,625
19 |Profit $9,375

o Inputs and range names. Enter all inputs and name the ranges as indicated. Note
that the Create from Selection shortcut was used to name all ranges except for CostLookup
and Probabilities. For these latter two, you can highlight the ranges and enter the names
in the Name Box—the “manual” method. (Why the difference? To use the Create from
Selection shortcut, you must have appropriate labels in adjacent cells. Sometimes this is
simply not convenient.)

e Revenues. The company can sell only what it has, and it sells any leftovers at the dis-
counted sale price. Therefore, enter the formulas

=MIN(Order_quantity,Demand)

=IF(Order_quantity>Demand, Order_quantity-Demand,0)

and

=Units_sold_at_regular_price*Regular_price
+Units_sold_at_leftover_price*Leftover_price

in cells B15, B16, and B17. The logic in the first two of these cells is necessary to account
correctly for the cases when the order quantity is greater than demand and when it is less

than or equal to demand. Note that you could use the following equivalent alternative to the
IF function in cell B16:

=MAX(Order_quantity-Demand,0)
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Excel Tool: £, Button and Function Library Group

If you want to learn more about how an Excel function operates, click on the f, button next
to the Formula bar. This is called the Insert Function button, although some people call it
the Function Wizard. If there is already a function, such as an IF function, in a cell and you
then click on the f_ button, you will get help on this function. If you select an empty cell and
then click on the f . button, you can ¢ hoose a function to g et help on. (The same help is
available from the Function Library group on the Formulas ribbon.)

e Total ordering cost. Depending on the order quantity, you can find the appropriate
unit cost from the unit cost table and multiply it by the order quantity to obtain the total
ordering cost. This can be accomplished with a complex nested IF formula, but a much
better way is to use the VLOOKUP function. Specifically, enter the formula

=VLOOKUP(Order_quantity,CostLookup,2)*Order_quantity

in cell B18. The VLOOKUP part of this formula says to compare the order quantity to the
first (leftmost) column of the table in the CostLookup range and return the corresponding
value in the second column (because the last argument is 2).

Excel Function: VLOOKUP

The VLOOKUP function acts like a tax table, where you look up the tax corr esponding to
your adjusted gross income from a table of incomes and taxes. To use it, first create a ver-
tical lookup table, with values to use for comparison listed in the left column of the table
and corresponding output values in as many columns to the right as you lik  e. (See the
CostLookup range in F igure 2.19 for an e xample.) Then the VLOOKUP function tak es
three or four arguments: (1) the value you want to compare to the values in the left column,
(2) the lookup table range, (3) the index of the column you want the returned value to come
from, where the index of the left column is 1, the inde x of the next column is 2, and so on;
and optionally (4) TR UE (for an approximate match, the default) or FALSE (for an exact
match). If you omit the last ar gument, the values in the left column of the table must be
entered in ascending order. (See online help for more details.) If the last argument is TRUE
or is omitted, Excel scans down the leftmost column of the table andifids the last entry less
than or equal to the first argument. (In this sense, it finds an approximate match.) There is
also an HLOOKUP function that works exactly the same way, except that the lookup table
is arranged in rows, not columns.

o Profit. Calculate the profit with the formula

=Revenue-Cost

Two-Way Data Table

A two-way data table The next step is to create a two-way data table for profit as a function of the order
allows you to see how | quantity and demand (see Figure 2.20). To create this table, first enter a link to the
a single output varies | 566t with the formula =Profit in cell A22, and enter possible order quantities and
as two inputs vary . . .
simultaneously. possible demands in column A and row 22, respectively. (We used the same values for
both order quantity and demand, from 500 to 4500 in increments of 500. This is not
necessary—the demand could change in increments of 100 or even 1—but it is reason-
able. Perhaps Sam’s is required by the publisher to order in multiples of 500.) Then select
Data Table from the What-If Analysis dropdown list on the Data ribbon, and enter the
Demand cell as the Row Input cell and the Order_quantity cell as the Column Input
cell (see Figure 2.21).
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Figure 220 Profit as a Function of Order Quantity and Demand

A [ B [ ¢ T o T € T F G H [ )
| 21 |Data table of profit as a function of order quantity (along side) and demand (along top)
122 $9,375 500 1000 1500 2000 2500 3000 3500 4000 4500
23 500 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000 $3,000
24 1000 -$3,000 $7,000 $7,000 $7,000 $7,000 $7,000 $7,000 $7,000 $7,000
25 1500 -$9,500 $500| $10,500, $10,500| $10,500| $10,500| $10,500| $10,500 $10,500
26 2000 -$14,500| -$4,500 $5,500| $15,500| $15,500| $15,500 $15,500| $15,500 $15,500
27 2500 -$20,625| -$10,625 -$625 $9,375| $19,375| $19,375| $19,375| $19,375 $19,375
28 3000 -$25,250| -$15,250| -$5,250 $4,750| $14,750| $24,750 $24,750| $24,750 $24,750
29 3500 -$31,125| -$21,125| -$11,125 -$1,125 $8,875| $18,875 $28,875| $28,875 $28,875
30 4000 -$35,200| -$25,200| -$15,200, -$5,200 $4,800| $14,800| $24,800, $34,800 $34,800
31 4500 -$40,850| -$30,850| -$20,850| -$10,850 -$850 $9,150 $19,150| $29,150 $39,150
Figure 2.21
Dialog Box for — =

Two-Way Data Table

This is actually a
preview of decision
making under
uncertainty. To
calculate an expected
profit, you multiply
each profit by its
probability and add
the products. This
topic is covered in
depth in Chapter 9.

Row input cell:

Order_guankit, Jg;
[6]:4 |

Colurin input cell:

Cancel |

Excel Tool: Two-Way Data Table

A two-way data table allows you to see how a single output cell varies as you vary two
input cells. (Unlike a one-way data table, only a single output cell can be chosen.) To cre-
ate this type of table, enter a reference to the output cell in the top-left corner of the table,
enter possible values of the two inputs below and to the right of this corner cell, and high-
light the entire table. Then select Data T able from the What-If Analysis dr opdown on the
Data ribbon, and enter references to the cells where the original two input variables live .
The Row Input cell corr esponds to the values along the top r  ow of the table , and the
Column Input cell corresponds to the values along the left-most column of the table. When
you click on OK, Excel substitutes eac h pair of input values into these two input cells,
recalculates the spreadsheet, and enter s the corr esponding output value in the table . By
clicking on any cell in the body of the table, you can see that Excel also enters the function
TABLE as a reminder that the cell is part of a data table.

The resulting data table shows that profit depends heavily on both order quantity and
demand and (by scanning across rows) how higher demands lead to larger profits. But
which order quantity Sam’s should select is still unclear. Remember that Sam’s has com-
plete control over the order quantity (it can choose the row of the data table), but it has no
direct control over demand (it cannot choose the column).

The ordering decision depends not only on which demands are possible, but on
which demands are /ikely to occur. The usual way to express this information is with a
set of probabilities that sum to 1. Suppose Sam’s estimates these as the values in row
35 of Figure 2.22. These estimates are probably based on other similar books it has
sold in the past. The most likely demands are 2000 and 2500, with other values on both
sides less likely. You can use these probabilities to find an expected profit for each order
quantity. This expected profit is a weighted average of the profits in any row in the
data table, using the probabilities as the weights. The easiest way to do this is to enter
the formula

=SUMPRODUCT (B23:J23,Probabilities)
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Figure 222 Comparison of Expected Profits

A B C D 3 F G H ) K
33 |Model of expected d d

34 |Demand 500 1000 1500 2000 2500 3000 3500 4000 4500
35 |Probability 0.025 0.05 0.15 0.25 0.25 0.15 0.07 0.04 0.015
36 Sum of probabilities --> 1
37 Order quantity| Expected profit [ [

38 500 $3,000 Expected Profit versus Order Quantity
39 1000 $6,750

40 1500 $9,500 Order 2000 to 514,000

41 2000 $12,250 «—— |maximizethe | | $12,000

42 2500 $11,375 expected profit. | | $10,000

43 3000 $9,500 g 98000

44 3500 $4,875 s $6,000 -

45 4000 $1,350 g 54,000 7

46 4500 -$4,150 g $2,000

47 a $0 -

28 62,000 - 500 1000 1500 2000 2500 3000 3500 4000
49 -$4,000

0 56,000 - Order Quanity

51

52 [ [ [

in cell B38 and copy it down to cell B46. You can also create a bar chart of these expected
profits, as shown in Figure 2.22. (Excel refers to these as column charts. The height of each
bar is the expected profit for that particular order quantity.)

Excel Function: SUMPRODUCT

The SUMPRODUCT function takes two range arguments, which must be exactly the same
size and shape, and it sums the products of the corresponding values in these two r anges.
For example, the formula =SUMPRODUCT(A10:B11,E12:F13) is a shortcut for a formula
involving the sum of 4 pr oducts: =A10¥*E12+A11*E13+B10*F12+B11*F13. This is an
extremely useful function, especially when the r anges involved are large, and it is used
repeatedly throughout this book. (Actually , the SUMPR ODUCT function can have mor e
than two r ange arguments, all of the same size and shape , but the most common use of
SUMPRODUCT is when only two ranges are involved.)

The largest of the expected profits, $12,250, corresponds to an order quantity of 2000,
so we would recommend that Sam’s order 2000 copies of the book. This does not guaran-
tee that Sam’s will make a profit of $12,250—the actual profit depends on the eventual
demand—but it represents a reasonable way to proceed in the face of uncertain demand.
You will learn much more about making decisions under uncertainty and the expected
value criterion in Chapter 9. =

PROBLEMS

Skill—Building Problems 6. The spreadsheet model for Sam’s Bookstore contains a
two-way data table for profit versus order quantity and
demand. Experiment with Excel’s chart types to create
a chart that shows this information graphically in an
intuitive format. (Choose the format you would choose
to give a presentation to your boss.)

IEA 1n some ordering problems, like the one for Sam’s
Bookstore, whenever demand exceeds existing inven-
tory, the excess demand is not lost but is filled by
expedited orders—at a premium cost to the company.
Change Sam’s model to reflect this behavior. Assume
that the unit cost of expediting is $40, well above the
highest regular unit cost.
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In the Sam’s Bookstore problem, the quantity discount

structure is such that a// the units ordered have the
same unit cost. For example, if the order quantity is
2500, then each unit costs $22.25. Sometimes the
quantity discount structure is such that the unit cost
for the first so many items is one value, the unit cost
for the next so many units is a slightly lower value,
and so on. Modify the model so that Sam’s pays
$24 for units 1 to 1500, $23 for units 1501 to 2500,
and $22 for units 2501 and above. For example,

the total cost for an order quantity of 2750 is
1500(24) + 1000(23) + 250(22). (Hint: Use IF
functions, not VLOOKUP.)

Skill-Extending Problems

there is a list of possible demands, those currently in
row 34. Then insert a new row below row 11 that lists
the probabilities of these demands. Next, in the rows
below the Profit Model label, calculate the units

sold, revenue, cost, and profit for each demand. For
example, the quantities in column C will be for the
second possible demand. Finally, use SUMPRODUCT
to calculate expected profit below the Profit row.

Continuing Problem 5, create a two-way data table for
expected profit with order quantity along the side and
unit expediting cost along the top. Allow the order
quantity to vary from 500 to 4500 in increments of
500, and allow the unit expediting cost to vary from
$36 to $45 in increments of $1. Each column of this
table will allow you to choose an optimal order quan-

8. The current spreadsheet model essentially finds the tity for a given unit expediting cost. How does this
expected profit in several steps. It first finds the profit best order quantity change as the unit expediting cost
in cell B19 for a fixed value of demand. Then it uses increases? Write up your results in a concise memo to
a data table to find the profit for each of several management. (Hint: You will have to modify the exist-
demands, and finally it uses SUMPRODUCT to find ing spreadsheet model so that there is a cell for
the expected profit. Modify the model so that expected expected profit that changes automatically when you
profit is found directly, without a data table. To do change either the order quantity or the unit expediting
this, change row 11 so that instead of a single demand, cost. See Problem 8 for guidelines.)

—

2.6 ESTIMATING THE RELATIONSHIP BETWEEN

PRICE AND DEMAND

The following example illustrates a very important modeling concept: estimating relation-
ships between variables by curve fitting. You will study this topic in much more depth in
the discussion of regression in Chapter 14, but the ideas can be illustrated at a relatively
low level by taking advantage of some of Excel’s useful features.

EXAMPLE 2.5 ESTIMATING SENSITIVITY OF DEMAND TO PRICE

AT THE LiNks COMPANY

he Links Company sells its golf clubs at golf outlet stores throughout the United States.

The company knows that demand for its clubs varies considerably with price. In fact,
the price has varied over the past 12 months, and the demand at each price level has been
observed. The data are in the data sheet of the file Golf Club Demand.xlsx (see Figure
2.23.) For example, during the past month, when the price was $390, 6800 sets of clubs
were sold. (The demands in column C are in hundreds of units. The cell comment in cell C3
reminds you of this.) The company wants to estimate the relationship between demand and
price and then use this estimated relationship to answer the following questions:

1. Assuming the unit cost of producing a set of clubs is $250 and the price must be a
multiple of $10, what price should Links charge to maximize its profit?

2. How does the optimal price depend on the unit cost of producing a set of clubs?

3. Is the model an accurate representation of reality?
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. A [ 8 C
Figure 2.23 1 |Demand for golf clubs
Demand and Price 2
Data for Golf Clubs 3 Month Price] Demand
4 1 450 45
5 2 300 103
6 3 440 49
7 4 360 86
8 5 290 125
9 6 450 52
10 7 340 87
11 8 370 68
12 9 500 45
13 10 490 44
14 11 430 58
15 12 390 68
Business Objectives To estimate the relationship between demand and price, and to use
this relationship to find the optimal price to charge.
Excel Objecti ves To illustrate Excel’s Trendline tool, and to illustrate conditional
formatting.
Solution
This example is divided into two parts: estimating the relationship between price and
demand, and creating the profit model.
Estimating the Relationship Between Price and Demand
A scatterplot of demand versus price appears in Figure 2.24. (This can be created in the
usual way with Excel’s Scatter chart.) Obviously, demand decreases as price increases, but
the goal is to quantify this relationship. Therefore, after creating this chart, right-click on
any point on the chart to bring up the dialog box in Figure 2.25. This allows you to super-
impose several different curves (including a straight line) on the scatterplot. We consider
Figure 2.24 130 -
Scatterplot of 120 - ¢
Demand Versus
Price 110
100 A *
90 -+ * .
80 -
70 T ’ ’
60 - *
50 - ¢ ¢
4 ¢
40 T T T T T 1
280 320 360 400 440 480 520
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three possibilities, the linear, power, and exponential curves, defined by the following
general equations (where y and x, a general output and a general input, correspond to
demand and price for this example):

m Linear:y = a + bx

m Power: y = ax’

m Exponential: y = ae?

Before proceeding, we describe some general properties of these three functions because
of their widespread applicability. The linear function is the easiest. Its graph is a straight
line. When x changes by 1 unit, y changes by b units. The constant « is called the intercept,
and b is called the slope.

The power function is a curve except in the special case where the exponent b is 1.
(Then it is a straight line.) Assuming that a is positive, the shape of this curve depends pri-
marily on the exponent b. If b > 1, y increases at an increasing rate as x increases. If 0 < b
< 1, y increases, but at a decreasing rate, as x increases. Finally, if b < 0, y decreases as x
increases. An important property of the power curve is that when x changes by 1%, y
changes by a constant percentage, and this percentage is approximately equal to b%. For
example, if y = 100x~235, then every 1% increase in x leads to an approximate 2.35%
decrease in y.

The exponential function also represents a curve whose shape depends on the constant
b in the exponent. Again, assume that a is positive. Then if b > 0, y increases as x
increases; if b < 0, y decreases as x increases. An important property of the exponential
function is that if x changes by 1 unit, y changes by a constant percentage, and this per-
centage is approximately equal to 100 X »%. For example, if y = 100e™%01%*, then when-
ever x increases by 1 unit, y decreases by approximately 1.4%. Here e is the special number
2.7182 ..., and e to any power can be calculated in Excel with the EXP function. For
example, you can calculate e 0914 with the formula =EXP(-0.014).

Flgl"E 2.25 Format Trendline
Trendline Options [Frendine optons | | Trendline Options
Dialog Box Line Color Trend/Regression Type
Line Style | © Exponential
Shadow _
= @) Linear

_] O Logarithmic
_] O Ppolynomial I:I
_] O Power

EEY

Trendline Mame
& Automatic : Linear (Series1)
Ogwom [ |

Forecast

|:| Set Intercept =

po 1]

[ pisplay R-squared value on chart

Close
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Returning to the example, if you superimpose any of these curves on the scatterplot of
demand versus price, Excel chooses the best-fitting curve of that type. Better yet, if you
check the Display Equation on Chart option, you see the equation of this best-fitting curve.
Doing this for each type of curve gives the results in Figures 2.26, 2.27, and 2.28. (The
equations might not appear exactly as in the figures. However, they can be resized and
reformatted to appear as shown.)

Figure 2.26 Linear Fit
Best-Fitting
130 -

Straight Line V'S
120 A

110 - y =-0.3546x + 211.3147
100 -
90 -
80 -
70 -
60 -
50 -
40

280 320 360 400 440 480 520

Figure 2.27 Power Fit
Best-Fitting
130 -

Power Curve TS
120 -

110 1 y = 5871064.2031x1:%082
100 4
90 A
80 -
70 -

50 -
40 T T T T T 1
280 320 360 400 440 480 520
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Figure 228 Best-Fitting Exponential Curve

130 H
120 ~
110 ~
100 H
90 ~
80 ~
70 A
60 -
50 -~
40

Exponential Fit

y = 466.5101e°0:004%

*

280

320 360 400 440 480 520

Each of these curves provides the best-fitting member of its “family” to the demand/price
data, but which of these three is best overall? You can answer this question by finding the
mean absolute percentage error (MAPE) for each of the three curves. To do so, for any
price in the data set and any of the three curves, first predict demand by substituting the
given price into the equation for the curve. The predicted demand is typically not the same
as the observed demand, so you can calculate the absolute percentage error (APE) with the
general formula:

|Observed demand — Predicted demand|
Observed demand

APE = 2.1

Then for any curve, MAPE is the average of these APE values. The curve with the small-
est MAPE is the best fit overall.

The calculations appear in Figure 2.29. After (manually) entering the parameters of
the equations from the scatterplots into column B, you can proceed as follows.

c Predicted demands. Substitute observed prices into the linear, power, and exponen-
tial functions to obtain the predicted demands in columns E, F, and G. Specifically, enter
the formulas

=$B$19+3B%$20*B4
=$B$22*B4/$B$23

and
=$B$25*EXP($B$26*B4)

in cells E19, F19, and G19, and copy them down their respective columns.
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Figure 229 Finding the Best-Fitting Curve Overall

A | 8B [ ¢ D E | F | G H | | J

17 |Parameters of best-fitting curves Prediction Absolute percentage error

18 |Linear Linear Power| Exponential Linear Power| Exponential
19| Intercept 211.31 51.74 50.80 51.20 14.98% 12.839% 13.78%
20| Slope -0.3546 104.93 110.12 106.94 1.87% 6.91% 3.83%
21 [Power 55.29 53.02 53.78 12.83% 8.21% 9.75%
22 | Constant 5871064 83.65 77.76 79.65 2.73% 9.58% 7.38%
23| Exponent -1.9082 108.48 117.48 112.32 13.22% 6.01% 10.14%
24 |Exponential 51.74 50.80 51.20 0.50% 2.31% 1.53%
25| Constant 466.51 90.75 86.73 87.87 4.31% 0.32% 1.00%
26 | Exponent -0.00491 80.11 73.80 75.84 17.81% 8.53% 11.52%
27 34.01 41.55 40.06 24.42% 7.67% 10.99%
28 37.56 43.18 42.07 14.65% 1.86% 4.38%
29 58.83 55.40 56.49 1.43% 4.48% 2.61%
30 73.02 66.75 68.74 7.38% 1.84% 1.09%
31

32 MAPE 9.68% 5.88% 6.50%

e Average percentage errors. Apply Equation (2.1) to calculate APEs in columns H, I,
and J. Specifically, enter the general formula

—ABS($C4-E19)/$C4

in cell H19 and copy it to the range H19:J30. (Do you see why column C is made absolute?
Remember that this is where the observed demands are stored.)

6 MAPE. Average the APEs in each column with the AVERAGE function to obtain the
MAPE:s in row 32.

Evidently, the power curve provides the best fit, with a MAPE of 5.88%. In other words, its
predictions are off, on average, by 5.88%. This power curve predicts that each 1% increase
in price leads to an approximate 1.9% decrease in demand. (Economists call this relation-
ship elastic—demand is quite sensitive to price.)

DEVELOPING THE PROFIT MODEL

Now we move to the profit model, using the best-fitting power curve to predict demand
from price. The key variables appear in Table 2.5. Note there is now one input variable,
unit variable cost, and one decision variable, unit price. (The red background for the deci-
sion variable distinguishes it as such.) The profit model is straightforward to develop using
the following steps (see Figure 2.30).

Table 2.5 Key Variables for Golf Club Problem

Input variable Unit cost to produce

Decision variable Unit price

Key output variable Profit

Other output variables Predicted demand, total revenue, total cost
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Figure 2.30 A | 8 | c [ o [ ¢

1 |Profit model, using best fitting power curve for estimating demand
Profit Model 2 ‘ ‘ ‘ ‘

3 |Parameters of best-fitting power curve (from Estimation sheet)

4 |Constant 5871064

5 [Exponent -1.9082

6

7 |Monetary inputs

8 |Unit cost to produce $250

9

10 |Decision variable

11 |Unit price (trial value) $400

12

13 | Profit model

14 |Predicted demand 63.601

15 |Total revenue $25,441

16 |Total cost $15,900

17 |Profit $9,540

@ Predicted demand. Calculate the predicted demand in cell B14 with the formula
=B4*B11"B5

This uses the power function that was estimated earlier.
e Revenue, cost, profit. Enter the following formulas in cells B15, B16, and B17:

=B11*B14
=B8*B14
and
=B15-B16

The assumption here is that the company produces exactly enough sets of clubs to meet
customer demand.

Maximizing Profit To see which price maximizes profit, you can build the data table
shown in Figure 2.31. Here, the column input cell is B11 and the linking formula in
cell B25 is =B17. The corresponding scatter chart shows that profit first increases and
then decreases. You can find the maximum profit and corresponding price in at least
three ways. First, you can attempt to read them from the chart. Second, you can scan
down the data table for the maximum profit, which is shown in the figure. The
following Excel Tip describes a third method that uses some of Excel’s more powerful
features.

Excel Tip: Conditional Formatting

Cell B53 in Figure 2.31 is colored because it corresponds to the maximum profit in the col-
umn, but Excel’s Conditional Formatting tool can do this for you—automatically” To color
the maximum pr ofit, select the v ange of pr ofits, B26:B75, clic k on the Conditional
Formatting dropdown arrow, then Top/Bottom Rules, and then Top 10 Items to bring up the
dialog box in Figure 2.32. By asking for the top 1 item, the maximum value in the range is
colored. You can experiment with the many other Conditional Formatting options. This is a
great tool.

"The value in cell B52 also appears to be the maximum, but to two decimals, it is slightly lower.
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N A [ 8 [T ¢ [ o ] 3 F G H |
F|gure 2.3 I 19 i profit from data table below, with cor ding best unit price
20 |Maximum profit $10,409
Profitasa 21 |Best price $530
. . 22
Functlon Of Prlce 23 |Data table for Profit as a function of Unit price
24 Unit price‘ Proﬁt‘
25 $9,540
26 $260|  $1,447
27 $270 $2,693 Profit versus Price —
28 $280 $3,769 $12,000 ]
29 $290|  $4,699
30 $300]  $5,506 #1000 R aatttt N
$8,000 o® [E—
31 $310]  $6,207 = o [
32 $320 $6,815 g $6,000 ‘.0 ]
33 $330 $7,345 $4,000 ¢
34 $340[  $7,805 $2,000 " [
35 $350|  $8,206
$0 B
36 $360 38'554 S N N S N S O S S S S @ O —
37 $370|  $8,856 EOE I . N N I A S A
38 $380  $9,118
39 $390]  $9,345 Price [
40 5400 $9,540 ]
41 $410[  $9,708
42 $420|  $9,851
43 $430|  $9,973
44 $440| $10,075
45 $450| $10,160
46 $460| $10,230
47 $470] $10,286
48 $480[ $10,330
49 $490[ $10,363
50 $500| $10,387
51 $510| $10,402
52 $520| $10,409
53 $530  $10,409 <«—— |[Maximum profit
54 $540] $10,403 e —
55 $550| $10,391
56 $560] $10,375
57 $570] $10,354
58 $580 $10,329
59 $590| $10,300
60 $600| $10,269

Figure 2.32 Top 10 Items E|g|

Conditional
F . Format cells that rank in the TOP:
ormatting

Dialog Box

1 3| with [LghtRedFil with Dark Red Text » |

[ o] ;][ Cancel ]

What about the corresponding best price, shown in cell B21 of Figure 2.31? You could
enter this manually, but wouldn’t it be nice if you could get Excel to find the maximum
profit in the data table, determine the price in the cell to its left, and report it in cell B21, all
automatically? This is indeed possible. Just enter the formula

=INDEX(A26:A75,MATCH(B20,B26:B75,0),1)

in cell B21, and the best price appears. This formula uses two Excel functions, MATCH
and INDEX. MATCH compares the first argument (the maximum profit in cell B20) to
the range specified in the second argument (the range of profits), and returns the index of
the cell where a match appears. (The third argument, 0, specifies that you want an exact
match.) In this case, the MATCH function returns 28 because the maximum profit is in
the 28th cell of the profits range. Then the INDEX function is called effectively as
=INDEX(A26:A75,28,1). The first argument is the range of prices, the second is a row
index, and the third is a column index. Very simply, this function says to return the value in
the 28th row and first column of the prices range.

To learn more about these functions, you can click on the f, button and examine the
functions in the Lookup & Reference category. After experimenting, you can see that the

52 Chapter 2 Introduction to Spreadsheet Modeling

Copyright 2011 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



INDEX and MATCH combination solves the problem. You don’t have to memorize these
functions, although this combination really does come in handy. Rather, you can often
solve a problem by investigating some of Excel’s less well-known features. You don’t even
need a manual—everything is in online help.

Sensitivity to Variable Cost

‘We now return to question 2 in the example: How does the best price change as the unit vari-
able cost changes? You can answer this question with a two-way data table. Remember that
this is a data table with two inputs—one along the left side and the other across the top row—
and a single output. The two inputs for this problem are unit variable cost and unit price, and
the single output is profit. The corresponding data table is in the range A83:F168, the top part
of which appears in Figure 2.33. To develop this table, enter desired inputs in column A and
row 83, enter the linking formula =B17 in cell A83 (it always goes in the top-left corner of a
two-way data table), highlight the entire table, select Data Table from the What-If Analysis
dropdown list, and enter B8 as the Row Input cell and B11 as the Column Input cell.

Figure 233 Profit as a Function of Unit Cost and Unit Price

A [ 8 [ ¢ T o ] E F G | H | | | ) [« [ ¢ T ™
77 profit for different unit costs (from data table below) | | | | | |
78 |Unit cost $150 $200] $250 $300 $350 I I I I I I
79 [Maximum profit 516,552 $12,748] $10,409 $8,821 $7,669 Maximum Profit versus Unit Cost
:ll) Corresponding best price $320] $420 $530 $630 $740 $20,000
82 |Sensitivity of profit to unit cost (unit cost is along the top, unit price is along the side) -
E $9,540 $150 $200 $250 $300 $350 % $15,000
84 $160|  $3,654| -$14,618| -$32,890 -$51,161 -$69,433 E
85 §170]  $6,510] -$9,766] -$26,041]  -$42,317| 558,593 3 s1000
86 $180] 68,756 -$5838] $20,432] 635026  -$49,620 3
87 $190] $10,531] -$2,633] -515796]  -$28,960] 542,123 = $5000
88 $200[ 511,936 S0 -$11,936|  -$23,872]  -$35,808
89 $210[ $13,050]  $2,175] -$8,700 -$19,575 -$30,450 50| | | | | |
90 $220] 513932 33,980 -$5971]  $15922] 625,873 $100 $150 $200 $250 $300 $350
91 $230] $14627] $5485] 53,657  -$12,799] 521,941 Unit Cost ]
92 $240] $15172]  $6,743] -$1,686]  -510,115]  -518,543
93 $250] $15594|  $7,797 S0 57,797] 5155594
9 $260] $15917| $8,682] $1,447 55,788 513,023
95 $270] $16,157| $9,425]  $2,693 54,039 510,772
% $280] 516330 $10,049]  $3,769 52,512 58,793
97 $290] $16,447| $10,573]  $4,699 51,175 57,049
98 $300] 16,518 $11,012]  $5506 50| -$5,506
99 $310] $16,551] $11,379|  $6,207 $1,034 -$4,138
100) $320/ 16552 $11,683|  $6,815 51,947 -$2,921
101 $330| $16,526| $11,935| $7,345 $2,754 -$1,836
102 $340| $16,478| $12,142| $7,805 $3,469 -$867
103] $350] $16,412| $12,309|  $8,206 $4,103 50
104 $360] $16,331| $12,442| $8,554 54,666, 5778
105| $370] $16,237| $12,547| $8,856 55,166, $1,476
106] $380] $16,132| $12,625| $9,118 $5,611 $2,104
107] $390] 516,020 $12,682] $9,345 $6,007 $2,670
108| $400] 515900 $12,720]  $9,540 $6,360 $3,180
109) $410] $15,775] $12,742|  $9,708 56,674 $3,640
110) $420] S15646 $12,748 59,851 $6,954 $4,056

As before, you can scan the columns of the data table for the maximum profits
and enter them (manually) in rows 79 and 80. (Alternatively, you can use the Excel fea-
tures described in the previous Excel Tip to accomplish these tasks. Take a look at the
finished version of the file for details. This file also explains how conditional format-
ting is used to color the maximum profit in each column of the table.) Then you can cre-
ate a chart of maximum profit (or best price) versus unit cost. The chart in Figure 2.33
shows that the maximum profit decreases, but at a decreasing rate as the unit cost
increases.

Limitations of the Model

Question 3 asks you to step back from all these details and evaluate whether the model is
realistic. First, there is no real reason to restrict golf club prices to multiples of $10. This
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was only required so that a data table could be used to find the profit-maximizing price.
Ideally, you should search over all possible prices to find the profit-maximizing price.
Fortunately, Excel’s built-in Solver tool enables you to accomplish this task fairly easily.
The problem of finding a profit-maximizing price is an example of an optimization
model. In optimization models, you try to maximize or minimize a specified output cell by
changing the values of the decision variable cells. Chapters 3—8 and 16 contain a detailed
discussion of optimization models.

A second possible limitation of the model is the implicit assumption that price is the
only factor that influences demand. In reality, other factors, such as advertising, the state of
the economy, competitors’ prices, strength of competition, and promotional expenses, also
influence demand. In Chapter 14, you will learn how to use multiple regression to analyze
the dependence of one variable on two or more other variables. This technique allows you
to incorporate other factors into the model for profit.

A final limitation of the model is that demand might not equal sales. For example, if
actual demand for golf clubs during a year is 70,000 but the company’s annual capacity is
only 50,000, the company will observe sales of only 50,000. This will cause it to underes-
timate actual demand, and the curve-fitting method will produce biased predictions. (Can
you guess the probable effect on pricing decisions?)

Other Modeling Issues

The layout of the Golf Club Demand.xlsx file is fairly straightforward. However, note that
instead of a single worksheet, there are two worksheets, partly for logical purposes and
partly to reduce clutter. There is one worksheet for estimation of the demand function and
the various scatterplots, and there is another for the profit model.

One last issue is the placement of the data tables for the sensitivity analysis. You might
be inclined to put these on a separate Sensitivity worksheet. However, Excel does not allow
you to build a data table on one worksheet that uses a row or column input cell from
another worksheet. Therefore, you are forced to put the data tables on the same worksheet
as the profit model. =

PROBLEMS

Skill-Building Problems

10. Suppose you have an extra six months of data on
demands and prices, in addition to the data in the
example. These extra data points are (350,84), (385,72),
(410,67), (400,62), (330,92), and (480,53). (The price is
shown first and then the demand at that price.) After
adding these points to the original data, use Excel’s 12.
Trendline tool to find the best-fitting linear, power, and

age change in y when x increases from 5 to 5.05; when
it increases from 10 to 10.1; and when it increases
from 20 to 20.2. Is this percentage change constant?
What number is it very close to? Write a brief memo
on what you have learned about power curves from
these calculations.

Consider the exponential curve y = 1000e~0-014x,
Calculate y when x = 5; when x = 10; and when

54

exponential trend lines. Finally, calculate the MAPE for
each of these, based on all 18 months of data. Does the
power curve still have the smallest MAPE?

Consider the power curve y = 10000x 233, Calculate
y when x = 5; when x = 10; and when x = 20. For
each of these values of x, find the percentage change
in y when x increases by 1%. That is, find the percent-
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x = 20. For each of these values of x, find the
percentage change in y when x increases by one unit.
That is, find the percentage change in y when x
increases from 5 to 6; when it increases from 10 to 11;
and when it increases from 20 to 21. Is this percentage
change constant? When expressed as a decimal, what
number is it very close to? Write a brief memo on



what you have learned about exponential curves from lowest MAPE. However, the exponential curve was
these calculations. not far behind. Rework the profit model using the
. . exponential curve to relate demand to price. Write a
Sklll—Extendlng Problem brief memo indicating whether you get basically the
13. In the profit model in this section, we used the power same results as with the power curve or you get sub-
curve to relate demand and price because it has the stantially different results.

2.7 DECISIONS INVOLVING THE TIME VALUE OF MONEY

In many business situations, cash flows are received at different points in time, and a com-
pany must determine a course of action that maximizes the “value” of cash flows. Here are
some examples:

m  Should a company buy a more expensive machine that lasts for 10 years or a less
expensive machine that lasts for 5 years?

What level of plant capacity is best for the next 20 years?

A company must market one of several midsize cars. Which car should it market?

To make decisions when cash flows are received at different points in time, the key
concept is that the later a dollar is received, the less valuable the dollar is. For example,
suppose you can invest money at a 5% annual interest rate. Then $1.00 received now is
essentially equivalent to $1.05 a year from now. The reason is that if you have $1.00 now,
you can invest it and gain $0.05 in interest in one year. If » = 0.05 is the interest rate
(expressed as a decimal), we can write this as

$1.00 now = $1.05 a year from now = $1.00(1 + r) 2.2)
Dividing both sides of Equation (2.2) by 1 + r, we can rewrite it as
$1.00 X 1/(1 + r) now = $1.00 a year from now (2.3)

The value 1/(1 + 7) in Equation (2.3) is called the discount factor, and it is always less
than 1. The quantity on the left, which evaluates to $0.952 for » = 0.05, is called the pre-
sent value of $1.00 received a year from now. The idea is that if you had $0.952 now, you
could invest it at 5% and have it grow to $1.00 in a year.

In general, if money can be invested at annual rate » compounded each year, then $1
received ¢ years from now has the same value as 1/(1 + r)* dollars received today—that is,
the $1 is discounted by the discount factor raised to the ¢ power. If you multiply a cash flow
received ¢ years from now by 1/(1 + r)’ to obtain its present value, then the total of these
present values over all years is called the net present value (NPV) of the cash flows. Basic
financial theory states that projects with positive NPVs increase the value of the company,
whereas projects with negative NPVs decrease the value of the company.

The rate » (usually called the discount rate) used by major corporations generally
comes from some version of the capital asset pricing model. The value of » used to eval-
uate any particular project depends on a number of things and can vary from project to pro-
ject. Because this is the focus of finance courses, we will not pursue it here. But given a
suitable value of 7, the following example illustrates how spreadsheet models and the time
value of money can be used to make complex business decisions.

The discount factor is 1 divided by (1 plus the discount rate). To discount a cash
flow that occurs ¢ years from now, multiply it by the discount factor raised to the
t power. The NPV is the sum of all discounted cash flows.
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FUNDAMENTAL INSIGHT

The Time Value of Monegy revenues and costs in a multiperiod model.You instead
discount future revenues and costs f or a fair compari-
son with r evenues and costs incur red today. The
resulting sum of discounted cash flo ws is the net pre-
sent value (NPV), anditf orms the cornerstone of
much of financial theory and applications.

Money earned in the future is less valuable than money
earned today, for the simple reason that money earned
today can be in vested to earn inter est. Similarly, costs
incurred in the futur eareless “costly” than costs

incurred today, which is why you don’t simply sum up

EXAMPLE 2.6 CALCULATING NPV At AcCRON

Acron is a large drug company. At the current time, the beginning of year 0, Acron is
trying to decide whether one of its new drugs, Niagra, is worth pursuing. Niagra is in
the final stages of development and will be ready to enter the market one year from now.
The final cost of development, to be incurred at the beginning of year 1, is $9.3 million.
Acron estimates that the demand for Niagra will gradually grow and then decline over its
useful lifetime of 20 years. Specifically, the company expects its gross margin (revenue
minus cost) to be $1.2 million in year 1, then to increase at an annual rate of 10% through
year 8, and finally to decrease at an annual rate of 5% through year 20. Acron wants to
develop a spreadsheet model of its 20-year cash flows, assuming its cash flows, other than
the initial development cost, are incurred at the ends of the respective years.® Using an
annual discount rate of 12% for the purpose of calculating NPV, the drug company wants
to answer the following questions:

1. Is the drug worth pursuing, or should Acron abandon it now and not incur the $9.3
million development cost?

2. How do changes in the model inputs change the answer to question 1?

3. How realistic is the model?

Business Objectives To develop a model that calculates the NPV of Acron’s cash flows,
to use this model to determine whether the drug should be developed further and then mar-
keted, and to see how sensitive the answer to this question is to model parameters.

Excel Objectives To illustrate efficient selection and copying of large ranges and to
learn Excel’s NPV function.

Solution

The key variables in Acron’s problem appear in Table 2.6. The first two rows contain the
inputs stated in the problem. We have made a judgment call as to which of these are known
with some certainty and which are uncertain. Although we won’t do so in this chapter, a
thorough study of Acron’s problem would treat this uncertainty explicitly, probably with
simulation. For now, you can accept the values given in the statement of the problem and
leave the simulation for a later chapter.

8To simplify the model, taxes are ignored.
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Table 2.6 Key Variables for Acron’s Problem

Input variables Development cost, first year gross margin, rate of increase
during early years, years of growth, rate of decrease in later
years, discount rate

Key output variable NPV

Other calculated variables Yearly gross margins

The model of Acron’s cash flows appears in Figure 2.34. As with many financial
spreadsheet models that extend over a multiyear period, you enter “typical” formulas in the
first year or two and then copy this logic down to all years. (In a previous edition, we made
the years go across, not down. In that case, splitting the screen is useful so that you can see
the first and last years of data. Splitting the screen is explained in the following Excel Tip.
The main reason we modified the model to have the years go down, not across, is that it
now fits easily on a screen, without needing to split the screen.)

Figure 2.34

Acron’s Model of
20-Year NPV

A B C D E F [ ¢
1 |Calculating NPV at Acron Range names used:
2 Development_cost =Model!$BS4
3 |Inputs Discount_rate =Model!$BS$9
4 |Development cost O1S) Gross_margin_year_1 =Model!$BS5
5 |Gross margin year 1 1.2 Gross_margin =Model!$B$13:5BS$32
6 |Rate of increase 10% Increase_through_year =Model!SBS7
7 |Increase through year 8 Rate_of_decrease =Model!$BS8
8 |Rate of decrease 5% Rate_of_increase =Model!SBS6
9 |Discount rate 12%
10
11 |Cash flows
12 End of year Gross margin
13 1 1.2000
14 2 1.3200
15 3 1.4520
16 4 1.5972
17 5 1.7569
18 6 1.9326
19 7 2.1259
20 8 2.3385
21 9 2.2215
22 10 2.1105
23 11 2.0049
24 12 1.9047
25 13 1.8095
26 14 1.7190
27 15 1.6330
28 16 1.5514
29 17 1.4738
30 18 1.4001
31 19 1.3301
32 20 1.2636
33
34 [NPV 3.3003

Excel Tip: Splitting the Screen

To split the screen horizontally, drag the separator just to the right of the bottom scrollbar
to the left. To split the screen vertically, drag the separator just above the right scrollbar
downward. Drag either separator back to its original position to remove the split.

DEVELOPING THE SPREADSHEET MODEL

To create the model, complete the following steps. (See the file Calculating NPV.xlIsx.)

o Inputs and range names. Enter the given input data in the blue cells, and name the
ranges as shown. As usual, note that the range names for cells B4 through B9 can be cre-
ated all at once with the Create from Selection shortcut, as can the range name for the gross
margins in column B. In the latter case, highlight the whole range B12:B32 and then use
the Create from Selection shortcut.
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a Cash flows. Start by entering the formula
=Gross_margin_year_1
in cell B13 for the year 1 gross margin. Then enter the general formula

=[F(Al4<=Increase_through_year,B13*(1+Rate_of increase),
B13*(1-Rate_of decrease))

in cell B14 and copy it down to cell B32 to calculate the other yearly gross margins. Note
how this IF function checks the year index in column A to see whether sales are still
increasing or have started to decrease. Of course, by using the (range-named) input cells in
this formula, you can change any of these inputs in cells B6 through B8, and the calculated
cells will automatically update. This is a much better practice than embedding the numbers
in the formula itself.

Excel Tip: Efficient Selection

An easy way to select a laige range, assuming that the first and last cells of the range are visible,
is to select the first cell and then, with your finger on the Shift key, select the last cell. (Don't for-
get that you can split the scr een horizontally and/or vertically to mak e these first and last cells
visible when the range is large.) This selects the entire range and is easier than scrolling.”

Use the Ctrl+Enter Excel Tip: Efficient Copying with Ctrl+Enter

;:fr;tjlit ,';oaer;éir: An easy way to enter the same formula in a nange all at once is to select the unge (as in the
all at once. It is g preceding Excel Tip), type the formula, and press Ctrl+Enter (both keys at once). After you
equivalent to get used to this shortcut, you will probably use it all the time.

copying. 6 Net present value. The NPV is based on the sequence of cash flows in column B.
From the general discussion of NPV, to discount everything back to the beginning of year
1, the value in cell B13 should be multiplied by 1/(1 + 7)1, the value in cell B14 should be
multiplied by 1/(1 + r)?, and so on, and these quantities should be summed to obtain the
NPV. (Here, » = 0.12 is the discount rate.) Fortunately, however, Excel has a built-in NPV
function to accomplish this calculation. To use it, enter the formula

=-Development_cost+NPV(Discount_rate,Gross_margin)

in cell B34. The NPV function takes two arguments: the discount rate and a range of cash
flows. Furthermore, it assumes that the first cell in this range is the cash flow at the end of
year 1, the second cell is the cash flow at the end of year 2, and so on. This explains why
the development cost is subtracted outside of the NPV function—it is incurred at the begin-
ning of year 1. In general, any cash flow incurred at the beginning of year 1 must be placed
outside the NPV function.

To get some understanding of NPV, note that the sum of the cash flows in column B is
slightly more than $34.14 million, but the NPV (aside from the development cost) is only
about $12.60 million. This is because values further into the future are discounted so heav-
ily. At the extreme, the $1.2636 million cash flow in year 20 is equivalent to only

The stream of cash $1.2636[1/(1 + 0.12)29] = $0.131 million now.

flows in the NPV X

function must occur Excel Function: NPV

at the ends of year I, The NPV function takes two arguments, the discount rate (entered as a decimal, such as 0.12
year 2, and so on. If for 12%) and a stream of cash flows. These cash flows are assumed to occur in consecutive

the timindgA is irretgular, years, starting at the end of year 1. If there is an initial cash flow at the beginning of year 1,
you can discoun

“manually” or you such as an initial investment, it should be entered outside the NPV function. (There is also an
can use Excel's XNPY | XNPV function that has three arguments: a discount rate, a series of cash flows, and a series
function. of dates when the cash flows occur. Because these dates do not have to be equally spaced

9You can find other tips like this for increasing your efficiency in the Excel Tutorial.xlIsx file on this textbook’s
essential resource Web site.
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through time, this function is considerably more flexible than the NPV function.
We will not use the XNPV function in this book, but you can learn more about it in Excel’s
online help.)

Deciding Whether to Continue with the Drug

NPV calculations are typically used to see whether a certain project should be undertaken.
If the NPV is positive, the project is worth pursuing. If the NPV is negative, the company
should look for other places to invest its money. Figure 2.34 shows that the NPV for this
drug is positive, over $3 million.!? Therefore, if Acron is comfortable with its predictions
of future cash flows, it should continue with the development and marketing of the drug.
However, Acron might first want to see how sensitive the NPV is to changes in the sales
predictions. After all, these predictions are intelligent guesses at best.

One possible sensitivity analysis appears in Figure 2.35. Here you can build a one-way
data table to see how the NPV changes when the number of years of increase (the input in
cell B7) changes. Again, the important question is whether the NPV stays positive. It cer-
tainly does when the input variable is greater than its current value of 8. However, if sales
start decreasing soon enough—that is, if the value in B7 is 3 or less—the NPV turns nega-
tive. This should probably not concern Acron, because its best guess for the years of
increase is considerably greater than 3.

Figure 2.35
Sensitivity of
NPV to Years of
Sales Increase

D [ E F
11 |Sensitivity to years of increase (cell B7)
12 3.3003
13 3 -0.7190
14 4 0.1374
15 5 0.9687
16 6 1.7739
17 7 2.5516
18 8 3.3003
19 9 40181
20 10 4.7027

Another possibility is to see how long and how good the good years are. To do this,
you can create the two-way data table shown in Figure 2.36, where cell B6 is the row input
cell and cell B7 is the column input cell. Now you can see that if sales increase through
year 6, all reasonable yearly increases result in a positive NPV. However, if sales increase
only through year 5, then a low enough yearly increase can produce a negative NPV. Acron
might want to step back and estimate how likely these bad scenarios are before proceeding
with the drug.

Figure 2.36
Sensitivity of
NPV to Years of
Increase and
Yearly Increase

D [ E | fF ] & | W T J
22 |Sensitivity to rate of increase in early years (cell B6) and years of increase (cell B7)

[ 23] 3.3003 5% 6%) 7%] 8%| 9% 10%
24 3 -1.3405 -1.2184  -1.0951 -0.9708 -0.8454  -0.7190
25 4 -0.8203 -0.6352 -0.4469 -0.2554  -0.0606 0.1374
26 5 -0.3383  -0.0897 0.1652 0.4265 0.6943 0.9687
27 6 0.1074 0.4195 0.7419 1.0750 1.4189 1.7739
28 7 0.5182 0.8934 1.2838 1.6899 2.1123 2.5516
29 8 0.8958 1.3330 1.7912 2.2711 2.7738 3.3003
30 9 1.2413 1.7392 2.2643 2.8182 3.4023 4.0181
31 10 1.5559 2.1125 2.7033 3.3306 3.9963 4.7027

10You might wonder why we didn’t discount back to the beginning of the current year, year 0, instead of year 1.
This is a fairly arbitrary decision on our part. To discount back to year 0, you would simply divide the current
NPV by 1.12. The important point, however, is that this would have no bearing on Acron’s decision: A positive NPV
would stay positive, and a negative NPV would stay negative.
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Limitations of the Model

Probably the major flaw in this model is that it ignores uncertainty, and future cash flows
are highly uncertain, due mainly to uncertain demand for the drug. Incorporating uncer-
tainty into this type of model will be covered when we discuss simulation in Chapters 10
and 11. Aside from this uncertainty, there are almost always ways to make any model more
realistic—at the cost of increased complexity. For example, you could model the impact of
competition on Niagra’s profitability. Alternatively, you could allow Acron to treat its
prices as decision variables. However, this might influence the likelihood of competition
entering the market, which would certainly complicate the model. The point is that this
model is only a start. When millions of dollars are at stake, a more thorough analysis is cer-
tainly warranted. =

PROBLEMS

Skill-Building Problems

14. Modify Acron’s model so that development lasts for
an extra year. Specifically, assume that development
costs of $7.2 million and $2.1 million are incurred at
the beginnings of years 1 and 2, and then the sales in
the current model occur one year later, that is, from
year 2 until year 21. Again, calculate the NPV dis- 18.
counted back to the beginning of year 1, and perform
the same sensitivity analyses. Comment on the effects
of this change in timing.

it does this correctly for Acron’s model by calculating
the NPV the long way. That is, discount each cash
flow and then sum these discounted values. Use Excel
formulas to do this, but don’t use the NPV function.
(Hint: Remember that the discounted value of $1
received ¢ years from now is 1/(1 + r)’ dollars today.)

In a situation such as Acron’s, where a one-time cost
is followed by a sequence of cash flows, the internal
rate of return (IRR) is the discount rate that makes
the NPV equal to 0. The idea is that if the discount
rate is greater than the IRR, the company will not pur-
sue the project, but if the discount rate is less than the
IRR, the project is financially attractive.

a. Use Excel’s Goal Seek tool to find the IRR for the
Acron model.

Excel also has an IRR function. Look it up in
online help to see how it works, and then use it on
Acron’s model. Of course, you should get the same
IRR as in part a.

Verify that the NPV is negative when the discount
rate is slightly greater than the IRR, and that it is
positive when the discount rate is slightly less than
the IRR.

The XNPV function can calculate NPV for any

Modify Acron’s model so that sales increase, then
stay steady, and finally decrease. Specifically, assume
that the gross margin is $1.2 million in year 1, then
increases by 10% annually through year 6, then stays
constant through year 10, and finally decreases by 5%
annually through year 20. Perform a sensitivity analy- b.
sis with a two-way data table to see how NPV varies
with the length of the increase period (currently 6
years) and the length of the constant period (currently
4 years). Comment on whether Acron should pursue ¢
the drug, given your results.

16. Create a one-way data table in the Acron model to see
how the NPV varies with discount rate, which is
allowed to vary from 8% to 18% in increments of 19.

0.5%. Explain intuitively why the results go in the
direction they go—that is, the NPV decreases as the
discount rate increases. Should Acron pursue the drug
for all of these discount rates?

Skill-Extending Problems
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The NPV function automatically discounts each of the
cash flows and sums the discounted values. Verify that
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(possibly irregular) series of cash flows. Look this
function up in Excel’s online help. Then use it to
develop a spreadsheet model that finds the NPV of
the following series: a payment of $25,000 today
(assumed to be June 15, 2010), and cash inflows of
$10,000 on March 1, 2011; $15,000 on September 15,
2011; $8000 on January 20, 2012; $20,000 on April 1,
2012; and $10,000 on May 15, 2012. Discount these
back to “today” using a discount rate of 12%.



2.8 CONCLUSION

The examples in this chapter provide a glimpse of things to come in later chapters. You have
seen the spreadsheet modeling approach to realistic business problems, learned how to
design spreadsheet models for readability, and explored some of Excel’s powerful tools, par-
ticularly data tables. In addition, at least three important themes have emerged from these
examples: relating inputs and decision variables to outputs by means of appropriate formu-
las, optimization (for example, finding a “best” order quantity), and the role of uncertainty
(uncertain response rate or demand). Although you have not yet learned the tools to explore
these themes fully, you will have plenty of opportunities to do so in the rest of this book.

Summary of Key Management Science Terms

Term Explanation Page

Model inputs The numeric values that are given in any 22
problem statement

Decision variables The variables a decision maker has control over 22
to obtain better solutions

Model outputs The numeric values that result from combinations 22
of inputs and decision variables through the use
of logical formulas

Net present value (NPV) The current worth of a stream of cash flows that 55
occur in the future

Discount rate Interest rate used for discounting future cash flows 55
to get the net present value

Summary of Key Excel Terms

Term Explanation Excel Page

IF function Useful for implementing logic =IF(condition,resultlfTrue, 24
resultlfFalse)

Relative, absolute Useful for copying formulas; Al (relative), $A1 or A$1 (mixed), 29

cell addresses

absolute row or column stays fixed,
relative row or column “moves”

$AS$1 (absolute); press F4 to
cycle through possibilities

Range names Useful for making formulas more Type name in Name box, or use 33

meaningful Create from Selection shortcut
(Ctrl+Shift+F3)

Pasting range names  Provides a list of all range names in Use Paste List from Use 33
the current workbook in Formula dropdown list (F3)

Cell comments Useful for documenting contents Right-click on cell, select Insert 34
of the cell Comment menu item

One-way data table ~ Shows how one or more outputs Use Data Table from What-If 36
vary as a single input varies Analysis dropdown list

Goal Seek Solves one equation in one unknown Use Goal Seek from What-If 37

Analysis dropdown list

Formula Auditing Useful for checking which cells are Use Formula Auditing buttons 38
toolbar related to other cells through formulas  on Formulas ribbon
/. button Useful for getting help on On Formula Bar 42
Excel functions
(continued)
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Summary of Key Excel Terms (Continued)

Term Explanation Excel Page

VLOOKUP function  Useful for finding a particular value =VLOOKUP®WvalueToCompare, 42
based on a comparison lookupTable, columnToReturn)

Two-way data table ~ Shows how a single output varies Use Data Table from What-If 43
as two inputs vary Analysis dropdown list

SUMPRODUCT Calculates the sum of products of =SUMPRODUCT (rangel,range?) 44

function values in two (or more) similar-

sized ranges

Trendline tool

Superimposes the best-fitting line
or curve of a particular type on
a scatter chart or time series graph

With chart selected, right-click on 47
any point and select Add Trendline

Conditional
formatting

Formats cells depending on whether
specified conditions hold

Use Conditional Formatting 51
on Home ribbon

Splitting screen

Useful for separating the screen
horizontally and/or vertically

Use screen splitters at top and right 57
of scrollbars

Efficient selection

Useful for selecting a large
rectangular range

While pressing the Shift key, click 58
on upper-left and bottom-right cells

of range
Efficient copying Shortcut for copying a formula Select the range, enter the formula, 58
to a range and press Ctrl+Enter
NPV function Calculates NPV of a stream of cash =NPV (discountRate,cashFlows) 58

flows at the ends of consecutive

years, starting in year 1

PROBLEMS

Skill-Building Problems

20.
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Julie James is opening a lemonade stand. She believes
the fixed cost per week of running the stand is $50.00.
Her best guess is that she can sell 300 cups per week
at $0.50 per cup. The variable cost of producing a cup
of lemonade is $0.20.

a. Given her other assumptions, what level of sales
volume will enable Julie to break even?

b. Given her other assumptions, discuss how a change
in sales volume affects profit.

c¢. Given her other assumptions, discuss how a change
in sales volume and variable cost jointly affect
profit.

d. Use Excel’s Formula Auditing tools to show which
cells in your spreadsheet affect profit directly.

You are thinking of opening a Broadway play, / Love
You, You're Mediocre, Now Get Better! It will cost

$5 million to develop the show. There are 8 shows

per week, and you project the show will run for

100 weeks. It costs $1000 to open the theater each
night. Tickets sell for $50.00, and you earn an average
of $1.50 profit per ticket holder from concessions. The
theater holds 800, and you expect 80% of the seats to
be full.
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a. Given your other assumptions, how many weeks
will the play have to run for you to earn a 100%
return on the play’s development cost?

b. Given your other assumptions, how does an
increase in the percentage of seats full affect profit?

¢. Given your other assumptions, determine how a
joint change in the average ticket price and number
of weeks the play runs influence profit.

d. Use Excel’s Formula Auditing tools to show which
cells in the spreadsheet are directly affected by the
percentage of seats full.

You are thinking of opening a small copy shop. It
costs $5000 to rent a copier for a year, and it costs
$0.03 per copy to operate the copier. Other fixed costs
of running the store will amount to $400 per month.
You plan to charge an average of $0.10 per copy, and
the store will be open 365 days per year. Each copier
can make up to 100,000 copies per year.

a. For one to five copiers rented and daily demands
of 500, 1000, 1500, and 2000 copies per day, find
annual profit. That is, find annual profit for each of
these combinations of copiers rented and daily
demand.

b. If you rent three copiers, what daily demand for
copies will allow you to break even?



24.

26.

¢. Graph profit as a function of the number of copiers
for a daily demand of 500 copies; for a daily
demand of 2000 copies. Interpret your graphs.

Georgia McBeal is trying to save for her retirement.
She believes she can earn 10% on average each year
on her retirement fund. Assume that at the beginning
of each of the next 40 years, Georgia will allocate x
dollars to her retirement fund. If at the beginning of a
year Georgia has y dollars in her fund, by the end of
the year, it will grow to 1.1y dollars. How much
should Georgia allocate to her retirement fund each
year to ensure that she will have $1 million at the end
of 40 years? What key factors are being ignored in this
analysis of the amount saved for retirement?

A European call option on a stock earns the owner an
amount equal to the price at expiration minus the exer-
cise price, if the price of the stock on which the call is
written exceeds the exercise price. Otherwise, the call
pays nothing. A European put option earns the owner
an amount equal to the exercise price minus the price
at expiration, if the price at expiration is less than the
exercise price. Otherwise, the put pays nothing. The
file P02 24.xlIsx contains a template that finds (based
on the well-known Black—Scholes formula) the price
of a European call and put based on the following
inputs: today’s stock price, the duration of the option
(in years), the option’s exercise price, the risk-free rate
of interest (per year), and the annual volatility in stock
price. For example, a 40% volatility means approxi-
mately that the standard deviation of annual percent-
age changes in the stock price is 40%.

a. Consider a six-month European call option with
exercise price $40. Assume a current stock price of
$35, a risk-free rate of 5%, and an annual volatility
of 40%. Determine the price of the call option.

b. Use a data table to show how a change in volatility
changes the value of the option. Give an intuitive
explanation for your results.

c. Use a data table to show how a change in today’s
stock price changes the option’s value. Give an
intuitive explanation for your results.

d. Use a data table to show how a change in the
option’s duration changes the option’s value. Give
an intuitive explanation for your results.

Repeat parts a—d of the previous problem for a
six-month European put option with exercise price
$40. Again, assume a current stock price of $35, a
risk-free rate of 5%, and an annual volatility of 40%.

The file P02_26.xIsx lists sales (in millions of dollars)

of Dell Computer during the period 1987-1997 (where

year 1 corresponds to 1987).

a. Fit a power and an exponential trend curve to these
data. Which fits the data better?

b. Use your part a answer to predict 1999 sales for
Dell.

28.

30.

c. Use your part a answer to describe how the sales of
Dell have grown from year to year.

d. Search the Web for more recent Dell sales data.
Then repeat the preceding parts using all of the data.

Dataware is trying to determine whether to give a

$10 rebate, cut the price $6, or have no price change

on a software product. Currently, 40,000 units of the
product are sold each week for $45 apiece. The vari-
able cost of the product is $5. The most likely case
appears to be that a $10 rebate will increase sales

30%, and half of all people will claim the rebate.

For the price cut, the most likely case is that sales

will increase 20%.

a. Given all other assumptions, what increase in sales
from the rebate would make the rebate and price
cut equally desirable?

b. Dataware does not really know the increase in sales
that will result from a rebate or price cut. However,
the company is sure that the rebate will increase
sales by between 15% and 40% and that the price
cut will increase sales by between 10% and 30%.
Perform a sensitivity analysis that could be used to
help determine Dataware’s best decision.

The file P02 28.xlsx gives the annual sales for
Microsoft (in millions of dollars) for the years
1984-1993, where 1984 = year 1.

a. Fit an exponential curve to these data.

b. Assuming you are back in 1993, by what percent-
age do you estimate that Microsoft has grown each
year, based on this historical data?

¢. Why can’t a high rate of exponential growth
continue for a long time?

d. Rather than an exponential curve, what curve might
better represent the growth of a new technology?

e. Search the Web for more recent Microsoft sales
data. Then repeat the preceding parts using all
the data.

Assume that the number of units sold of a product is
given by 100 — 0.5P + 26\/4, where P is the price
(in dollars) charged for the product and 4 is the
amount spent on advertising (in thousands of dollars).
Each unit of the product costs $5 to produce. Use a
data table to find the combination of price and adver-
tising that maximizes profit.

A company manufacturers a product in the U.S. and
sells it in England. The unit cost of manufacturing is
$50. The current exchange rate (dollars per pound) is
1.51. The demand function, which indicates how many
units the company can sell in England as a function of
price (in pounds) is of the power type, with constant
27556759 and exponent —2.4.

a. Develop a model for the company’s profit (in dol-
lars) as a function of the price it charges (in
pounds). Then use a data table to find the profit-
maximizing price to the nearest pound.
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b. If the exchange rate varies from its current value, does
the profit-maximizing price increase or decrease?
Does the maximum profit increase or decrease?

The yield of a chemical reaction is defined as the ratio
(expressed as a percentage) of usable output to the
amount of raw material input. Suppose the yield of a
chemical reaction depends on the length of time the
process is run and the temperature at which the process
is run. The yield can be expressed as follows:

Yield = 90.79 — 1.095x; — 1.045x, — 2.781%
- 2.524)622 = 0.775x,x,

Here x; = (Temperature — 125)/10 and x, = (Time
— 300)/30, where temperature is measured in degrees
Fahrenheit, and time is measured in seconds. Use a

data table to find the temperature and time settings that

maximize the yield of this process.

32. A bond is currently selling for $1040. It pays the
amounts listed in the file P02_32.xlsx at the ends of
the next six years. The yield of the bond is the interest
rate that would make the NPV of the bond’s payments
equal to the bond’s price. Use Excel’s Goal Seek tool
to find the yield of the bond.

33. Assume the demand for a company’s drug Wozac during
the current year is 50,000, and assume demand will grow
at 5% a year. If the company builds a plant that can pro-
duce x units of Wozac per year, it will cost $16x. Each
unit of Wozac is sold for $3. Each unit of Wozac pro-
duced incurs a variable production cost of $0.20. It costs
$0.40 per year to operate a unit of capacity. Determine
how large a Wozac plant the company should build to
maximize its expected profit over the next 10 years.

34. Consider a project with the following cash flows: year

1, —$400; year 2, $200; year 3, $600; year 4, —$900;

year 5, $1000; year 6, $250; year 7, $230. Assume a

discount rate of 15% per year.

a. Find the project’s NPV if cash flows occur at the
ends of the respective years.

b. Find the project’s NPV if cash flows occur at the
beginnings of the respective years.

c¢. Find the project’s NPV if cash flows occur at the
middles of the respective years.

A software company is considering translating its
program into French. Each unit of the program sells
for $50 and incurs a variable cost of $10 to produce.
Currently, the size of the market for the product is
300,000 units per year, and the English version of the
software has a 30% share of the market. The company
estimates that the market size will grow by 10% a year
for the next five years, and at 5% per year after that. It
will cost the company $6 million to create a French
version of the program. The translation will increase
its market share to 40%. Given a 10-year planning
horizon, for what discount rates is it profitable to
create the French version of the software?
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36. The payback of a project is the number of years it takes
before the project’s total cash flow is positive. Payback
ignores the time value of money. It is interesting, how-
ever, to see how differing assumptions on project
growth impact payback. Suppose, for example, that a
project requires a $300 million investment at year O
(right now). The project yields cash flows for 10 years,
and the year 1 cash flow will be between $30 million
and $100 million. The annual cash flow growth will be
between 5% and 25% per year. (Assume that this
growth is the same each year.) Use a data table to see
how the project payback depends on the year 1 cash
flow and the cash flow growth rate.

Skill-Extending Problems

37. You are entering the widget business. It costs $500,000,
payable in year 1, to develop a prototype. This cost can
be depreciated on a straight-line basis during years 1-5.
Each widget sells for $40 and incurs a variable cost of
$20. During year 1, the market size is 100,000, and the
market is growing at 10% per year. You believe you
will attain a 30% market share. Profits are taxed at
40%, but there are no taxes on negative profits.

a. Given your other assumptions, what market share is
needed to ensure a total free cash flow (FCF) of $0
over years 1 to 5? (Note: FCF during a year equals
after-tax profits plus depreciation minus fixed
costs, if any.)

b. Explain how an increase in market share changes
profit.

c¢. Explain how an increase in market size growth
changes profit.

d. Use Excel’s auditing tool to show how the market
growth assumption influences your spreadsheet.

38. Suppose you are borrowing $25,000 and making
monthly payments with 1% interest. Show that the
monthly payments should equal $556.11. The key
relationships are that for any month ¢

(Ending month 7 balance)
= (Ending month ¢# — 1 balance)
— ((Monthly payment) — (Month # interest))

(Month ¢ interest) = (Beginning month ¢ balance) X
(Monthly interest rate)

Of course, the ending month 60 balance must equal 0.

39. You are thinking of starting Peaco, which will produce
Peakbabies, a product that competes with Ty’s Beanie
Babies. In year 0 (right now), you will incur costs of $4
million to build a plant. In year 1, you expect to sell
80,000 Peakbabies for a unit price of $25. The price of
$25 will remain unchanged through years 1 to 5. Unit
sales are expected to grow by the same percentage (g)
each year. During years 1 to 5, Peaco incurs two types
of costs: variable costs and SG&A (selling, general, and
administrative) costs. Each year, variable costs equal
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half of revenue. During year 1, SG&A costs equal 40%
of revenue. This percentage is assumed to drop 2% per
year, so during year 2, SG&A costs will equal 38% of
revenue, and so on. Peaco’s goal is to have profits for
years 0 to 5 sum to O (ignoring the time value of
money). This will ensure that the $4 million investment
in year 0O is paid back by the end of year 5. What annual
percentage growth rate g does Peaco require to pay
back the plant cost by the end of year 5?

43.

hedging expenses depends on the number of puts
purchased and the final $/yen exchange rate.
Assume final exchange rates between 0.006 $/yen
and 0.015 $/yen are possible.

The file P02_43.xlsx contains a template for a car
loan. Specifically, once values are entered in the blue
cells, you need to enter formulas in the gray cells to
calculate the amount financed, the monthly payment
(assuming that monthly payments stay the same

40. Suppose the demand (in thousands) for a toaster is throughout the term of the loan), the total interest paid,
given by 100p~2, where p is the price in dollars and an amortization schedule. For the latter, fill in the
charged for the toaster. entire gray area with formulas, but use IF functions so
a. If the variable cost of producing a toaster is $10, that blanks appear past the term of the loan.

what price maximizes profit? 44. The IRR is the discount rate » that makes a project have

b. The elasticity of demand is defined as the percent- an NPV of $0. You can find IRR in Excel with the
age change in demand created by a 1% change in built-in IRR function, using the syntax =IRR(range of
price. Using a data table, show that the demand for cash flows). However, it can be tricky. In fact, if the
toasters has constant elasticity, that is, the elasticity IRR is not near 10%, this function might not find an
doesn’t depend on the price. Would Fhis pe true if answer, and you would get an error message. Then you
the demand for toasters were linear in price? must try the syntax =IRR(range of cash flows, guess),

41. The file P02_41.xIsx contains the cumulative where “guess” is your best guess for the IRR. It is best
number of bits (in trillions) of DRAM (a type of to try a range of guesses (say, —90% to 100%). Find
computer memory) produced and the price per bit the IRR of the project described in Problem 34.

(in thousandths of a cent). 45. A project does not necessarily have a unique IRR.

a. Fita power curve that can be used to show how (Refer to the previous problem for more information
price per bit drops with increased production. This on IRR.) Show that a project with the following cash
relationship is known as the learning curve. flows has two IRRs: year 1, —$20; year 2, $82; year 3,

b. Suppose the cumulative number of bits doubles. Create —$60; year 4, $2. (Note: It can be shown that if the
a prediction for the price per bit. Does the change in cash flow of a project changes sign only once, the
the price per bit depend on the current price? project is guaranteed to have a unique IRR.)

42. Alarge U.S. drug company, Pharmco, has 100 million 46. The file P02_46.xIsx contains data on prices of prod-
yen coming due in one year. Currently the yen is ucts for several of a chain store’s locations, a discount
worth $0.01. Because the value of the yen in U.S. schedule offered to customers depending on how
dollars in one year is unknown, the value of this much they spend, and commission rates of the sales-
100 million yen in U.S. dollars is highly uncertain. To people at the various stores. Your job is to develop an
hedge its risk, Pharmco is thinking of buying one-year invoice form. Specifically, you should enter formulas
put options on the yen with an exercise price of in the gray cells so that whenever data are entered in
$0.008. For example, if the yen falls in value a year the blue cells, the formulas in the gray cells calculate
from now to $0.007, the owner of the put receives automatically. As an extra, use data validation in cell
$0.001. The price of such a put is $0.00007. Show B23 so that the user can choose a city from a list of
how the dollar value of Pharmco’s receipts and cities where the chain has its stores.

I

DOCUMENTING SPREADSHEETS

Editing and documenting your spreadsheet models is crucial, and the following tips make

these tasks much easier.

Format Appropriately

Appropriate formatting can make a spreadsheet model much easier to read. To boldface, for
example, select one or more cells and click on the B button on the Home ribbon (or press Ctrl+B).
Similarly, to italicize, indent, increase or decrease the number of decimal places, right-justify, or
perform other common formatting tasks, use the buttons on the Home ribbon or shortcut keys.
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Use Range Names

Naming ranges takes time but makes formulas much easier to read and understand. To
enter a range name, highlight any cell or range of cells and enter a name for the range in the
Name box (just to the left of the Formula Bar). If you want to edit or delete range names,
select Name Manager on the Formulas ribbon. Here are some other options you have from
the Defined Names group on the Formulas ribbon.

= After you have named some ranges, you can get a list of them in your spreadsheet by
placing the cursor at the top of the range where you want the list to be placed,
selecting the Use in Formula dropdown list on the Formulas ribbon, and clicking on
the Paste List option. Alternatively, you can press the F3 button.

m  Suppose you have labels such as Fixed Cost, Variable Cost, Revenue, and Profit in the
range A3:A6, with their values next to them in column B. If you want to name the
cells in column B with the labels in column A, highlight the range A3:B6, select
Create from Selection on the Formulas ribbon (or press Ctrl+Shift+F3), and make
sure the Left Column box is checked. This creates the range names you want. A similar
trick works if you have descriptive labels above columns of data you want
to name.

m If you have a formula, such as =SUM(A10:A20), and then you name the range
A10:A20 Costs, say, the formula does not change automatically to =SUM(Costs).
However, you can make it adapt to your new range name by selecting Apply Names
from the Define Name dropdown list on the Formulas ribbon.

m  Sometimes you might want to use the same range name, such as Total_cost, on
multiple worksheets of a workbook. For example, you might want Total_cost to refer
to cell B26 in Sheet1 and to cell C59 in Sheet2. The trick is to use a sheet-level name
rather than a workbook-level name for one or both versions of Total_cost. This is easy
to do from the Name Manager. When you define a new name, just select a worksheet
as the Scope of the name.

Use Text Boxes

Text boxes are very useful for documenting your work. To enter an explanation or any
other text into a text box, click on the Text Box button on the Insert ribbon, drag a box, and
start typing. This technique is much better than typing explanations into cells because text
boxes have word wrap. Therefore, text in text boxes is much easier to edit than text in cells.

Use Cell Comments

Cell comments provide another good way to document your work. To enter a comment in
a cell, select the cell and right-click. This brings up a dialog box (which is also useful for
other tasks such as formatting). Click on the Insert Comment item to enter a comment. If a
comment is already in the cell, this menu will contain Edit Comment and Delete Comment
items. The cells with comments should have small red triangles in their corners. When you
hover the cursor over the cell, the comment appears.

Other Tips

Finally, we urge you once again to open the Excel Tutorial.xlsx file on the Essential
Resource Web site and work through it. The file includes a number of techniques that will
make you a better and more efficient Excel user.
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CHAPTER

Introduction to Optimization

Modeling

© Keith Dannemiller/Corbis

OPTIMIZING MANUFACTURING OPERATIONS AT
GE PLASTICS

he General Electric Company (GE) is a global organization that must

deliver products to its customers anywhere in the world in the right
quantity, at the right time, and at a reasonable cost. One arm of GE is GE
Plastics (GEP),a $5 billion business that supplies plastics and raw materials to
such industries as automotive, appliance, computer; and medical equipment.
(GEP has now been reorganized into GE Advanced Materials [GEAM].) As
described in Tyagi et al. (2004), GEP practiced a “pole-centric” manufacturing
approach, making each product in the geographic area (Americas, Europe, or
Pacific) where it was to be delivered. However; it became apparent in the early
2000s that this approach was leading to higher distribution costs and mismat-
ches in capacity as more of GEP’s demand was originating in the Pacific region.
Therefore, the authors of the article were asked to develop a global optimi-
zation model to aid GEP’s manufacturing planning. Actually, GEP consists of
seven major divisions, distinguished primarily by the capability of their products
to withstand heat.The fastest growing of these divisions, the high performance
polymer (HPP) division, was chosen as the pilot for the new global approach.
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All GEP divisions operate as two-echelon manufacturing systems. The first echelon
consists of resin plants, which convert raw material stocks into resins and ship them to the
second echelon, the finishing plants. These latter plants combine the resins with additives to
produce various grades of the end products. Each physical plant consists of several “plant
lines” that operate independently,and each of these plant lines is capable of producing
multiple products. All end products are then shipped to GE Polymerland warehouses
throughout the world. GE Polymerland is a wholly owned subsidiary that acts as the
commercial front for GEP. It handles all customer sales and deliveries from its network of
distribution centers and warehouses in more than 20 countries. Because of its experience
with customers, GE Polymerland is able to aid the GEP divisions in their planning processes
by supplying forecasts of demands and prices for the various products in the various global
markets. These forecasts are key inputs to the optimization model.

The optimization model itself attempts to maximize the total contribution margin
over a planning horizon, where the contribution margin equals revenues minus the sum
of manufacturing, material, and distribution costs.There are demand constraints,
manufacturing capacity constraints, and network flow constraints. The decision variables
include (1) the amount of resin produced at each resin plant line that will be used at
each finishing plant line, and (2) the amount of each end product produced at each
finishing plant line that will be shipped to each geographic region.The completed model
has approximately 3100 decision variables and 1100 constraints and is completely linear.
It was developed and solved in Excel (using LINGO, a commercial optimization solver,
not Excel’s Solver add-in), and execution time is very fast—about |0 seconds.

The demand constraints are handled in an interesting way. The authors of the study
constrain manufacturing to produce no more than the forecasted demands, but they do
not force manufacturing to meet these demands. Ideally, manufacturing would meet
demands exactly. However, because of its rapid growth, capacity at HPP in 2002 appeared
(at the time of the study) to be insufficient to meet the demand in 2005 and later years.
The authors faced this challenge in two ways. First, in cases where demand exceeds
capacity, they let their model of maximizing total contribution margin determine which
demands to satisfy. The least profitable demands are simply not met. Second, the authors
added a new resin plant to their model that would come on line in the year 2005 and
provide much needed capacity. They ran the model several times for the year 2005 (and
later years), experimenting with the location of the new plant.Although some of the
details are withheld in the article for confidentiality reasons, the authors indicate that
senior management approved the investment of a Europe-based plant that would cost
more than $200 million in plant and equipment.This plant was planned to begin
operations in 2005 and ramp up to full production capacity by 2007.

The decision support system developed in the study has been a success at the HPP
division since its introduction in 2002. Although the article provides no specific dollar
gains from the use of the model, it is noteworthy that the other GEP divisions are
adopting similar models for their production planning. B

.1 INTRODUCTION

In this chapter, we introduce spreadsheet optimization, one of the most powerful and flexible
methods of quantitative analysis. The specific type of optimization we will discuss here is
linear programming (LP). LP is used in all types of organizations, often on a daily basis, to
solve a wide variety of problems. These include problems in labor scheduling, inventory
management, selection of advertising media, bond trading, management of cash flows, oper-
ation of an electrical utility’s hydroelectric system, routing of delivery vehicles, blending in
oil refineries, hospital staffing, and many others. The goal of this chapter is to introduce the
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basic elements of LP: the types of problems it can solve, how LP problems can be modeled
in Excel, and how Excel’s powerful Solver add-in can be used to find optimal solutions. Then
in the next few chapters we will examine a variety of LP applications, and we will also look
at applications of integer and nonlinear programming, two important extensions of LP.

3.2 INTRODUCTION TO OPTIMIZATION

Before we discuss the details of LP modeling, it is useful to discuss optimization in general. All
optimization problems have several common elements. They all have decision variables, the
variables whose values the decision maker is allowed to choose. Either directly or indirectly, the
values of these variables determine such outputs as total cost, revenue, and profit. Essentially,
they are the variables a company or organization must know to function properly; they deter-
mine everything else. All optimization problems have an objective function (objective, for
short) to be optimized—maximized or minimized.! Finally, most optimization problems have
constraints that must be satisfied. These are usually physical, logical, or economic restrictions,
depending on the nature of the problem. In searching for the values of the decision variables
that optimize the objective, only those values that satisfy all of the constraints are allowed.

Excel uses its own terminology for optimization, and we will use it as well. Excel refers
to the decision variables as the changing cells. These cells must contain numbers that are
allowed to change freely; they are not allowed to contain formulas. Excel refers to the objec-
tive as the objective cell. There can be only one objective cell, which could contain profit, total
cost, total distance traveled, or others, and it must be related through formulas to the changing
cells. When the changing cells change, the objective cell should change accordingly.

The changing cells contain the values of the decision variables.
The objective cell contains the objective to be minimized or maximized.

The constraints impose restrictions on the values in the changing cells.

Finally, there must be appropriate cells and cell formulas that operationalize the con-
straints. For example, one constraint might indicate that the amount of labor used can be no
more than the amount of labor available. In this case there must be cells for each of these two
quantities, and typically at least one of them (probably the amount of labor used) will be related
through formulas to the changing cells. Constraints can come in a variety of forms. One very
common form is nonnegativity. This type of constraint states that changing cells must have
nonnegative (zero or positive) values. Nonnegativity constraints are usually included for physi-
cal reasons. For example, it is impossible to produce a negative number of automobiles.

Nonnegativity constraints imply that changing cells must contain nonnegative values.

Typically, most of your There are basically two steps in solving an optimization problem. The first step is the
effort goes into the model development step. Here you decide what the decision variables are, what the objec-
:t'gge’ development tive is, which constraints are required, and how everything fits together. If you are devel-
) oping an algebraic model, you must derive the correct algebraic expressions. If you are
developing a spreadsheet model, the main focus of this book, you must relate all variables
with appropriate cell formulas. In particular, you must ensure that your model contains for-
mulas that relate the changing cells to the objective cell and formulas that operationalize

the constraints. This model development step is where most of your effort goes.

I Actually, some optimization models are multicriteria models that try to optimize several objectives simultane-
ously. However, we will not discuss multicriteria models in this book.
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The second step in any optimization model is to optimize. This means that you must sys-
tematically choose the values of the decision variables that make the objective as large (for
maximization) or small (for minimization) as possible and cause all of the constraints to be
satisfied. Some terminology is useful here. Any set of values of the decision variables that sat-
isfies all of the constraints is called a feasible solution. The set of all feasible solutions is
called the feasible region. In contrast, an infeasible solution is a solution that violates at least
one constraint. Infeasible solutions are disallowed. The desired feasible solution is the one that
provides the best value—minimum for a minimization problem, maximum for a maximiza-
tion problem—for the objective. This solution is called the optimal solution.

A feasible solution is a solution that satisfies all of the constraints.
The feasible region is the set of all feasible solutions.

An infeasible solution violates at least one of the constraints.

The optimal solution is the feasible solution that optimizes the objective.

An Q’gor ithm is Although most of your effort typically goes into the model development step, much of
bas“i";’ a plan of the published research in optimization has been about the optimization step. Algorithms
aracke 1t 1s @ have been devised for searching through the feasible region to find the optimal solution.

prescription for . ) . . .
carrying out the steps  One such algorithm is called the simplex method. It is used for /inear models. There are

required to achieve other more complex algorithms used for other types of models (those with integer decision
some goal, such as variables and/or nonlinearities).

finding an optimal We will not discuss the details of these algorithms. They have been programmed into
,‘SSO’tuyg?ch:Tyntféig:rgzZ’ the Excel’s Solver add-in. All you need to do is develop the model and then tell Solver
into @ computer what the objective cell is, what the changing cells are, what the constraints are, and what
program that does the  type of model (linear, integer, or nonlinear) you have. Solver then goes to work, finding the
work. best feasible solution with the appropriate algorithm. You should appreciate that if you

used a trial-and-error procedure, even a clever and fast one, it could take hours, weeks, or
even years to complete. However, by using the appropriate algorithm, Solver typically
finds the optimal solution in a matter of seconds.

Before concluding this discussion, we mention that there is really a third step in the
optimization process: sensitivity analysis. You typically choose the most likely values of
input variables, such as unit costs, forecasted demands, and resource availabilities, and
then find the optimal solution for these particular input values. This provides a single
“answer.” However, in any realistic situation, it is wishful thinking to believe that all of the
input values you use are exactly correct. Therefore, it is useful—indeed, mandatory in
most applied studies—to follow up the optimization step with what-if questions. What if
the unit costs increased by 5%? What if forecasted demands were 10% lower? What if
resource availabilities could be increased by 20%? What effects would such changes have
on the optimal solution? This type of sensitivity analysis can be done in an informal man-
ner or it can be highly structured. Fortunately, as with the optimization step itself, good
software allows you to obtain answers to various what-if questions quickly and easily.

3.3 ATWO-VARIABLE PRODUCT MIX MODEL

We begin with a very simple two-variable example of a product mix problem. This is a type
of problem frequently encountered in business where a company must decide its product
mix—how much of each of its potential products to produce—to maximize its net profit.
You will see how to model this problem algebraically and then how to model it in Excel.
You will also see how to find its optimal solution with Solver. Next, because it contains
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only two decision variables, you will see how it can be solved graphically. Although this
graphical solution is not practical for most realistic problems, it provides useful insights
into general LP models. The final step is then to ask a number of what-if questions about
the completed model.

EXAMPLE 3.1 ASSEMBLING AND TESTING COMPUTERS

Tables such as this
one serve as a bridge
between the problem
statement and the
ultimate spreadsheet
(or algebraic) model.

he PC Tech company assembles and then tests two models of computers, Basic and XP.

For the coming month, the company wants to decide how many of each model to
assembly and then test. No computers are in inventory from the previous month, and
because these models are going to be changed after this month, the company doesn’t want
to hold any inventory after this month. It believes the most it can sell this month are 600
Basics and 1200 XPs. Each Basic sells for $300 and each XP sells for $450. The cost of
component parts for a Basic is $150; for an XP it is $225. Labor is required for assembly
and testing. There are at most 10,000 assembly hours and 3000 testing hours available. Each
labor hour for assembling costs $11 and each labor hour for testing costs $15. Each Basic
requires five hours for assembling and one hour for testing, and each XP requires six hours
for assembling and two hours for testing. PC Tech wants to know how many of each model
it should produce (assemble and test) to maximize its net profit, but it cannot use more labor
hours than are available, and it does not want to produce more than it can sell.

Objective To use LP to find the best mix of computer models that stays within the com-
pany’s labor availability and maximum sales constraints.

Solution

In all optimization models, you are given a variety of numbers—the inputs—and you are
asked to make some decisions that optimize an objective, while satisfying all constraints.
We summarize this information in a table such as Table 3.1. We believe it is a good idea to
create such a table before diving into the modeling details. In particular, you always need
to identify the appropriate decision variables, the appropriate objective, and the con-
straints, and you should always think about the relationships between them. Without a
clear idea of these elements, it is almost impossible to develop a correct algebraic or
spreadsheet model.

Table 3.1 Variables and Constraints for Two-Variable Product Mix Model

Input variables Hourly labor costs, labor availabilities, labor required
for each computer, costs of component parts, unit
selling prices, and maximum sales

Decision variables (changing cells) Number of each computer model to produce
(assemble and test)

Objective cell Total net profit

Other calculated variables Labor of each type used

Constraints Labor used = Labor available,

Number produced = Maximum sales

The decision variables in this product mix model are fairly obvious. The company
must decide two numbers: how many Basics to produce and how many XPs to produce.
Once these are known, they can be used, along with the problem inputs, to calculate the
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Many commercial
optimization packages
require, as input, an
algebraic model of a
problem. If you ever
use one of these
packages, you will be
required to think
algebraically.

This graphical
approach works only
for problems with two
decision variables.
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number of computers sold, the labor used, and the revenue and cost. However, as you will
see with other models in this chapter and the next few chapters, determining the decision
variables is not always this obvious.

An Algebraic Model

In the traditional algebraic solution method, you first identify the decision variables.? In
this small problem they are the numbers of computers to produce. We label these x; and x,,
although any other labels would do. The next step is to write expressions for the total net
profit and the constraints in terms of the xs. Finally, because only nonnegative amounts can
be produced, explicit constraints are added to ensure that the xs are nonnegative. The
resulting algebraic model is

Maximize 80x, + 129x,
subject to:
5x, + 6x, = 10000
x, + 2x, = 3000

IA

x, = 600

IA

x, = 1200

=
X, X =0

To understand this model, consider the objective first. Each Basic produced sells for $300, and
the total cost of producing it, including component parts and labor, is 150 + 5(11) + 1(15)
= $220, so the profit margin is $80. Similarly, the profit margin for an XP is $129. Each profit
margin is multiplied by the number of computers produced and these products are then
summed over the two computer models to obtain the total net profit.

The first two constraints are similar. For example, each Basic requires five hours for
assembling and each XP requires six hours for assembling, so the first constraint says that the
total hours required for assembling is no more than the number available, 10,000. The third
and fourth constraints are the maximum sales constraints for Basics and XPs. Finally, nega-
tive amounts cannot be produced, so nonnegativity constraints on x; and x, are included.

For many years all LP problems were modeled this way in textbooks. In fact, many
commercial LP computer packages are still written to accept LP problems in essentially
this format. Since around 1990, however, a more intuitive method of expressing LP prob-
lems has emerged. This method takes advantage of the power and flexibility of spread-
sheets. Actually, LP problems could always be modeled in spreadsheets, but now with the
addition of Solver, spreadsheets have the ability to so/ve—that is, optimize—LP problems
as well. We use Excel’s Solver for all examples in this book.?

A Graphical Solution

When there are only two decision variables in an LP model, as there are in this product mix
model, you can solve the problem graphically. Although this graphical solution approach
is not practical in most realistic optimization models—where there are many more than
two decision variables—the graphical procedure illustrated here still yields important
insights for general LP models.

This is not a book about algebraic models; the main focus is on spreadsheet modeling. However, we present
algebraic models of the examples in this chapter for comparison with the corresponding spreadsheet models.
3The Solver add-in built into Microsoft Excel was developed by a third-party software company, Frontline
Systems. This company develops much more powerful versions of Solver for commercial sales, but its standard
version built into Office suffices for us. More information about Solver software offered by Frontline is given in
a brief appendix to this chapter.

Introduction to Optimization Modeling



Recall from algebra
that any line of the
form ax, + bx, = ¢
has slope —a/b.This
is because it can be
put into the slope—
intercept form

x, = c/b — (alb)x,.

Figure 3.1
Graphical Solution
to Two-Variable
Product Mix
Problem

Although limited in
use, the graphical
approach yields the
important insight that
the optimal solution
to any LP model is a
corner point of a
polygon.This limits the
search for the optimal
solution and makes
the simplex method
possible.

In general, if the two decision variables are labeled x, and x,, then the steps of the
method are to express the constraints and the objective in terms of x; and x,, graph the
constraints to find the feasible region [the set of all pairs (x|, x,) satisfying the constraints,
where x, is on the horizontal axis and x, is on the vertical axis], and then move the objec-
tive through the feasible region until it is optimized.

To do this for the product mix problem, note that the constraint on assembling labor hours
can be expressed as 5x; + 6x, = 10000. To graph this, consider the associated equality
(replacing = with =) and find where the associated line crosses the axes. Specifically, when
x; = 0, then x, = 10000/6 = 1666.7, and when x, = 0, then x; = 10000/5 = 2000. This pro-
vides the line labeled “assembling hour constraint” in Figure 3.1. It has slope —5/6 = —0.83.
The set of all points that satisfy the assembling hour constraint includes the points on this line
plus the points below it, as indicated by the arrow drawn from the line. (The feasible points are
below the line because the point (0, 0) is obviously below the line, and (0, 0) clearly satisfies
the assembly hour constraint.) Similarly, the testing hour and maximum sales constraints can
be graphed as shown in the figure. The points that satisfy all three of these constraints and are
nonnegative comprise the feasible region, which is below the dark lines in the figure.

1666.7
. Optimal
1500 . “.solution
| XP sale;\\\ l‘
“j._constraint |
1200 ——= &
J NS Isoprofit lines

(d otted)

XPs produced

Testing hour

Feasible region constraint

(below dark lines)

Basic sales .
constraint Assemb}lng hour
constraint
600 2000 3000

Basics produced

To see which feasible point maximizes the objective, it is useful to draw a sequence of lines
where, for each, the objective is a constant. A typical line is of the form 80x;, + 129x, = ¢,
where c is a constant. Any such line has slope —80/129 = —0.620, regardless of the value of c.
This line is steeper than the testing hour constraint line (slope —0.5), but not as steep as the
assembling hour constraint line (slope —0.83). The idea now is to move a line with this slope up
and to the right, making c larger, until it just barely touches the feasible region. The last feasible
point that it touches is the optimal point.

Several lines with slope —0.620 are shown in Figure 3.1. The middle dotted line is the
one with the largest net profit that still touches the feasible region. The associated optimal
point is clearly the point where the assembling hour and XP maximum sales lines intersect.
You will eventually find (from Solver) that this point is (560,1200), but even if you didn’t
have the Solver add-in, you could find the coordinates of this point by solving two equa-
tions (the ones for assembling hours and XP maximum sales) in two unknowns.

Again, the graphical procedure illustrated here can be used only for the simplest of LP
models, those with two decision variables. However, the type of behavior pictured in Figure 3.1
generalizes to all LP problems. In general, all feasible regions are (the multidimensional
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versions of) polygons. That is, they are bounded by straight lines (actually hyperplanes) that
intersect at several corner points. There are five corner points in Figure 3.1, three of which
are on the axes. (One of them is (0,0).) When the dotted objective line is moved as far as pos-
sible toward better values, the last feasible point it touches is one of the corner points. The
actual corner point it last touches is determined by the slopes of the objective and constraint
lines. Because there are only a finite number of corner points, it suffices to search among this
finite set, not the infinite number of points in the entire feasible region.* This insight is
largely responsible for the efficiency of the simplex method for solving LP problems.

FUNDAMENTAL INSIGHT

Geometry of LP Models and the Simpbe Because of this geometry, the optimal solution is always
Method a corner point of the polygon.The simplex method for
LP works so w ell because it can sear ch through the
finite number of corner points extremely efficiently and
recognize when it has found the best corner point.This
rather simple insight, plus its cle ver implementation in
software packages, has sa ved companies man y, many
millions of dollars in the past 50 years.

The feasible region in any LP model is al ways a m ulti-
dimensional version of a pol ygon, and the objectiv e is
always a hyperplane, the multidimensional version of a
straight line. The objective should al ways be mo ved as
far as possible in the maximizing or minimizing dir ec-
tion until it just touches the edge of the feasible region.

A Spreadsheet Model

We now turn our focus to spreadsheet modeling. There are many ways to develop an LP
spreadsheet model. Everyone has his or her own preferences for arranging the data in the
various cells. We do not provide exact prescriptions, but we do present enough examples to
help you develop good habits. The common elements in all LP spreadsheet models are the
inputs, changing cells, objective cell, and constraints.

®  Inputs. All numerical inputs—that is, all numeric data given in the statement of the
problem—should appear somewhere in the spreadsheet. Our convention is to color
all of the input cells blue. We also try to put most of the inputs in the upper left sec-
tion of the spreadsheet. However, we sometimes violate this latter convention when
certain inputs fit more naturally somewhere else.

®  Changing cells. Instead of using variable names, such as xs, spreadsheet models use
a set of designated cells for the decision variables. The values in these changing cells
can be changed to optimize the objective. The values in these cells must be allowed
to vary freely, so there should not be any formulas in the changing cells. To designate
them clearly, our convention is to color them red.

B Objective cell. One cell, called the objective cell, contains the value of the objective.
Solver systematically varies the values in the changing cells to optimize the value in
the objective cell. This cell must be linked, either directly or indirectly, to the chang-
ing cells by formulas. Our convention is to color the objective cell gray.’

4This is not entirely true. If the objective line is exactly parallel to one of the constraint lines, there can be multi-
ple optimal solutions—a whole line segment of optimal solutions. Even in this case, however, at least one of the
optimal solutions is a corner point.

S0ur blue/red/gray color scheme shows up very effectively on a color monitor. For users of previous editions who
are used to colored borders, we find that it is easier in Excel 2007 and Excel 2010 to color the cells rather than put
borders around them.

74 Chapter 3 Introduction to Optimization Modeling

Copyright 2011 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Our coloring conventions

Color all input cells blue (appears light blue on the printed page).
Color all of the changing cells red (appears deep blue on the printed page).
Color the objective cell gray.

®  Constraints. Excel does not show the constraints directly on the spreadsheet. Instead,
they are specified in a Solver dialog box, to be discussed shortly. For example, a set
of related constraints might be specified by

B16:C16<=B18:C18

This implies two separate constraints. The value in B16 must be less than or equal to the
value in B18, and the value in C16 must be less than or equal to the value in C18. We will
always assign range names to the ranges that appear in the constraints. Then a typical con-
straint might be specified as

Number to produce<=Maximum_sales

This is much easier to read and understand. (If you find that range names take too long to cre-
ate, you certainly do not have to use them. Solver models work fine with cell addresses only.)

®  Nonnegativity. Normally, the decision variables—that is, the values in the changing
cells—must be nonnegative. These constraints do not need to be written explicitly;
you simply check an option in the Solver dialog box to indicate that the changing
cells should be nonnegative. Note, however, that if you want to constrain any other
cells to be nonnegative, you must specify these constraints explicitly.

Overview of the Solution Process

As mentioned previously, the complete solution of a problem involves three stages. In the
model development stage you enter all of the inputs, trial values for the changing cells, and
formulas relating these in a spreadsheet. This stage is the most crucial because it is here that
all of the ingredients of the model are included and related appropriately. In particular, the
spreadsheet must include a formula that relates the objective to the changing cells, either
directly or indirectly, so that if the values in the changing cells vary, the objective value
varies accordingly. Similarly, the spreadsheet must include formulas for the various con-
straints (usually their left sides) that are related directly or indirectly to the changing cells.

After the model is developed, you can proceed to the second stage—invoking Solver.
At this point, you formally designate the objective cell, the changing cells, the constraints,
and selected options, and you tell Solver to find the optimal solution. If the first stage has
been done correctly, the second stage is usually very straightforward.

The third stage is sensitivity analysis. Here you see how the optimal solution changes
(if at all) as selected inputs are varied. This often provides important insights about the
behavior of the model.

We now illustrate this procedure for the product mix problem in Example 3.1.

WHERE Do THE NuMBERS CoME FroM?

Textbooks typically state a problem, including a number of input values, and proceed
directly to a solution—without saying where these input values might come from. However,
finding the correct input values can sometimes be the most difficult step in a real-world sit-
uation. (Recall that finding the necessary data is step 2 of the overall modeling process, as
discussed in Chapter 1.) There are a variety of inputs in PC Tech’s problem, some easy to
find and others more difficult. Here are some ideas on how they might be obtained.
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®  The unit costs in rows 3, 4, and 10 should be easy to obtain. (See Figure 3.2.) These
are the going rates for labor and the component parts. Note, however, that the labor
costs are probably regular-time rates. If the company wants to consider overtime
hours, then the overtime rate (and labor hours availability during overtime) would be
necessary, and the model would need to be modified.

Figure 3.2 Two-Variable Product Mix Model with an Infeasible Solution

A | B | ¢ | b | E | fF | @
| 1 |Assembling and testing computers Range names used:
| 2 | Hours_available =Model!SD$21:5DS$22
3 |Cost per labor hour assembling S11 Hours_used =Model!$B$21:5BS22
I Cost per labor hour testing S15 Maximum_sales =Model!$SB$18:5C$18
| 5 | Number_to_produce  =Model!$B$16:5C$16
| 6 [Inputs for assembling and testing a computer Total_profit =Model!SDS25
| 7| Basic XP
| 8 |Labor hours for assembly 5 6
| 9 |Labor hours for testing 1 2
| 10 |Cost of component parts $150 $225
| 11 [Selling price $300 $450
| 12 [Unit margin $80 $129
[ 13|
| 14 |Assembling, testing plan (# of computers)
| 15 | Basic XP
16 [Number to produce 600 1200
17 <= <=
18 |Maximum sales 600 1200
19
| 20 |Constraints (hours per month) Hours used Hours available
| 21 |Labor availability for assembling 10200 <= 10000
| 22 |Labor availability for testing 3000 <= 3000
| 23
24 |Net profit ($ this month) Basic XP Total
[ 25 ] $48,000 $154,800 $202,800

B The resource usages in rows 8 and 9, often called technological coefficients, should
be available from the production department. These people know how much labor it
takes to assemble and test these computer models.

B The unit selling prices in row 11 have actually been chosen by PC Tech’s manage-
ment, probably in response to market pressures and the company’s own costs.

B  The maximum sales values in row 18 are probably forecasts from the marketing and
sales department. These people have some sense of how much they can sell, based on
current outstanding orders, historical data, and the prices they plan to charge.

B The labor hour availabilities in rows 21 and 22 are probably based on the current
workforce size and possibly on new workers who could be hired in the short run.
Again, if these are regular-time hours and overtime is possible, the model would have
to be modified to include overtime.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model appears in Figure 3.2. (See the file Product Mix 1.xlsx .) To
develop this model, use the following steps.
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At this stage, it is
pointless to try to
outguess the optimal
solution. Any values in
the changing cells will

suffice.

The “linear”in linear
programming is all
about sums of
products. Therefore,
the SUMPRODUCT
function is natural
and should be used
whenever possible.

c Inputs. Enter all of the inputs from the statement of the problem in the shaded cells as
shown.

e Range names. Create the range names shown in columns E and F. Our convention is
to enter enough range names, but not to go overboard. Specifically, we enter enough range
names so that the setup in the Solver dialog box, to be explained shortly, is entirely in
terms of range names. Of course, you can add more range names if you like (or you can
omit them altogether). The following tip indicates a quick way to create range names.

Excel Tip: Shortcut for Creating Range Names

Select a range such as A16:C16 that includes nice labels in column A and the r ange you
want to name in columns B and C. Then, fr om the Formulas ribbon, select Cr eate from
Selection and accept the default. You automatically get the labels in cells A16 as the range
name for the range B16:C16. This shortcut illustrates the usefulness of adding concise but
informative labels next to ranges you want to name.

9 Unit margins. Enter the formula
=B11—-B8*$B$3—B9*$B$4—B10

in cell B12 and copy it to cell C12 to calculate the unit profit margins for the two models.
( Enter relative/absolute addresses that allow you to copy whenever possible.)

o Changing cells. Enter any two values for the changing cells in the Number_to_produce
range. Any trial values can be used initially; Solver eventually finds the optimal values. Note
that the two values shown in Figure 3.2 cannot be optimal because they use more assembling
hours than are available. However, you do not need to worry about satisfying
constraints at this point; Solver takes care of this later on.

e Labor hours used. To operationalize the labor availability constraints, you must cal-
culate the amounts used by the production plan. To do this, enter the formula

=SUMPRODUCT(B8:C8,Number_to_produce)

in cell B21 for assembling and copy it to cell B22 for testing. This formula is a shortcut for
the following fully written out formula:

=B8*B16+C8*C16

The SUMPRODUCT function is very useful in spreadsheet models, especially LP mod-
els, and you will see it often. Here, it multiplies the number of hours per computer by the
number of computers for each model and then sums these products over the two models.
When there are only two products in the sum, as in this example, the SUMPRODUCT
formula is not really any simpler than the written-out formula. However, imagine that
there are 50 models. Then the SUMPRODUCT formula is much simpler to enter (and
read). For this reason, use it whenever possible. Note that each range in this function,
B8:C8 and Number_to_produce, is a one-row, two-column range. It is important in the
SUMPRODUCT function that the two ranges be exactly the same size and shape.

@ Net profits. Enter the formula
=B12*B16

in cell B25, copy it to cell C25, and sum these to get the total net profit in cell D25. This
latter cell is the objective to maximize. Note that if you didn’t care about the net profits for
the two individual models, you could calculate the total net profit with the formula

=SUMPRODUCT(B12:C12,Number_to_produce)

As you see, the SUMPRODUCT function appears once again. It and the SUM function are
the most used functions in LP models.
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Experimenting with Possible Solutions

The next step is to specify the changing cells, the objective cell, and the constraints in a
Solver dialog box and then instruct Solver to find the optimal solution. However, before
you do this, it is instructive to try a few guesses in the changing cells. There are two rea-
sons for doing so. First, by entering different sets of values in the changing cells, you can
confirm that the formulas in the other cells are working correctly. Second, this experimen-
tation can help you to develop a better understanding of the model.

For example, the profit margin for XPs is much larger than for Basics, so you might
suspect that the company will produce only XPs. The most it can produce is 1200 (maxi-
mum sales), and this uses fewer labor hours than are available. This solution appears in
Figure 3.3. However, you can probably guess that it is far from optimal. There are still
many labor hours available, so the company could use them to produce some Basics and
make more profit.

You can continue to try different values in the changing cells, attempting to get as
large a total net profit as possible while staying within the constraints. Even for this small
model with only two changing cells, the optimal solution is not totally obvious. You can
only imagine how much more difficult it is when there are hundreds or even thousands of
changing cells and many constraints. This is why software such as Excel’s Solver is
required. Solver uses a quick and efficient algorithm to search through all feasible solu-
tions (or more specifically, all corner points) and eventually find the optimal solution.
Fortunately, it is quite easy to use, as we now explain.

Figure 3.3 Two-Variable Product Mix Model with a Suboptimal Solution

A | B | ¢ | b | E | fF | @

| 1 |Assembling and testing computers Range names used:
| 2 | Hours_available =Model!SD$21:5DS$22
| 3 |Cost per labor hour assembling S11 Hours_used =Model!SBS$S21:5BS$22
| 4 |Cost per labor hour testing $15 Maximum_sales =Model!$SB$18:5C$18
=N Number_to_produce  =Model!$B$16:5CS$16
| 6 |Inputs for assembling and testing a computer Total_profit =Model!SDS25
| 7| Basic XP
| 8 [Labor hours for assembly 5 6
| 9 |Labor hours for testing 1 2
| 10 |Cost of component parts $150 $225
| 11 |Selling price $S300 $450
| 12 |Unit margin $80 $129
| 13|

14 |Assembling, testing plan (# of computers)
E Basic XP

16 [Number to produce 0 1200
17 <= <=
[ 18 [Maximum sales 600 1200
19
| 20 |Constraints (hours per month) Hours used Hours available
| 21 |Labor availability for assembling 7200 <= 10000
| 22 |Labor availability for testing 2400 <= 3000
| 23
| 24 |Net profit (S this month) Basic XP Total

25 S0 $154,800 $154,800
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USING SOLVER

To invoke Excel’s Solver, select Solver from the Data ribbon. (If there is no such item on
your PC, you need to /oad Solver. To do so, click on the Office button, then Excel Options,
then Add-Ins, and then Go at the bottom of the dialog box. This shows you the list of avail-
able add-ins. If there is a Solver Add-in item in the list, check it to load Solver. If there is no
such item, you need to rerun the Microsoft Office installer and elect to install Solver. It
should be included in a typical install, but some people elect not to install it the first time
around.) The dialog box in Figure 3.4 appears.° It has three important sections that you must
fill in: the objective cell, the changing cells, and the constraints. For the product mix prob-
lem, you can fill these in by typing cell references or you can point, click, and drag the
appropriate ranges in the usual way. Better yet, if there are any named ranges, these range
names appear instead of cell addresses when you drag the ranges. In fact, for reasons of
readability, our convention is to use only range names, not cell addresses, in this dialog box.

Figure 3.4 Solver Parameters El
Solver Dialog Box
(in Excel 2010) Set Objective: | Total_prafit £

To (=) Max ) Min ) value of: 0 |

By Changing Yariable Cells;

#

|Number_tn _produce

Subject to the Constraints:

Hours_sed <= Hours_Avwailable add
Mumber_to_produce <= Maximum_sales -

Change

Delete

Reset al

Loadf5ave

Make Unconstrained Yariables Non-Megative

Select a Solving Method: Simplesx LP b | Opkions

el

Salving Method

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplesx
engine for linear Solver Problems, and select the Evolutionary engine For Solver problems that are
non-smookh,

N

OThis is the new Solver dialog box for Excel 2010. It is more convenient than similar dialog boxes in previous
versions because the typical settings now all appear in a single dialog box. In previous versions you have to click
on Options to complete the typical settings.
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Excel Tip: Range Names in Solver Dialog Box

Our usual procedure is to use the mouse to select the relevant ranges for the Solver dialog
box. Fortunately, if these ranges have already been named, then the range names will auto-
matically replace the cell addresses.

o Objective. Select the Total_profit cell as the objective cell, and click on the Max
option. (Actually, the default option is Max.)

e Changing cells. Select the Number_to_produce range as the changing cells.

e Constraints. Click on the Add button to bring up the dialog box in Figure 3.5. Here
you specify a typical constraint by entering a cell reference or range name on the left, the

type of constraint from the dropdown list in the middle, and a cell reference, range name,
or numeric value on the right. Use this dialog box to enter the constraint

Number_to_produce<=Maximum_sales

(Note: You can type these range names into the dialog box, or you can drag them in the
usual way. If you drag them, the cell addresses shown in the figure eventually change into
range names if range names exist.) Then click on the Add button and enter the constraint

Hours_used<=Hours_available

Then click on OK to get back to the Solver dialog box. The first constraint says to produce
no more than can be sold. The second constraint says to use no more labor hours than are
available.

Figure 3.5
Add Constraint
Dialog Box

r r T
Add Censtraint —— ﬂ

Cell Reference:

Conskraink;

$E§21i4E§22

S5 :B|=$D$21:$D$22

=

Cancel

Excel Tip: Inequality and Equality Labels in Spreadsheet Models

The <= signs in cells B17:C17 and C21:C22 (see F igure 3.2 or Figure 3.3) are not a
necessary part of the Excel model. They are entered simply as labels in the spreadsheet
and do not substitute for entering the constr aints in the Add Constr aint dialo g box.
However, they help to document the model, so we include them in all of the eeamples. In
fact, you should try to plan your spreadsheet models so that the two sides of a constuint
are in nearby cells, with “gutter” cells in between whewe you can attach labels like <=,
>=, or =. This convention tends to make the resulting spreadsheet models much more
readable.

Solver Tip: Entering Constraints in Groups

Constraints typically come in gr oups. Be ginners often enter these one at a time , suc h as
B16<=BI18 and C16 <=ClI8, in the Solver dialo g box. This can lead to a long list of con-
Sstraints, and it is time-consuming . It is better to enter them as a gr oup, as in
B16:C16<=B18:CI8. This is not only quicker, but it also takes advantage of range names you
have created. For example, this group ends up as Number _to_produce = Maximum_Sales.
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Checking the Non-
Negative option
ensures only that the
changing cells, not any
other cells, will be
nonnegative.

o Nonnegativity. Because negative production quantities make no sense, you must tell
Solver explicitly to make the changing cells nonnegative. To do this, check the Make
Unconstrained Variables Non-Negative option shown in Figure 3.4. This automatically
ensures that all changing cells are nonnegative. (In previous versions of Solver, you have to
click on the Options button and then check the Assume Non-Negative option in the result-
ing dialog box.)

6 Linear model. There is one last step before clicking on the Solve button. As stated
previously, Solver uses one of several numerical algorithms to solve various types of mod-
els. The models discussed in this chapter are all /inear models. (We will discuss the prop-
erties that distinguish linear models shortly.) Linear models can be solved most efficiently
with the simplex method. To instruct Solver to use this method, make sure Simplex LP is
selected in the Select a Solving Method dropdown list in Figure 3.4. (In previous versions
of Solver, you have to click on the Options button and then check the Assume Linear
Model option in the resulting dialog box. In fact, from now on, if you are using a pre-2010
version of Excel and we instruct you to use the simplex method, you should check the
Assume Linear Model option. In contrast, if we instruct you to use a nonlinear algorithm,
you should uncheck the Assume Linear Model option.)

0 Optimize. Click on the Solve button in the dialog box in Figure 3.4. At this point,
Solver does its work. It searches through a number of possible solutions until it finds the
optimal solution. (You can watch the progress on the lower left of the screen, although for
small models the process is virtually instantaneous.) When it finishes, it displays the mes-
sage shown in Figure 3.6. You can then instruct it to return the values in the changing cells
to their original (probably nonoptimal) values or retain the optimal values found by Solver.
In most cases you should choose the latter. For now, click on the OK button to keep the
Solver solution. You should see the solution shown in Figure 3.7.

Figure 3.6

Solver Results
Message

.
Solver Results - ﬁ
Solver found a solution. all Constraints and optimality
conditions are satisfied. Reports
Answer
@K Sensitivity
o " : Lirnits
{3 Restore Original Values
Return to Solver Parameters Dialo
I Lre g O outline Reports
oK Lancel Sawve Scenario..
Solver found a solution. All Constraints and optimality conditions are
satisfied.
‘“When the GRG engine is used, Solver has found at least a local optimal
solution. When Simplex LPis used, this reans Solver has found a glabal
optirnal solution.
L. -y

Solver Tip: Messages from Solver

Actually, the message in Figure 3.6 is the one you hope for. However, in some cases Solver
is not able to f ind an optimal solution, in whic h case one of se veral other messa ges
appears. We discuss some of these later in the chapter.
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Figure 3.7
Two-Variable Product Mix Model with the Optimal Solution

A | B | ¢ D E | F | @

| 1 |Assembling and testing computers Range names used:
| 2 | Hours_available =Model!SD$21:5DS22
| 3 [Cost per labor hour assembling S11 Hours_used =Model!$SBS$21:5BS22
| 4 [Cost per labor hour testing $15 Maximum_sales =Model!SB$18:5C$18
| 5 | Number_to_produce = =Model!$B$16:5CS$16
| 6 |Inputs for assembling and testing a computer Total_profit =Model!SDS$25
| 7 | BasicXP
| 8 [Labor hours for assembly 5 6
| 9 [Labor hours for testing 1 2
| 10 [Cost of component parts $150 $225
| 11 [Selling price $300 $450
| 12 |Unit margin $80 $129
[ 13
| 14 |Assembling, testing plan (# of computers)
| 15| Basic XP

16 |[Number to produce 560 1200
[17] <= <=
| 18 [Maximum sales 600 1200
19
| 20 |Constraints (hours per month) Hours used Hours available

21 [Labor availability for assembling 10000 <= 10000
Z Labor availability for testing 2960 <= 3000
| 23]
| 24 |Net profit ($ this month) Basic XP Total

25 $44,800 $154,800 $199,600

Discussion of the Solution

This solution says that PC Tech should produce 560 Basics and 1200 XPs. This plan uses
all available labor hours for assembling, has a few leftover labor hours for testing, pro-
duces as many XPs as can be sold, and produces a few less Basics than could be sold. No
plan can provide a net profit larger than this one—that is, without violating at least one of
the constraints.

The solution in Figure 3.7 is typical of solutions to optimization models in the follow-
ing sense. Of all the inequality constraints, some are satisfied exactly and others are not. In
this solution the XP maximum sales and assembling labor constraints are met exactly. We
say that they are binding. However, the Basic maximum sales and testing labor constraints
are nonbinding. For these nonbinding constraints, the differences between the two sides of
the inequalities are called slack.” You can think of the binding constraints as bottlenecks.
They are the constraints that prevent the objective from being improved. If it were not for
the binding constraints on maximum sales and labor, PC Tech could obtain an even larger
net profit.

An inequality constraint is binding if the solution makes it an equality. Otherwise, it is
nonbinding, and the positive difference between the two sides of the constraint is
called the slack.

7Some analysts use the term slack only for = constraints and the term surplus for = constraints. We refer to both
of these as slack—the absolute difference between the two sides of the constraint.
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In a typical optimal solution, you should usually pay particular attention to two aspects of
the solution. First, you should check which of the changing cells are positive (as opposed
to 0). Generically, these are the “activities” that are done at a positive level. In a product
mix model, they are the products included in the optimal mix. Second, you should check
which of the constraints are binding. Again, these represent the bottlenecks that keep the
objective from improving. m

FUNDAMENTAL INSIGHT

Binding and Nonbinding Constraints A typical constraint is on the a vailability of a
resource. If such a constraint is binding, the objective
could typicall y impr ove b y ha ving mor e of that
resource. But if such a r esource constraint is non-
binding, more of that r esource would not impr ove
the objective at all.

Most optimization models contain constraints
expressed as inequalities. In an optimal solution, each
such constraint is either binding (holds as an equal-
ity) or nonbinding. It is extremely important to iden-
tify the binding constraints because the y ar e the
constraints that prevent the objective from improving.

3.4 SENSITIVITY ANALYSIS

Indeed, many analysts ~ Having found the optimal solution, it might appear that the analysis is complete. But in real
view the “finished” LP applications the solution to a single model is hardly ever the end of the analysis. It is
gqoc;zf’f:f jls:zrrtt;”f . almost always useful to perform a sensitivity analysis to see how (or if) the optimal solu-
what-if questions. We tion changes as one or more inputs vary. We illustrate systematic ways of doing so in this
agree. section. Actually, we discuss two approaches. The first uses an optional sensitivity report

that Solver offers. The second uses an add-in called SolverTable that one of the authors

(Albright) developed.

3.4.1 Solver’s Sensitivity Report

When you run Solver, the dialog box in Figure 3.6 offers you the option to obtain a sensi-
tivity report.® This report is based on a well-established theory of sensitivity analysis in opti-
mization models, especially LP models. This theory was developed around algebraic
models that are arranged in a “standardized” format. Essentially, all such algebraic models
look alike, so the same type of sensitivity report applies to all of them. Specifically, they
have an objective function of the form ¢ x; +--- + ¢ o where 7 is the number of decision
variables, the cs are constants, and the xs are the decision variables, and each constraint can
be expressedasax; +---+ax, = bax, +---+ax, = borax +---+ax,=b,
where the as and bs are constants. Solver’s sensitivity report performs two types of sensi-
tivity analysis: (1) on the coefficients of the objective, the cs, and (2) on the right sides of the
constraints, the bs.

8]t also offers Answer and Limits reports. We don’t find these particularly useful, so we will not discuss them
here.
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We illustrate the typical analysis by looking at the sensitivity report for PC Tech’s product
mix model in Example 3.1. For convenience, the algebraic model is repeated here.

Maximize 80x, + 129x,
subject to:
5x, + 6x, = 10000
x, + 2x, = 3000
x; = 600
x, = 1200
X, X, =0

On this Solver run, a sensitivity report is requested in Solver’s final dialog box. (See Figure
3.6.) The sensitivity report appears on a new worksheet, as shown in Figure 3.8.7 It con-
tains two sections. The top section is for sensitivity to changes in the two coefficients, 80
and 129, of the decision variables in the objective. Each row in this section indicates how
the optimal solution changes if one of these coefficients changes. The bottom section is for
the sensitivity to changes in the right sides, 10000 and 3000, of the labor constraints. Each
row of this section indicates how the optimal solution changes if one of these availabilities
changes. (The maximum sales constraints represent a special kind of constraint—upper
bounds on the changing cells. Upper bound constraints are handled in a special way in the
Solver sensitivity report, as described shortly.)

Figure 3.8

Solver Sensitivity Results

Al B | C | o | € F G H
6 |Variable Cells
7 Final Reduced Objective  Allowable Allowable
8 Cell Name Value Cost Coefficient Increase Decrease
9 SBS$16 Number to produce Basic 560 0 80 27.5 80
10 SC$16 Number to produce XP 1200 33 129 1E+30 33
11
12 [Constraints
13 Final Shadow Constraint Allowable Allowable
14 Cell Name Value Price R.H. Side Increase Decrease
15 SBS21 Labor availability for assembling Used 10000 16 10000 200 2800
16 SBS$22 Labor availability for testing Used 2960 0 3000 1E+30 40

Now let’s look at the specific numbers and their interpretation. In the first row of the
top section, the allowable increase and allowable decrease indicate how much the coeffi-
cient of profit margin for Basics in the objective, currently 80, could change before the
optimal product mix would change. If the coefficient of Basics stays within this allowable
range, from 0 (decrease of 80) to 107.5 (increase of 27.5), the optimal product mix—the
set of values in the changing cells—does not change at all. However, outside of these lim-
its, the optimal mix between Basics and XPs might change.

91f your table looks different from ours, make sure you chose the Simplex LP method (or checked Assume Linear
Model in pre-2010 versions of Solver). Otherwise, Solver uses a nonlinear algorithm and produces a different
type of sensitivity report.
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To see what this implies, change the selling price in cell B11 from 300 to 299, so that
the profit margin for Basics decreases to $79. This change is well within the allowable
decrease of 80. If you rerun Solver, you will obtain the same values in the changing cells,
although the objective value will decrease. Next, change the value in cell B11 to 330. This
time, the profit margin for Basics increases by 30 from its original value of $300. This
change is outside the allowable increase, so the solution might change. If you rerun Solver,
you will indeed see a change—the company now produces 600 Basics and fewer than
1200 XPs.

The reduced costs in the second column indicate, in general, how much the objective
coefficient of a decision variable that is currently O or at its upper bound must change
before that variable changes (becomes positive or decreases from its upper bound). The
interesting variable in this case is the number of XPs, currently at its upper bound of 1200.
The reduced cost for this variable is 33, meaning that the number of XPs will stay at 1200
unless the profit margin for XPs decreases by at least $33. Try it. Starting with the original
inputs, change the selling price for XPs to $420, a change of less than $33. If you rerun
Solver, you will find that the optimal plan still calls for 1200 XPs. Then change the selling
price to $410, a change of more than $33 from the original value. After rerunning Solver,
you will find that fewer than 1200 XPs are in the optimal mix.

The reduced cost for any decision variable with value O in the optimal solution
indicates how much better that coefficient must be before that variable enters at a
positive level. The reduced cost for any decision variable at its upper bound in the
optimal solution indicates how much worse its coefficient must be before it will
decrease from its upper bound. The reduced cost for any variable between 0 and its
upper bound in the optimal solution is irrelevant.

Now turn to the bottom section of the report in Figure 3.8. Each row in this section
corresponds to a constraint, although upper bound constraints on changing cells are omit-
ted in this section. To have this part of the report make economic sense, the model should
be developed as has been done here, where the right side of each constraint is a numeric
constant (not a formula). Then the report indicates how much these right-side constants
can change before the optimal solution changes. To understand this more fully, the concept
of a shadow price is required. A shadow price indicates the change in the objective when
a right-side constant changes.

The term shadow price is an economic term. It indicates the change in the optimal
value of the objective when the right side of some constraint changes by one unit.

A shadow price is reported for each constraint. For example, the shadow price for the
assembling labor constraint is 16. This means that if the right side of this constraint
increases by one hour, from 10000 to 10001, the optimal value of the objective will
increase by $16. It works in the other direction as well. If the right side of this constraint
decreases by one hour, from 10000 to 9999, the optimal value of the objective will
decrease by $16. However, as the right side continues to increase or decrease, this $16
change in the objective might not continue. This is where the reported allowable increase
and allowable decrease are relevant. As long as the right side increases or decreases within
its allowable limits, the same shadow price of 16 still applies. Beyond these limits, how-
ever, a different shadow price might apply.

3.4 Sensitivity Analysis 85

Copyright 2011 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



You can prove this for yourself. First, increase the right side of the assembling labor
constraint by 200 (exactly the allowable increase), from 10000 to 10200, and rerun Solver.
(Don’t forget to reset other inputs to their original values.) You will see that the objective
indeed increases by 16(200)=$3200, from $199,600 to $202,800. Now increase this right
side by one more hour, from 10200 to 10201 and rerun Solver. You will observe that the
objective doesn’t increase at all. This means that the shadow price beyond 10200 is /ess
than 16; in fact, it is zero. This is typical. When a right side increases beyond its allowable
increase, the new shadow price is typically less than the original shadow price (although it
doesn’t always fall to zero, as in this example).

FUNDAMENTAL INSIGHT

Resouice Availability and Shade Prices ically a decreasing marginal eff ect: As the compan y
owns more and more of the resource, the shadow
price tends to decr ease. This is usuall y because
other constraints become binding, which causes
extra units of this resource to be less useful (or not
useful at all).

If a r esource constraint is binding in the optimal

solution, the company is willing to pay up to some
amount, the shadow price, to obtain mor e of the
resource. This is because the objective improves by
having more of the resource. However, there is typ-

The idea is that a constraint “costs” the company by keeping the objective from being better
than it would be. A shadow price indicates how much the company would be willing to pay (in
units of the objective) to “relax” a constraint. In this example, the company would be willing to
pay $16 for each extra assembling hour. This is because such a change would increase the net
profit by $16. But beyond a certain point—200 hours in this example—further relaxation of the
constraint does no good, and the company is not willing to pay for any further increases.

The constraint on testing hours is slightly different. It has a shadow price of zero. In
fact, the shadow price for a nonbinding constraint is always zero, which makes sense. If the
right side of this constraint is changed from 3000 to 3001, nothing at all happens to the
optimal product mix or the objective value; there is just one more unneeded testing hour.
However, the allowable decrease of 40 indicates that something does change when the
right side reaches 2960. At this point, the constraint becomes binding—the testing hours
used equal the testing hours available—and beyond this, the optimal product mix starts to
change. By the way, the allowable increase for this constraint, shown as 1+E30, means
that it is essentially infinite. The right side of this constraint can be increased above 3000
indefinitely and absolutely nothing will change in the optimal solution.

FUNDAMENTAL INSIGHT

The Effct of Constraints on the maybe even the optimal solution, are no longer feasi-
Objectiwe ble. The opposite is true if a constraint is deleted or
an existing constraint becomes less constraining. In
this case, the objective can only improve; it can never
get worse. Again, the idea is that when a constraint
is deleted or an existing constraint becomes less
constraining, the f easible r egion expands. In this
case, all solutions that w ere feasible before are still
feasible, and there are some ad ditional feasible solu-
tions available.

If a constraint is ad ded or an existing constraint
becomes mor e constraining (f or example , less of
some resource is available), the objective can only get
worse; it can ne ver impr ove. The easiest wa y to
understand this is to think of the f  easible r egion.
When a constraint is added or an existing constraint
becomes mor e constraining, the f easible r egion
shrinks, so some solutions that w ere feasible before,
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Solver’s sensitivity
report is almost
impossible to unravel
for some models. In
these cases Solver
Table is preferable
because of its easily
interpreted results.

We chose the input
range from 350 to
550 in increments of
25 fairly arbitrarily.
You can choose any
desired range of input
values.

3.4.2 SolverTable Add-In

The reason Solver’s sensitivity report makes sense for the product mix model is that the
spreadsheet model is virtually a direct translation of a standard algebraic model.
Unfortunately, given the flexibility of spreadsheets, this is not always the case. We have
seen many perfectly good spreadsheet models—and have developed many ourselves—that
are structured quite differently from their standard algebraic-model counterparts. In these
cases, we have found Solver’s sensitivity report to be more confusing than useful.
Therefore, Albright developed an Excel add-in called SolverTable. SolverTable allows
you to ask sensitivity questions about any of the input variables, not just coefficients of the
objective and right sides of constraints, and it provides straightforward answers.

The SolverTable add-in is on this book’s essential resource Web site.!? To install it,
simply copy the SolverTable files to a folder on your hard drive. These files include the
add-in itself (the .xlam file) and the online help files. To load SolverTable, you can proceed
in one of two ways:

1. Open the SolverTable.xlam file just as you open any other Excel file.

2. Go to the add-ins list in Excel (click on the Office button, then Excel Options, then
Add-Ins, then Go) and check the SolverTable item. If it isn’t in the list, Browse for
the SolverTable.xlam file.

The advantage of the second option is that if SolverTable is checked in the add-ins list, it
will automatically open every time you open Excel, at least until you uncheck its item in
the list.

The SolverTable add-in was developed to mimic Excel’s built-in data table tool.
Recall that data tables allow you to vary one or two inputs in a spreadsheet model and see
instantaneously how selected outputs change. SolverTable is similar except that it runs
Solver for every new input (or pair of inputs), and the newest version also provides auto-
matic charts of the results. There are two ways it can be used.

1. One-way table. A one-way table means that there is a single input cell and any num-
ber of output cells. That is, there can be a single output cell or multiple output cells.

2. Two-way table. A two-way table means that there are fwo input cells and one or
more output cells. (You might recall that an Excel two-way data table allows only
one output. SolverTable allows more than one. It creates a separate table for each
output as a function of the two inputs.)

We illustrate some of the possibilities for the product mix example. Specifically, we check
how sensitive the optimal production plan and net profit are to (1) changes in the selling
price of XPs, (2) the number of labor hours of both types available, and (3) the maximum
sales of the two models.

We assume that the model has been formulated and optimized, as shown in Figure 3.7,
and that the SolverTable add-in has been loaded. To run SolverTable, click on the Run
SolverTable button on the SolverTable ribbon. You will be asked whether there is a Solver
model on the active sheet. (Note that the active sheet at this point should be the sheet con-
taining the model. If it isn’t, click on Cancel and then activate this sheet.) You are then
given the choice between a one-way or a two-way table. For the first sensitivity question,
choose the one-way option. You will see the dialog box in Figure 3.9. For the sensitivity
analysis on the XP selling price, fill it in as shown. Note that ranges can be entered as cell
addresses or range names. Also, multiple ranges in the Outputs box should be separated by
commas.

107t is also available from the Free Downloads link on the authors” Web site at www.kelley.iu.edu/albrightbooks.
Actually, there are several versions of SolverTable available, each for a particular version of Solver. The one
described in the text is for Solver in Excel 2007 or 2010. This Web site contains more information about these
versions, as well as possible updates to SolverTable.
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P

Figure 3.9 Parameters for oneway table

SolverTable One-
Way Dialog Box Specify the Following information about the input

ko be varied and the outputs to be captured, : :
Zancel |

Input cell; I FCF11 _;_l

(Optional) Descriptive

Raine FOF Ik I Selling Price ®P

— Yalues of input ko use For kable

¥ Base input values on Following:
Mimirmum value: 350

Maximurn value: 550

Increment: I25

" Use the values from the Following range:

Input value range: I ;I

" Use the values below {separate with commas)

Input walues: I

Qukput cellis): |$B$16:4C516,§D425 =

Mote about specifying output cells: The safest way to select mulkiple
aukput cells ar ranges is b puk your Finger on the Chrl key and then
drag as many output cell ranges as you like, This will automatically insert
commas between the ranges vou select,

A | B | ¢ | b | E F G
1 |Oneway analysis for Solver model in Model worksheet

Selling Price XP (cell $C$11) values along side, output cell(s) along top

Figure 3.10

SolverTable Results
for Varying XP Price

1
2

produce
produce

Number_to_
Number_to_
Total_profit

$350 600| 1166.667 $81,833
$375 600| 1166.667| $111,000
$400 600| 1166.667 $140,167
$425 560 1200| $169,600
$450 560 1200, $199,600
$475 560 1200, $229,600
$500 560 1200, $259,600
12 $525 560 1200, $289,600
13 $550 560 1200/ $319,600

o =
,_.ouooo|\1mu-|.l>
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Excel Tip: Selecting Multiple Ranges

If you need to select multiple output mnges, the trick is to keep your finger on the Ctrl key as
you drag the ranges. This automatically enters the separating comma(s) for you. Actually,
the same trick works for selecting multiple changing cell ranges in Solver’s dialog box.

When you click on OK, Solver solves a separate optimization problem for each of the
nine rows of the table and then reports the requested outputs (number produced and net
profit) in the table, as shown in Figure 3.10. It can take a while, depending on the speed of
your computer and the complexity of the model, but everything is automatic. However, if
you want to update this table—by using different XP selling prices in column A,
for example—you must repeat the procedure. Note that if the requested outputs are
included in named ranges, the range names are used in the SolverTable headings. For
example, the label Number_to_produce_1 indicates that this output is the first cell in the
Number_to_produce range. The label Total_profit indicates that this output is the only cell
in the Total_profit range. (If a requested output is not part of a named range, its cell address
is used as the label in the SolverTable results.)

Figure 3.11
Associated
SolverTable Chart
for Net Profit

K | L M N 0 P Q R
3 |Data for chart
When you select an output address from
the dropdown list in cell $K$4, the chart
will adapt to that output.
%
%
©
4 i
5 | 81833.33
6 111000
7 | 140166.7
8 169600
9 199600
10 229600
11 259600
12 289600
13 319600
14
15
16 Sensitivity of Total_profit to Selling Price XP
17 350000
181 300000 i

19 /
250000

21| 200000 /

22| 150000

24| 100000 1=
25 50000
26 0

T T T T T T T T 1
27 $350 $375 $400 $425 $450 $475 $500 $525 $550
28 Selling Price XP ($C$11)
29
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The outputs in this table show that when the selling price of XPs is relatively low, the
company should make as many Basics as it can sell and a few less XPs, but when the sell-
ing price is relatively high, the company should do the opposite. Also, the net profit
increases steadily through this range. You can calculate these changes (which are not part
of the SolverTable output) in column E. The increase in net profit per every extra $25 in
XP selling price is close to, but not always exactly equal to, $30,000.

SolverTable also produces the chart in Figure 3.11. There is a dropdown list in cell K4
where you can choose any of the SolverTable outputs. (We selected the net profit, cell
D25.) The chart then shows the data for that column from the table in Figure 3.10. Here
there is a steady increase (slope about $30,000) in net profit as the XP selling price
increases.

The second sensitivity question asks you to vary two inputs, the two labor availabili-
ties, simultaneously. This requires a two-way SolverTable, so fill in the SolverTable dialog
box as shown in Figure 3.12. Here two inputs and two input ranges are specified, and mul-
tiple output cells are again allowed. An output table is generated for each of the output
cells, as shown in Figure 3.13. For example, the top table shows how the optimal number
of Basics varies as the two labor availabilities vary. Comparing the columns of this top
table, it is apparent that the optimal number of Basics becomes increasingly sensitive to the
available assembling hours as the number of available testing hours increases. The
SolverTable output also includes two charts (not shown here) that let you graph any row or
any column of any of these tables.

The third sensitivity question, involving maximum sales of the two models, reveals the
flexibility of SolverTable. Instead of letting these two inputs vary independently in a two-
way SolverTable, it is possible to let both of them vary according to a single percentage
change. For example, if this percentage change is 10%, both maximum sales increase by

FigUI‘E 3.12 Parameters for twoway table
SolverTable Two- Specify the Following information about the inputs to be varied and the outputs ko be
Way Dialog Box captured, Inputl will be put along the left side of the table, input2 along the top.
Inputt cells I$D$21 ;l InputZ celll  [4pgzz 3

{Optional) Descriptive
name for inputZ:

{Optional) Descriptive

narme For inpukl ; | Testing hours

I Assembling hours

— ¥alues of inputl to use for table ———————————— — Yalues of inpukZ bo use for table
' Base input values on Following: (# Base input values on Following:
Minirumn value! |BDDD Tlinimum value: IZDDD
Maxirnurm value! |12DDD Maximunn value: ISDDD
Increment: 500 Increment: 500
™ Use the values from the Following range: " Use the values from the Following range:
Input value range: I ;I Input value range: I ;I
™ Use the values below (separate with commas) " Use the values below (separate with commas)
Input values; | Input values; |
Output cells);  |Model $B$16:4C16,Model $D$25 =

Mote about specifying output cells: The safest way to select multiple output
cells or ranges is to put wour finger on the Ctrl key and then drag as many
oukput cell ranges as vou like. This will automatically insert commas between
the ranges wou select.
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Figure 3.13
Two-Way SolverTable Results

A

| B

| ¢

D

|

| F

G H |

=
|Hokooo\||mm.b

12

13

14

15

16
17

18

19

20

21
22

23

24

25

26
27

28

29

30

31
32

33

34

35

Assembling hours (cell $D$21) values along side, Testing hours (cell $D$22) values along top, output cell in corner

Number_to_produce_1
8000

8500

9000

9500

10000

10500

11000

11500

12000

Number_to_produce_2
8000

8500

9000

9500

10000

10500

11000

11500

12000

Total_profit
8000

8500

9000

9500
10000
10500
11000
11500
12000

2000 2500 3000 3500 4000 4500 5000

600 250 160 160 160 160 160

600 500 260 260 260 260 260

600 600 360 360 360 360 360

600 600 460 460 460 460 460

600 600 560 560 560 560 560

600 600 600 600 600 600 600

600 600 600 600 600 600 600

600 600 600 600 600 600 600

600 600 600 600 600 600 600

2000 2500 3000 3500 4000 4500 5000

700 1125 1200 1200 1200 1200 1200

700 1000 1200 1200 1200 1200 1200

700 950 1200 1200 1200 1200 1200

700 950 1200 1200 1200 1200 1200

700 950 1200 1200 1200 1200 1200

700 950 1200 1200 1200 1200 1200

700 950 1200 1200 1200 1200 1200

700 950 1200 1200 1200 1200 1200

700 950 1200 1200 1200 1200 1200

2000 2500 3000 3500 4000 4500 5000
$138,300 $165,125 $167,600 $167,600 $167,600 $167,600 $167,600
$138,300 $169,000 $175,600 $175,600 $175,600 $175,600 $175,600
$138,300 $170,550 $183,600 $183,600 $183,600 $183,600 $183,600
$138,300 $170,550 $191,600 $191,600 $191,600 $191,600 $191,600
$138,300 $170,550 $199,600 $199,600 $199,600 $199,600 $199,600
$138,300 $170,550 $202,800 $202,800 $202,800 $202,800 $202,800
$138,300 $170,550 $202,800 $202,800 $202,800 $202,800 $202,800
$138,300 $170,550 $202,800 $202,800 $202,800 $202,800 $202,800
$138,300 $170,550 $202,800 $202,800 $202,800 $202,800 $202,800
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10%. The trick is to modify the model so that one percentage-change cell drives changes in
both maximum sales. The modified model appears in Figure 3.14. Starting with the origi-
nal model, enter the original values, 600 and 1200, in new cells, E18 and F18. (Do not
copy the range B18:C18 to E18:F18. This would make the right side of the constraint

3.4 Sensitivity Analysis




Figure 3.14
Modified Model for Simultaneous Changes

A | B | ¢ D E F G H
| 1 [Assembling and testing computers
2
z Cost per labor hour assembling $11
| 4 |Cost per labor hour testing S15
5
z Inputs for assembling and testing a computer
7 Basic XP
z Labor hours for assembly 5 6
| 9 |Labor hours for testing 1 2
| 10 |Cost of component parts $150 $225
11 |Selling price $300 $450
12 |unit margin S80 $129
13
14 |Assembling, testing plan (# of computers)
E Basic XP
16 |Number to produce 560 1200
E <= <= Original values % change in both
18 |[Maximum sales 600 1200 600 1200 0%
[19]
E Constraints (hours per month) Hours used Hours available
21 [Labor availability for assembling 10000 <= 10000
z Labor availability for testing 2960 <= 3000
| 23
24 [Net profit ($ this month) Basic XP Total
| 25 $44,800 $154,800 $199,600

E18:F18, which is not the desired behavior.) Then enter any percentage change in cell G18.
Finally, enter the formula

=E18*(1+$G$18)

in cell B18 and copy it to cell C18. Now a one-way SolverTable can be used with the per-
centage change in cell G18 to drive two different inputs simultaneously. Specifically, the
SolverTable dialog box should be set up as in Figure 3.15, with the corresponding results
in Figure 3.16.

You should always scan these sensitivity results to see if they make sense. For exam-
ple, if the company can sell 20% or 30% more of both models, it makes no more profit than
if it can sell only 10% more. The reason is labor availability. By this point, there isn’t
enough labor to produce the increased demand.

It is always possible to run a sensitivity analysis by changing inputs manually in the
spreadsheet model and rerunning Solver. The advantages of SolverTable, however, are that
it enables you to perform a systematic sensitivity analysis for any selected inputs and out-
puts, and it keeps track of the results in a table and associated chart(s). You will see other
applications of this useful add-in later in this chapter and in the next few chapters.

3.4.3 Comparison of Solver’s Sensitivity Report and SolverTable

Sensitivity analysis in optimization models is extremely important, so it is important that
you understand the pros and cons of the two tools in this section. Here are some points to
keep in mind.
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Figure 3.15

-

Parameters for cneway table

SolverTable One- B
Way Dialog Box Specify the Fallowing information about the input ;
to be varied and the outputs ko be captured.
Cancel |
Input cell; I $a418 _;_l
(Optional) Descripkive :
e I % change in max sales
— Yalues of input ko use For kable
{* Base input values on Following:
Mimirmum value: |-|:|.3
Maximurm value: ID'3
Increment: i':' 1
" Use the values from the Following range:
Input value range: I ;I
" Use the values below {separate with commas)
Input walues: I
Cutput cellis): |$B$16:$C$16,$D$25 ___!
Mote about specifying output cells: The safest way to select mulkiple
output cells or ranges is ko put wvour finger on the Ckrl key and then
drag as many output cell ranges as you like, This will automatically insert
commas between the ranges vou select,
L -y
Figure 3.16 A B [ ¢ [ o E [ F [ G
e . 3 |% change in max sales (cell $G$18) values along side, output cell(s) along top
Sensitivity to - ~
Percentage Change 8l 8I
in Maximum Sales 3 3
o °
o o
2 2 £
(V] (7] o
£ £ 7 =
- %3
4 = = 2 a2
5 -30% 420 840 $141,960 $80
6 -20% 480 960 $162,240 $80
7 -10% 540 1080| $182,520 $80
8 0% 560 1200| $199,600 $80
9 10% 500 1250| $201,250 $80
10 20% 500 1250| $201,250 $80
11 30% 500 1250| $201,250 $80
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®  Solver’s sensitivity report focuses only on the coefficients of the objective and
the right sides of the constraints. SolverTable allows you to vary any of the
inputs.

®  Solver’s sensitivity report provides very useful information through its reduced costs,
shadow prices, and allowable increases and decreases. This same information can be
obtained with SolverTable, but it requires a bit more work and some experimentation
with the appropriate input ranges.

®  Solver’s sensitivity report is based on changing only one objective coefficient or one
right side at a time. This one-at-a-time restriction prevents you from answering
certain questions directly. SolverTable is much more flexible in this respect.

®  Solver’s sensitivity report is based on a well-established mathematical theory of
sensitivity analysis in linear programming. If you lack this mathematical
background—as many users do—the outputs can be difficult to understand,
especially for somewhat nonstandard spreadsheet formulations. In contrast,
SolverTable’s outputs are straightforward. You can vary one or two inputs and see
directly how the optimal solution changes.

®  Solver’s sensitivity report is not even available for integer-constrained models, and
its interpretation for nonlinear models is more difficult than for linear models.
SolverTable’s outputs have the same interpretation for any type of optimization
model.

®  Solver’s sensitivity report comes with Excel. SolverTable is a separate add-in that is
not included with Excel—but it is included with this book and is freely available from
the Free Downloads link at the authors’ Web site, www.kelley.iu.edu/albrightbooks.
Because the SolverTable software essentially automates Solver, which has a number
of its own idiosyncrasies, some users have had problems with SolverTable on their
PCs. We have tried to document these on our Web site, and we are hoping that the
revised Solver in Excel 2010 helps to alleviate these problems.

In summary, each of these tools can be used to answer certain questions. We tend to favor
SolverTable because of its flexibility, but in the optimization examples in this chapter
and the next few chapters we will illustrate both tools to show how each can provide useful
information.

3.5 PROPERTIES OF LINEAR MODELS

Linear programming is an important subset of a larger class of models called mathemati-
cal programming models.!! All such models select the levels of various activities that can
be performed, subject to a set of constraints, to maximize or minimize an objective such as
total profit or total cost. In PC Tech’s product mix example, the activities are the numbers
of PCs to produce, and the purpose of the model is to find the levels of these activities that
maximize the total net profit subject to specified constraints.

In terms of this general setup—selecting the optimal levels of activities—there are
three important properties that LP models possess that distinguish them from general
mathematical programming models: proportionality, additivity, and divisibility. We dis-
cuss these properties briefly in this section.

The word programming in linear programming or mathematical programming has nothing to do with com-
uter programming. It originated with the British term programme, which is essentially a plan or a schedule

p prog g g prog yap

of operations.
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3.5.1 Proportionality

Proportionality means that if the level of any activity is multiplied by a constant factor,
the contribution of this activity to the objective, or to any of the constraints in which the
activity is involved, is multiplied by the same factor. For example, suppose that the pro-
duction of Basics is cut from its optimal value of 560 to 280—that is, it is multiplied by
0.5. Then the amounts of labor hours from assembling and from testing Basics are both cut
in half, and the net profit contributed by Basics is also cut in half.

Proportionality is a perfectly valid assumption in the product mix model, but it is often
violated in certain types of models. For example, in various blending models used by
petroleum companies, chemical outputs vary in a nonlinear manner as chemical inputs are
varied. If a chemical input is doubled, say, the resulting chemical output is not necessarily
doubled. This type of behavior violates the proportionality property, and it takes us into the
realm of nonlinear optimization, which we discuss in Chapters 7 and 8.

3.5.2 Additivity

The additivity property implies that the sum of the contributions from the various activi-
ties to a particular constraint equals the total contribution to that constraint. For example,
if the two PC models use, respectively, 560 and 2400 testing hours (as in Figure 3.7), then
the total number used in the plan is the sum of these amounts, 2960 hours. Similarly, the
additivity property applies to the objective. That is, the value of the objective is the sum
of the contributions from the various activities. In the product mix model, the net profits
from the two PC models add up to the total net profit. The additivity property implies that
the contribution of any decision variable to the objective or to any constraint is indepen-
dent of the levels of the other decision variables.

3.5.3 Divisibility

The divisibility property simply means that both integer and noninteger levels of the activ-
ities are allowed. In the product mix model, we got integer values in the optimal solution,
560 and 1200, just by luck. For slightly different inputs, they could easily have been frac-
tional values. In general, if you want the levels of some activities to be integer values, there
are two possible approaches: (1) You can solve the LP model without integer constraints,
and if the solution turns out to have fractional values, you can attempt to round them to
integer values; or (2) you can explicitly constrain certain changing cells to contain integer
values. The latter approach, however, takes you into the realm of integer programming,
which we study in Chapter 6. At this point, we simply state that integer problems are much
more difficult to solve than problems without integer constraints.

3.5.4 Discussion of Linear Properties

The previous discussion of these three properties, especially proportionality and additivity, is
fairly abstract. How can you recognize whether a model satisfies proportionality and additivity?
This is easy if the model is described algebraically. In this case the objective must be of the form

ax; tax,t+---+ ax,

where 7 is the number of decision variables, the as are constants, and the xs are decision
variables. This expression is called a linear combination of the xs. Also, each constraint
must be equivalent to a form where the left side is a linear combination of the xs and the
right side is a constant. For example, the following is a typical linear constraint:

3x, + Tx, — 2x3 = 50
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It is not quite so easy to recognize proportionality and additivity—or the lack of them—in
a spreadsheet model, because the logic of the model is typically embedded in a series of
cell formulas. However, the ideas are the same. First, the objective cell must ultimately
(possibly through a series of formulas in intervening cells) be a sum of products of con-
stants and changing cells, where a “constant” means that it does not depend on changing
cells. Second, each side of each constraint must ultimately be either a constant or a sum of
products of constants and changing cells. This explains why linear models contain so many
SUM and SUMPRODUCT functions.

It is usually easier to recognize when a model is nof linear. Two particular situations
that lead to nonlinear models are when (1) there are products or quotients of expressions
involving changing cells or (2) there are nonlinear functions, such as squares, square roots,
or logarithms, that involve changing cells. These are typically easy to spot, and they guar-
antee that the model is nonlinear.

Real-life problems are Whenever you model a real problem, you usually make some simplifying assumptions.
almost never exactly This is certainly the case with LP models. The world is frequently nof linear, which means
linear. However, linear that an entirely realistic model typically violates some or all of the three properties in this
approximations often section. However, numerous successful applications of LP have demonstrated the useful-

yield very useful

results ness of linear models, even if they are only approximations of reality. If you suspect that the

violations are serious enough to invalidate a linear model, you should use an integer or non-
linear model, as we illustrate in Chapters 6-8.

In terms of Excel’s Solver, if the model is linear—that is, if it satisfies the propor-
tionality, additivity, and divisibility properties—you should check the Simplex option
(or the Assume Linear Model option in pre-2010 versions of Excel). Then Solver uses
the simplex method, a very efficient method for a linear model, to solve the problem.
Actually, you can check the Simplex option even if the divisibility property is
violated—that is, for linear models with integer-constrained variables—but Solver then
embeds the simplex method in a more complex algorithm (branch and bound) in its
solution procedure.

3.5.5 Linear Models and Scaling!2

In some cases you might be sure that a model is linear, but when you check the Simplex
option (or the Assume Linear Model option) and then solve, you get a Solver message to
the effect that the conditions for linearity are not satisfied. This can indicate a logical error
in your formulation, so that the proportionality and additivity conditions are indeed not sat-
isfied. However, it can also indicate that Solver erroneously thinks the linearity conditions
are not satisfied, which is typically due to roundoff error in its calculations—not any error
on your part. If the latter occurs and you are convinced that the model is correct, you can
try not using the simplex method to see whether that works. If it does not, you should con-
sult your instructor. It is possible that the non-simplex algorithm employed by Solver sim-
ply cannot find the solution to your problem.

In any case, it always helps to have a well-scaled model. In a well-scaled model, all
of the numbers are roughly the same magnitude. If the model contains some very large
numbers—100,000 or more, say—and some very small numbers—0.001 or less, say—
it is poorly scaled for the methods used by Solver, and roundoff error is far more likely
to be an issue, not only in Solver’s test for linearity conditions but in all of its
algorithms.

12This section might seem overly technical. However, when you develop a model that you are sure is linear and
Solver then tells you it doesn’t satisfy the linear conditions, you will appreciate this section.
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You can decrease the
chance of getting an
incorrect “Conditions
for Assume Linear
Model are not
satisfied” message by
changing Solver’s
Precision setting.

If you believe your model is poorly scaled, there are three possible remedies. The first
is to check the Use Automatic Scaling option in Solver. (It is found by clicking on the
Options button in the main Solver dialog box.) This might help and it might not; we have
had mixed success. (Frontline Systems, the company that develops Solver, has told us that
the only drawback to checking this box is that the solution procedure can be slower.) The
second option is to redefine the units in which the various quantities are defined. Finally,
you can change the Precision setting in Solver’s Options dialog box to a larger number,
such 0.00001 or 0.0001. (The default has five zeros.)

Excel Tip: Rescaling a Model

Suppose you have a whole range of input values expressed, say, in dollars, and you would
like to reexpress them in thousands of dollars, that is, you would like to divide each value
by 1000. There is a simple copy/paste way to do this. Enter the value 1000 in some unused
cell and copy it. Then highlight the r ange you want to r escale, and from the Paste drop-
down menu, select P aste Special and then the Divide option. No formulas ar e required;
your original values ar e automatically rescaled (and you can then delete the 1000 cell).
You can use this same method to add, subtract, or multiply by a constant.

3.6 INFEASIBILITY AND UNBOUNDEDNESS

A perfectly reasonable
model can have no
feasible solutions
because of too many
constraints.

In this section we discuss two of the things that can go wrong when you invoke Solver. Both
of these might indicate that there is a mistake in the model. Therefore, because mistakes are
common in LP models, you should be aware of the error messages you might encounter.

3.6.1 Infeasibility

The first problem is infeasibility. Recall that a solution is feasible if it satisfies all of the
constraints. Among all of the feasible solutions, you are looking for the one that optimizes
the objective. However, it is possible that there are no feasible solutions to the model.
There are generally two reasons for this: (1) there is a mistake in the model (an input was
entered incorrectly, such as a = symbol instead of a =) or (2) the problem has been so con-
strained that there are no solutions left. In the former case, a careful check of the model
should find the error. In the latter case, you might need to change, or even eliminate, some
of the constraints.

To show how an infeasible problem could occur, suppose in PC Tech’s product mix
problem you change the maximum sales constraints to minimum sales constraints (and
leave everything else unchanged). That is, you change these constraints from = to =. If
Solver is then used, the message in Figure 3.17 appears, indicating that Solver cannot find
a feasible solution. The reason is clear: There is no way, given the constraints on labor
hours, that the company can produce these minimum sales values. The company’s only
choice is to set at least one of the minimum sales values lower. In general, there is no fool-
proof way to remedy the problem when a “no feasible solution” message appears. Careful
checking and rethinking are required.

3.6.2 Unboundedness

A second type of problem is unboundedness. In this case, the model has been formulated in
such a way that the objective is unbounded—that is, it can be made as large (or as small, for
minimization problems) as you like. If this occurs, you have probably entered a wrong input
or forgotten some constraints. To see how this could occur in the product mix problem,

3.6 Infeasibility and Unboundedness 97

Copyright 2011 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



L] - % 7
i Solver Result 5
Figure 3.17 alver Results - 4 i
No Feasible Solution
Message Zolver could notfind a feasible solution.
8 Reports
Feasibilite
Keep Solver Solutin Feasibility-Bounds
) Restore Original Yalues
Return to Solver Parameters Dialo
L R g [ outline Reparts
[
Ok Cancel Save Scenario..
Solver could not find a feasible solution.
‘ Solver can notfind a point forwhich all Constraints are
- satisfied.
L. iy
t ' ' [ ™y
i Solver Results M
Figure 3.18 i a s
Unbounded
Solution Message The Objective Cell values do not converge.
8 Reports
=p Solver Solution:
() Restore Original Yalues
Return to Solver Parameters Dialo
L ke g O outline Reports
1
Ok Cancel Save Scenario..
The Objective Cell values do not converge.
‘ Solver can make the Objective Cell as large {or small when
& minimizing) as itwants.

suppose that you change a// constraints to be = instead of =. Now there is no upper bound on
how much labor is available or how many PCs the company can sell. If you make this change
in the model and then use Solver, the message in Figure 3.18 appears, stating that the objective
cell does not converge. In other words, the total net profit can grow without bound.

3.6.3 Comparison of Infeasibility and Unboundedness

Infeasibility and unboundedness are quite different in a practical sense. It is quite possible
situations, if Solver for a reasonable model to have no feasible solutions. For example, the marketing depart-
informs y;u that your ment mi.ght impose several cons.traints, the production department might add some more,
model is unbounded, you  the engineering department might add even more, and so on. Together, they might
have made an error. constrain the problem so much that there are no feasible solutions left. The only way out is

Except in very rare
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to change or eliminate some of the constraints. An unboundedness problem is quite differ-
ent. There is no way a realistic model can have an unbounded solution. If you get the mes-
sage shown in Figure 3.18, then you must have made a mistake: You entered an input
incorrectly, you omitted one or more constraints, or there is a logical error in your model.

PROBLEMS

Solutions for problems whose numbers appear within a
colored box can be found in the Student Solutions Files.
Refer to this book’s preface for purchase information.

Skill-Building Problems

Other sensitivity analyses besides those discussed
could be performed on the product mix model. Use
SolverTable to perform each of the following. In each
case keep track of the values in the changing cells and
the objective cell, and discuss your findings.

a. Let the selling price for Basics vary from $220 to
$350 in increments of $10.

b. Let the labor cost per hour for assembling vary
from $5 to $20 in increments of $1.

c. Let the labor hours for testing a Basic vary from
0.5 to 3.0 in increments of 0.5.

d. Let the labor hours for assembling and testing an XP
vary independently, the first from 4.5 to 8.0 and the
second from 1.5 to 3.0, both in increments of 0.5.

2. In PC Tech’s product mix problem, assume there is
another PC model, the VXP, that the company can
produce in addition to Basics and XPs. Each VXP
requires eight hours for assembling, three hours for
testing, $275 for component parts, and sells for $560.
At most 50 VXPs can be sold.

a. Modify the spreadsheet model to include this new
product, and use Solver to find the optimal product
mix.

b. You should find that the optimal solution is not
integer-valued. If you round the values in the chang-
ing cells to the nearest integers, is the resulting
solution still feasible? If not, how might you obtain
a feasible solution that is at least close to optimal?

Continuing the previous problem, perform a sensitivity
analysis on the selling price of VXPs. Let this price
vary from $500 to $650 in increments of $10, and
keep track of the values in the changing cells and the
objective cell. Discuss your findings.

4. Again continuing Problem 2, suppose that you want to
force the optimal solution to be integers. Do this in
Solver by adding a new constraint. Select the changing
cells for the left side of the constraint, and in the
middle dropdown list, select the “int” option. How
does the optimal integer solution compare to the
optimal noninteger solution in Problem 2? Are the
changing cell values rounded versions of those in

Problem 27? Is the objective value more or less than
in Problem 2?

If all of the inputs in PC Tech’s product mix problem
are nonnegative (as they should be for any realistic
version of the problem), are there any input values
such that the resulting model has no feasible
solutions? (Refer to the graphical solution.)

There are five corner points in the feasible region

for the product mix problem. We identified the

coordinates of one of them: (560, 1200). Identify the

coordinates of the others.

a. Only one of these other corner points has positive
values for both changing cells. Discuss the changes
in the selling prices of either or both models that
would be necessary to make this corner point
optimal.

b. Two of the other corner points have one changing
cell value positive and the other zero. Discuss the
changes in the selling prices of either or both
models that would be necessary to make either of
these corner points optimal.

Skill-Extending Problems

Using the graphical solution of the product mix model

as a guide, suppose there are only 2800 testing hours
available. How do the answers to the previous problem
change? (Is the previous solution still optimal? Is it
still feasible?)

Again continuing Problem 2, perform a sensitivity
analysis where the selling prices of Basics and XPs
simultaneously change by the same percentage, but the
selling price of VXPs remains at its original value. Let
the percentage change vary from —25% to 50% in
increments of 5%, and keep track of the values in the
changing cells and the total profit. Discuss your findings.

Consider the graphical solution to the product mix
problem. Now imagine that another constraint—any
constraint—is added. Which of the following three
things are possible: (1) the feasible region shrinks;
(2) the feasible region stays the same; (3) the feasible
region expands? Which of the following three things
are possible: (1) the optimal value in objective cell
decreases; (2) the optimal value in objective cell stays
the same; (3) the optimal value in objective cell
increases? Explain your answers. Do they hold just for
this particular model, or do they hold in general?
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3.7 ALARGER PRODUCT MIX MODEL

The problem we examine in this section is a direct extension of the product mix model in
the previous section. There are two modifications. First, the company makes eight com-
puter models, not just two. Second, testing can be done on either of two lines, and these
two lines have different characteristics.

EXAMPLE 3.2 PRrRoDUCING CoMPUTERS AT PC TECH

100 Chapter 3

s in the previous example, PC Tech must decide how many of each of its computer

models to assemble and test, but there are now eight available models, not just two.
Each computer must be assembled and then tested, but there are now two lines for testing.
The first line tends to test faster, but its labor costs are slightly higher, and each line has a
certain number of hours available for testing. Any computer can be tested on either line.
The inputs for the model are same as before: (1) the hourly labor costs for assembling and
testing, (2) the required labor hours for assembling and testing any computer model,
(3) the cost of component parts for each model, (4) the selling prices for each model,
(5) the maximum sales for each model, and (6) labor availabilities. These input values are
listed in the file Product Mix 2.xlsx. As before, the company wants to determine the prod-
uct mix that maximizes its total net profit.

Objective To use LP to find the mix of computer models that maximizes total net profit
and stays within the labor hour availability and maximum sales constraints.

WHERE Do THE NuMBERS CoME FroM?

The same comments as in Example 3.1 apply here.

Solution

Table 3.2 lists the variables and constraints for this model. You must choose the number of
computers of each model to produce on each line, the sum of which cannot be larger than the
maximum that can be sold. This choice determines the labor hours of each type used and all
revenues and costs. No more labor hours can be used than are available.

Table 3.2 Variables and Constraints for Larger Product Mix Model

Input variables Hourly labor costs, labor availabilities, labor required for
each computer, costs of component parts, unit selling
prices, and maximum sales

Decision variables (changing cells)  Numbers of computer of each model to test on each line

Objective cell Total net profit

Other calculated variables Number of each computer model produced, hours of labor
used for assembling and for each line of testing

Constraints Computers produced = Maximum sales

Labor hours used = Labor hours available

It is probably not immediately obvious what the changing cells should be for this model (at
least not before you look at Table 3.2). You might think that the company simply needs to
decide how many computers of each model to produce. However, because of the two
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testing lines, this is not enough information. The company must also decide how many of
each model to test on each line. For example, suppose they decide to test 100 model 4s on
line 1 and 300 model 4s on line 2. This means they will need to assemble (and ultimately
sell) 400 model 4s. In other words, given the detailed plan of how many to test on each
line, everything else is determined. But without the detailed plan, there is not enough infor-
mation to complete the model. This is the type of reasoning you must go through to deter-
mine the appropriate changing cells for any LP model.

An Algebraic Model

We will not spell out the algebraic model for this expanded version of the product mix
model because it is so similar to the two-variable product mix model. However, we will say
that it is larger, and hence probably more intimidating. Now we need decision variables of
the form x; ;, the number of model j computers to test on line #, and the total net profit and
each labor availability constraint will include a long SUMPRODUCT formula involving
these variables. Instead of focusing on these algebraic expressions, we turn directly to the
spreadsheet model.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet in Figure 3.19 illustrates the solution procedure for PC Tech’s product
mix problem. (See the file Product Mix 2.xlsx.) The first stage is to develop the spread-
sheet model step by step.

o Inputs. Enter the various inputs in the blue ranges. Again, remember that our conven-
tion is to color all input cells blue. Enter only numbers, not formulas, in input cells. They
should always be numbers directly from the problem statement. (In this case, we supplied
them in the spreadsheet template.)

e Range names. Name the ranges indicated. According to our convention, there are
enough named ranges so that the Solver dialog box contains only range names, no cell
addresses. Of course, you can name additional ranges if you like. (Note that you can again
use the range-naming shortcut explained in the Excel tip for the previous example. That is,
you can take advantage of labels in adjacent cells, except for the Profit cell.)

e Unit mar gins. Note that two rows of these are required, one for each testing line,

because the costs of testing on the two lines are not equal. To calculate them, enter the
formula

=B$13-$B$3*B$9-$B4*B10-B$12

in cell B14 and copy it to the range B14:115.

o Changing cells. As discussed above, the changing cells are the red cells in rows 19
and 20. You do not have to enter the values shown in Figure 3.19. You can use any trial val-
ues initially; Solver will eventually find the optimal values. Note that the four values
shown in Figure 3.19 cannot be optimal because they do not satisfy all of the constraints.
Specifically, this plan uses more labor hours for assembling than are available. However,
you do not need to worry about satisfying constraints at this point; Solver will take care of
this later.

6 Labor used. Enter the formula
=SUMPRODUCT(B9:E9,Total computers_produced)

in cell B26 to calculate the number of assembling hours used. Similarly, enter the formulas

=SUMPRODUCT(B10:110,Number_tested_on_line_1)
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Figure 3.19 Larger Product Mix Model with Infeasible Solution

A B C b | E F G H [ J
1 |Assembling and testing computers
1 2|
3 |Cost per labor hour assembling S11
I Cost per labor hour testing, line 1 $19
5 |Cost per labor hour testing, line 2 $17
6 | |
| 7 [Inputs for assembling and testing a computer
| 8 | ‘ Model 1 Model2| Model3 Model4 Model5 Model6 Model7 Model8
9 |Labor hours for assembly 4 5 5 5 5.5 5.5 5.5 6
10 | Labor hours for testing, line 1 1.5 2 2 2 2.5 2.5 2.5 3
i Labor hours for testing, line 2 2 2.5 2.5 2.5 3 3 3.5 3.5
12 |Cost of component parts $150 $225 $225 $225 $250 $250 $250 $300
13 [Selling price $350 S450 $460 S470 $500 $525 $530 $600
14 ] Unit margin, tested on line 1 $128 $132 $142 $152 $142 $167 $172 $177
15 [Unit margin, tested on line 2 $122 $128 $138 $148 $139 $164 $160 $175
16 '
17 [Assembling, testing plan (# of computers)
118 | ‘ Model 1 Model2| Model3 Model4 Model5 Model6 Model7 Model8
19 |Number tested on line 1 0 0 0 0 0 500 1000 800
20 |Number tested on line 2 0 0 0 1250 0 0 0 0
21 |Total computers produced 0 0 0 1250 0 500 1000 800
22 <= <= <= <= <= <= <= <=
23 |Maximum sales 1500 1250 1250 1250 1000 1000 1000 800
i
25 |Constraints (hours per month) Hours used Hours available
E Labor availability for assembling 19300 <= 20000
27 [Labor availability for testing, line 1 6150 <= 5000
28 |Labor availability for testing, line 2 3125 <= 6000
E
| 30 [Net profit ($ per month) Model1| Model2 Model3 Model4 Model5 Model6 Model7 Model8 Totals
31 [Tested on line 1 S0 S0 S0 S0 S0 $83,500 $172,000 $141,600 $397,100
?Tested on line 2 S0 S0 S0 $184,375 N S0 Nl S0 $184,375
133 $581,475
34
| 35 [Range names used:
36 [Hours_available =Model!SD$26:5D528
z Hours_used =Model!$BS$26:5B$28
38 |Maximum_sales =Model!$BS$23:51$23
39 |Number_tested_on_line_1 =Model!$BS$19:51$19
| 40 [Number_tested_on_line_2 =Model!$B$20:51$20
| 41 |Total_computers_produced =Model!$B$21:51$21
42 |Total_profit =Model!$)$33

and

=SUMPRODUCT(B11:111,Number_tested_on_line_2)

Excel Tip: Copying formulas with range names
When you enter a r ange name in an Excel formula and then copy the formula, the r ange
name reference acts like an absolute reference. Therefore, it wouldn’t work to copy the for-
mula in cell B27 to cell B28. Howe ver, this would work if r ange names hadn’t been used.
This is one potential disadvantage of range names that you should be aware of.

in cells B27 and B28 for the labor hours used on each testing line.
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o Revenues, costs, and pr ofits. The area from row 30 down shows the summary of
monetary values. Actually, only the total profit in cell J33 is needed, but it is also useful to
calculate the net profit from each computer model on each testing line. To obtain these,
enter the formula

=B14*B19

in cell B31 and copy it to the range B31:132. Then sum these to obtain the totals in column
J. The total in cell J33 is the objective to maximize.

Experimenting with Other Solutions

Before going any further, you might want to experiment with other values in the changing
cells. However, it is a real challenge to guess the optimal solution. It is tempting to fill up
the changing cells corresponding to the largest unit margins. However, this totally ignores
their use of the scarce labor hours. If you can guess the optimal solution to this model, you
are better than we are!

USING SOLVER

The Solver dialog box should be filled out as shown in Figure 3.20. (Again, note that there are
enough named ranges so that only range names appear in this dialog box.) Except that this
model has two rows of changing cells, the Solver setup is identical to the one in Example 3.1.

Figure 3.20 [ Soiver Patameters =)

Solver Dialog Box
Set Objective! | Tokal_profit
To: @ Max ) Min (71 Walue OF: D

By Changing Yariable Cells;

: Murmber_tested_on_line_1,Mumber_tested_on_line_2

Subject ko the Constraints;

Hours_used <= Hours_available -
Total_computers_produced <= Maximum_sales

Change

Delete

Reset Al

- Load/Save

Make nconstrained Yariables Mon-Megative

(p=d
L

Select & Solving Method: :Simplex LP -B Options

Solving Method

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine For Solver problems that are
non-smooth,

Close
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You typically gain
insights into a solution
by checking which
constraints are binding
and which contain
slack.

Discussion of the Solution

When you click on Solve, you obtain the optimal solution shown in Figure 3.21. The opti-
mal plan is to produce computer models 1, 4, 6, and 7 only, some on testing line 1 and oth-
ers on testing line 2. This plan uses all of the available labor hours for assembling and
testing on line 1, but about 1800 of the testing line 2 hours are not used. Also, maximum
sales are achieved only for computer models 1, 6, and 7. This is typical of an LP solution.
Some of the constraints are met exactly—they are binding—whereas others contain a cer-
tain amount of slack. The binding constraints prevent PC Tech from earning an even higher
profit.

Figure 3.21

Optimal Solution to Larger Product Mix Model

A B C b | E F G H [ J
| 1 |Assembling and testing computers
| 2 ]
3 |Cost per labor hour assembling $11
i Cost per labor hour testing, line 1 $19
| 5 |Cost per labor hour testing, line 2 $17
6 |
7 | Inputs for assembling and testing a computer
8 ‘ Model 1‘ Model 2 Model 3| Model4 Model5 Model6 Model7 Model 8
9 [Labor hours for assembly 4 5] 5 5 5.5 5.3 5.5 6
10 [Labor hours for testing, line 1 1.5 2 2 2 2.5 2.5 2.5 3
11 |Labor hours for testing, line 2 2 2.5 2.5 2.5 3 3 35 35
E Cost of component parts $150 $225 $225 $225 $250 $250 $250 $300
| 13 |Selling price $350 $450 $460 $470 $500 $525 $530 $600
14 |Unit margin, tested on line 1 ‘ $128 $132 $142 $152 $142 $167 $172 $177
15 |Unit margin, tested on line 2 $122 $128 $138 $148 $139 $164 $160 $175
(16|
FAssembling, testing plan (# of computers)
18] ‘ Model 1| Model 2| Model3 Model4 Model5 Model6 Model7 Model8
19 |Number tested on line 1 1500 0 0 125 0 0 1000 0
20 [Number tested on line 2 0 0 0 475 0 1000 0 0
21 |Total computers produced 1500 0 0 600 0 1000 1000 0
22 <= <= <= <= <= <= <= <=
E Maximum sales 1500 1250 1250 1250 1000 1000 1000 800
| 24 |
25 [Constraints (hours per month) Hours used Hours available
| 26 | Labor availability for assembling 20000 <= 20000
1 27 | Labor availability for testing, line 1 5000 <= 5000
28 |Labor availability for testing, line 2 4187.5 <= 6000
[29]
30 |Net profit ($ per month) Model 1 Model 2| Model3 Model4 Model5 Model6 Model7 Model8 Totals
31 [Tested on line 1 $191,250 S0 S0 $19,000 S0 S0 $172,000 S0 $382,250
32 |Tested on line 2 S0 S0 S0 $70,063 S0 $163,500 S0 S0 $233,563
33 $615,813
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Excel Tip: Roundoff Error

Because of the way numbers are stored and calculated on a computer; the optimal values in
the changing cells and elsewhere can contain small oundoff errors. For example, the value
that really appears in cell E20 on one of our Excel 2007 PCs is 475.000002015897, not
exactly 475. For all practical purposes, this number can be tr eated as 475, and we have
formatted it as such in the spreadsheet. (We have been told that roundoff in Solver results
should be less of a problem in Excel 2010.)
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Sensitivity Analysis

If you want to experiment with different inputs to this problem, you can simply change the
inputs and then rerun Solver. The second time you use Solver, you do not have to specify
the objective and changing cells or the constraints. Excel remembers all of these settings
and saves them when you save the file.

You can also use SolverTable to perform a more systematic sensitivity analysis on one
or more input variables. One possibility appears in Figure 3.22, where the number of avail-
able assembling labor hours is allowed to vary from 18,000 to 25,000 in increments
of 1000, and the numbers of computers produced and profit are designated as outputs.

Figure 3.22 Sensitivity to Assembling Labor Hours

A | B | ¢ | o | € | f | @ H J
3 |Assembling labor (cell $D$26) values along side, output cell(s) along top
7 i “ N al © ™ ®
o e} o o e} e} el o
[0} (O] (O] (O] (O] (O] (O] (O]
(8] Q ) 1S ] Q ) 1S
=} =} =} =] =} =} =} =]
Ee) e} e} ° Ee} e} e} e}
o o o o e o o o
o [oX [oX o o [oX [oN o
@ @ @ @ o) @ @ @
5 5 5 5 5 5 5 5
o Q. Q. Q. [oX Q. Q. Q. =
€ £ £ £ £ £ € £ S
o (] o @] o (] o] @] —
° ) ) 2 ° ) 2 2 i
je e e = e e = = e
4 e ~ ~ ~ e ~ ~ e e
5 18000 1500 0 0 200 0 1000 1000 0 $556,813
6 19000 1500 0 0 400 0 1000 1000 0 $586,313
7 20000 1500 0 0 600 0 1000 1000 0 $615,813
8 21000 1500 0 0 800 0 1000 1000 0 $645,313
9 22000 1500 0 0 1000 0 1000 1000 0 $674,813
10 23000 1500 0 0 1200 0 1000 1000 0 $704,313
11 24000 1500 0 700 1250 0 1000 500 0 $724,750
12 25000 1500 0 1250 1250 0 1000 60 0 $727,170
13
14
15 Sensitivity of Total_profit to Assembling labor
16 800000
17 700000 ™ - * ®
18 600000 '7/‘/(
19 500000
20
400000
21
22 300000
23 200000
24 100000
25 O T T T T T T T 1
26 18000 19000 20000 21000 22000 23000 24000 25000
27 Assembling labor ($D$26)
28
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There are several ways to interpret the output from this sensitivity analysis. First, you can
look at columns B through I to see how the product mix changes as more assembling labor
hours become available. For assembling labor hours from 18,000 to 23,000, the only thing
that changes is that more model 4s are produced. Beyond 23,000, however, the company
starts to produce model 3s and produces fewer model 7s. Second, you can see how extra
labor hours add to the total profit. Note exactly what this increased profit means. For exam-
ple, when labor hours increase from 20,000 to 21,000, the model requires that the company
must pay $11 apiece for these extra hours (if it uses them). But the net effect is that profit
increases by $29,500, or $29.50 per extra hour. In other words, the labor cost increases by
$11,000 [=$11(1000)], but this is more than offset by the increase in revenue that comes
from having the extra labor hours.

As column J illustrates, it is worthwhile for the company to obtain extra assembling
labor hours, even though it has to to pay for them, because its profit increases. However,
the increase in profit per extra labor hour—the shadow price of assembling labor hours—
is not constant. In the top part of the table, it is $29.50 (per extra hour), but it then
decreases to $20.44 and then $2.42. The accompanying SolverTable chart of column J
illustrates this decreasing shadow price through its decreasing slope.

SolverTable Technical Tip: Charts and Roundoff

As SolverTable makes all of its Solver runs, it reports and then charts the values found by
Solver. These can include small roundoff errors and slightly misleading c harts. For exam-
ple, the chart in Figure 3.23 shows one possibility, where we varied the cost of testing on
line 2 and charted the assembling hours used. Throughout the range, this output value was
20,000, but because of slight roundoff (19999.9999999292 and 20000.0000003259) in two
of the cells, the chart doesn’t appear to be flat. If you see this behavior, you can change it

manually.
Figure 3.23 Sensitivity of Hours_used_1 to Testing cost 2
: . 20000
A Misleading
SolverTable Chart 20000 A

20000
20000 / \

20000 -7—0—0—0—/—\—0—0—0—0—#‘—0—%
20000

20000
20000

$10I$11I$12I$13I$14I$15I$16I$17I$18I$19I$20I$21I$22I$23I$24I$25I
Testing cost 2 ($BS5)

Finally, you can gain additional insight from Solver’s sensitivity report, shown in
Figure 3.24. However, you have to be very careful in interpreting this report. Unlike
Example 3.1, there are no upper bound (maximum sales) constraints on the changing
cells. The maximum sales constraints are on the total computers produced (row 21 of
the model), not the changing cells. Therefore, the only nonzero reduced costs in the top
part of the table are for changing cells currently at zero (not those at their upper bounds
as in the previous example). Each nonzero reduced cost indicates how much the profit
margin for this activity would have to change before this activity would be profitable.
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Also, there is a row in the bottom part of the table for each constraint, including the
maximum sales constraints. The interesting values are again the shadow prices. The
first two indicate the amount the company would pay for an extra assembling or line 1
testing labor hour. (Does the 29.5 value look familiar? Compare it to the SolverTable
results above.) The shadow prices for all binding maximum sales constraints indicate
how much more profit the company could make if it could increase its demand by one

computer of that model.

Figure 3.24 Solver’s Sensitivity Report

Al B | C [ o | E | F G H
6 |Variable Cells
71 Final Reduced Objective Allowable Allowable
IEX Cell Name Value Cost Coefficient Increase Decrease
z SBS$19 Number tested on line 1 Model 1 1500 0 127.5 1E+30 2.125
| 10| S$CS$19 Number tested on line 1 Model 2 0 -20 132 20 1E+30
11 SDS$19 Number tested on line 1 Model 3 0 -10 142 10 1E+30
Z SES19 Number tested on line 1 Model 4 125 0 152 2.833 1.7
| 13| SFS19 Number tested on line 1 Model 5 0 -25.875 142 25.875 1E+30
14 $GS$19 Number tested on line 1 Model 6 0 -2.125 167 2.125 1E+30
E SHS$19 Number tested on line 1 Model 7 1000 0 172 1E+30 4.125
| 16 | SI$19  Number tested on line 1 Model 8 0 -6.75 177 6.75 1E+30
| 17| SB$20 Number tested on line 2 Model 1 0 -2.125 122 2.125 1E+30
| 18| S$CS$20 Number tested on line 2 Model 2 0 -20 127.5 20 1E+30
19 SDS$S20 Number tested on line 2 Model 3 0 -10 137.5 10 1E+30
E SES20 Number tested on line 2 Model 4 475 0 147.5 1.136 2.083
| 21| SFS20 Number tested on line 2 Model 5 0 -23.75 138.5 23.75 1E+30
22 $GS$20 Number tested on line 2 Model 6 1000 0 163.5 1E+30 1.25
| 23] SHS20 Number tested on line 2 Model 7 0 -6.375 160 6.375 1E+30
24| '$1520 Number tested on line 2 Model 8 0 -2.5 174.5 2.5 1E+30
25
26 |Constraints
| 27] Final Shadow Constraint  Allowable Allowable
|28 Cell Name Value Price R.H. Side Increase Decrease
E SB$26 Labor availability for assembling Hours used 20000 29.5 20000 3250 2375
| 30| SBS$27 Labor availability for testing, line 1 Hours used 5000 2.25 5000 950 250
i SB$28 Labor availability for testing, line 2 Hours used 4187.5 0 6000 1E+30 1812.5
32 S$B$21 Total computers produced Model 1 1500 6.125 1500 166.667 812.5
| 33 $CS$21 Total computers produced Model 2 0 0 1250 1E+30 1250
34 S$D$21 Total computers produced Model 3 0 0 1250 1E+30 1250
E SES21 Total computers produced Model 4 600 0 1250 1E+30 650
| 36| SFS21 Total computers produced Model 5 0 0 1000 1E+30 1000
| 37 $GS$21 Total computers produced Model 6 1000 1.25 1000 431.818 590.909
38 SHS$21 Total computers produced Model 7 1000 4.125 1000 100 590.909
39| SI$21  Total computers produced Model 8 0 0 800 1E+30 800

The information in this sensitivity report is all relevant and definitely provides some
insights if studied carefully. However, this really requires you to know the exact rules
Solver uses to create this report. That is, it requires a fairly in-depth knowledge of the the-
ory behind LP sensitivity analysis, more than we have provided here. Fortunately, we
believe the same basic information—and more—can be obtained in a more intuitive way
by creating several carefully chosen SolverTable reports. m
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PROBLEMS

Skill-Building Problems

Note: All references to the product mix model in the following
problems are to the /arger product mix model in this section.

10.

12.

14.

Modify PC Tech’s product mix model so that there is
no maximum sales constraint. (This is easy to do in
the Solver dialog box. Just highlight the constraint and
click on the Delete button.) Does this make the
problem unbounded? Does it change the optimal
solution at all? Explain its effect.

In the product mix model it makes sense to change the
maximum sales constraint to a “minimum sales”
constraint, simply by changing the direction of the
inequality. Then the input values in row 23 can be
considered customer demands that must be met. Make
this change and rerun Solver. What do you find? What
do you find if you run Solver again, this time making
the values in row 23 one-quarter of their current
values?

Use SolverTable to run a sensitivity analysis on the
cost per assembling labor hour, letting it vary from $5
to $20 in increments of $1. Keep track of the
computers produced in row 21, the hours used in the
range B26:B28, and the total profit. Discuss your
findings. Are they intuitively what you expected?

Create a two-way SolverTable for the product mix
model, where total profit is the only output and the
two inputs are the testing line 1 hours and testing line
2 hours available. Let the former vary from 4000 to
6000 in increments of 500, and let the latter vary from
3000 to 5000 in increments of 500. Discuss the
changes in profit you see as you look across the
various rows of the table. Discuss the changes in profit
you see as you look down the various columns of the
table.

Model 8 has fairly high profit margins, but it isn’t
included at all in the optimal mix. Use SolverTable,

along with some experimentation on the correct range,
to find the (approximate) selling price required for
model 8 before it enters the optimal product mix.

Skill-Extending Problems

Suppose that you want to increase a// three of the

16.

17.

resource availabilities in the product mix model
simultaneously by the same percentage. You want this
percentage to vary from -25% to 50% in increments of
5%. Modify the spreadsheet model slightly so that this
sensitivity analysis can be performed with a one-way
SolverTable, using the percentage change as the single
input. Keep track of the computers produced in row
21, the hours used in the range B26:B28, and the total
profit. Discuss the results.

Some analysts complain that spreadsheet models are
difficult to resize. You can be the judge of this.
Suppose the current product mix problem is changed
so that there is an extra resource, packaging labor
hours, and two additional PC models, 9 and 10.
What additional input data are required? What
modifications are necessary in the spreadsheet
model (including range name changes)? Make up
values for any extra required input data and
incorporate these into a modified spreadsheet model.
Then optimize with Solver. Do you conclude that it
is easy to resize a spreadsheet model? (By the way,
it turns out that algebraic models are typically much
easier to resize.)

In Solver’s sensitivity report for the product mix
model, the allowable decrease for available assembling
hours is 2375. This means that something happens
when assembling hours fall to 20,000 — 2375 =
17,625. See what this means by first running Solver
with 17,626 available hours and then again with
17,624 available hours. Explain how the two solutions
compare to the original solution and to each other.

3.8 A MULTIPERIOD PRODUCTION MODEL

The product mix examples illustrate a very important type of LP model. However, LP
models come in many forms. For variety, we now present a quite different type of model
that can also be solved with LP. (In the next few chapters we provide other examples, lin-
ear and otherwise.) The distinguishing feature of the following model is that it relates deci-
sions made during several time periods. This type of problem occurs when a company
must make a decision now that will have ramifications in the future. The company does not
want to focus completely on the short run and forget about the long run.
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EXAMPLE 3.3 PrRODUCING FOOTBALLS AT PIGSKIN

he Pigskin Company produces footballs. Pigskin must decide how many footballs to pro-

duce each month. The company has decided to use a six-month planning horizon. The
forecasted monthly demands for the next six months are 10,000, 15,000, 30,000, 35,000,
25,000, and 10,000. Pigskin wants to meet these demands on time, knowing that it currently
has 5000 footballs in inventory and that it can use a given month’s production to help meet the
demand for that month. (For simplicity, we assume that production occurs during the month,
and demand occurs at the end of the month.) During each month there is enough production
capacity to produce up to 30,000 footballs, and there is enough storage capacity to store up to
10,000 footballs at the end of the month, after demand has occurred. The forecasted produc-
tion costs per football for the next six months are $12.50, $12.55, $12.70, $12.80, $12.85, and
$12.95, respectively. The holding cost per football held in inventory at the end of any month is
figured at 5% of the production cost for that month. (This cost includes the cost of storage and
also the cost of money tied up in inventory.) The selling price for footballs is not considered
relevant to the production decision because Pigskin will satisfy all customer demand exactly
when it occurs—at whatever the selling price is. Therefore, Pigskin wants to determine the
production schedule that minimizes the total production and holding costs.

Objective To use LP to find the production schedule that meets demand on time and
minimizes total production and inventory holding costs.

WHERE Do THE NuMBERS COME FroM?

The input values for this problem are not all easy to find. Here are some thoughts on where
they might be obtained. (See Figure 3.25.)

®  The initial inventory in cell B4 should be available from the company’s database sys-
tem or from a physical count.

®  The unit production costs in row 8 would probably be estimated in two steps. First,
the company might ask its cost accountants to estimate the current unit production
cost. Then it could examine historical trends in costs to estimate inflation factors for
future months.

®  The holding cost percentage in cell BS is typically difficult to determine. Depending
on the type of inventory being held, this cost can include storage and handling, rent,
property taxes, insurance, spoilage, and obsolescence. It can also include capital
costs—the cost of money that could be used for other investments.

B  The demands in row 18 are probably forecasts made by the marketing and sales
department. They might be “seat-of-the-pants” forecasts, or they might be the result
of a formal quantitative forecasting procedure as discussed in Chapter 14. Of course,
if there are already some orders on the books for future months, these are included in
the demand figures.

B The production and storage capacities in rows 14 and 22 are probably supplied by the
production department. They are based on the size of the workforce, the available
machinery, availability of raw materials, and physical space.

Solution

The variables and constraints for this model are listed in Table 3.3. There are two keys to
relating these variables. First, the months cannot be treated independently. This is because
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the ending inventory in one month is the beginning inventory for the next month. Second,
to ensure that demand is satisfied on time, the amount on hand after production in each
month must be at least as large as the demand for that month. This constraint must be
included explicitly in the model.

Table 3.3 Variables and Constraints for Production/Inventory Planning Model

Input variables Initial inventory, unit holding cost percentage, unit
production costs, forecasted demands, production and
storage capacities

Decision variables (changing cells)  Monthly production quantities

Objective cell Total cost

Other calculated variables Units on hand after production, ending inventories,
monthly production and inventory holding costs

Constraints Units on hand after production = Demand (each month)

Units produced = Production capacity (each month)
Ending inventory = Storage capacity (each month)

When you model this type of problem, you must be very specific about the timing of
events. In fact, depending on the assumptions you make, there can be a variety of potential
models. For example, when does the demand for footballs in a given month occur: at the
beginning of the month, at the end of the month, or continually throughout the month? The
same question can be asked about production in a given month. The answers to these two
questions indicate how much of the production in a given month can be used to help satisfy
the demand in that month. Also, are the maximum storage constraint and the holding cost
based on the ending inventory in a month, the average amount of inventory in a month, or
the maximum inventory in a month? Each of these possibilities is reasonable and could be
implemented.

By modifying the To simplify the model, we assume that (1) all production occurs at the beginning of
timing assumptions in the month, (2) all demand occurs affer production, so that all units produced in a month
this type of model, can be used to satisfy that month’s demand, and (3) the storage constraint and the holding

alternative—and L . . .
equally realistic— cost are based on ending inventory in a given month. (You are asked to modify these

models with very assumptions in the problems.)
different solutions .
can be obtained. An Algebralc Model

In the traditional algebraic model, the decision variables are the production quantities for the
six months, labeled P, through Pg. It is also convenient to let /; through / be the correspond-
ing end-of-month inventories (after demand has occurred).'? For example, 1 is the number of
footballs left over at the end of month 3. Therefore, the obvious constraints are on production
and inventory storage capacities: Pj. = 30000 and]j. = 10000 for 1 =j = 6.

In addition to these constraints, balance constraints that relate the Ps and Is are
necessary. In any month the inventory from the previous month plus the current production
equals the current demand plus leftover inventory. If Dj is the forecasted demand for
month j, the balance equation for month j is

hot =D

3This example illustrates a subtle difference between algebraic and spreadsheet models. It is often convenient
in algebraic models to define “decision variables,” in this case the /s, that are really determined by other
decision variables, in this case the Ps. In spreadsheet models, however, we typically define the changing cells
as the smallest set of variables that must be chosen—in this case the production quantities. Then values that are
determined by these changing cells, such as the ending inventory levels, can be calculated with spreadsheet
formulas.
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The balance equation for month 1 uses the known beginning inventory, 5000, for the previ-
ous inventory (the /,_, term). By putting all variables (Ps and /s) on the left and all known
values on the right (a standard LP convention), these balance constraints can be written as

P, — I, = 10000 — 5000
I, + P, — I, = 15000

I, + Py — I, = 30000
I+ P, — I, = 35000
I, + Py — I = 25000

I5 + Pg — I = 10000 @.1)

As usual, there are nonnegativity constraints: all Ps and /s must be nonnegative.

What about meeting demand on time? This requires that in each month the inventory
from the preceding month plus the current production must be at least as large as the cur-
rent demand. But take a look, for example, at the balance equation for month 3. By rear-
ranging it slightly, it becomes

I, =1, + P; — 30000

Now, the nonnegativity constraint on /; implies that the right side of this equation,
I, + Py — 30000, is also nonnegative. But this implies that demand in month 3 is
covered—the beginning inventory in month 3 plus month 3 production is at least 30000.
Therefore, the nonnegativity constraints on the /s automatically guarantee that all demands
will be met on time, and no other constraints are needed. Alternatively, the constraint can
be written directly as /, + P; = 30000. In words, the amount on hand after production in
month 3 must be at least as large as the demand in month 3. The spreadsheet model takes
advantage of this interpretation.

Finally, the objective to minimize is the sum of production and holding costs. It is the
sum of unit production costs multiplied by Ps, plus unit holding costs multiplied by Is.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model of Pigskin’s production problem is shown in Figure 3.25. (See the
file Production Scheduling.xlsx.) The main feature that distinguishes this model from the
product mix model is that some of the constraints, namely, the balance Equations (3.1), are
built into the spreadsheet itself by means of formulas. This means that the only changing
cells are the production quantities. The ending inventories shown in row 20 are defermined
by the production quantities and Equations (3.1). As you can see, the decision variables in
an algebraic model (the Ps and Is) are not necessarily the same as the changing cells in an
equivalent spreadsheet model. (The only changing cells in the spreadsheet model corre-
spond to the Ps.)
To develop the spreadsheet model in Figure 3.25, proceed as follows.

c Inputs. Enter the inputs in the blue cells. Again, these are all entered as numbers
directly from the problem statement. (Unlike some spreadsheet modelers who prefer to put
all inputs in the upper left corner of the spreadsheet, we enter the inputs wherever they fit
most naturally. Of course, this takes some planning before diving in.)

6 Name ranges. Name the ranges indicated. Note that all but one of these (Total_cost)
can be named easily with the range-naming shortcut, using the labels in column A.
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Figure 3.25 Production Planning Model with a Suboptimal Solution

A B [ C D E F G H
| 1 |Multiperiod production model
| 2 |
| 3 |Input data
| 4 |Initial inventory (100s) 5000
| 5 |Holding cost as % of prod cost 5%
6
| 7 |Month 1 2 3 4 5 6
| 8 [Production cost/unit $12.50 $12.55 $12.70 $12.80 $12.85 $12.95
| 9 |
| 10 |Production plan (all quantities are in 100s of footballs)
| 11 [Month 1 2 3 4 5 6
12 |Units produced 15000 15000 30000 30000 25000 10000
E <= <= <= <= <= <=
| 14 |Production capacity 30000 30000 30000 30000 30000 30000
| 15 |
16 |On hand after production 20000 25000 40000 40000 30000 15000
7 >= >= >= >= >= >=
E Demand 10000 15000 30000 35000 25000 10000
[ 19|
20 |Ending inventory 10000 10000 10000 5000 5000 5000
E <= <= <= <= <= <=
| 22 |Storage capacity 10000 10000 10000 10000 10000 10000
|23 |
| 24 |Summary of costs (all costs are in hundreds of dollars)
| 25 [Month 1 2 3 4 5 6 Totals
i Production costs $187,500.00 $188,250.00 $381,000.00 $384,000.00 $321,250.00 $129,500.00 $1,591,500.00
iHolding costs $6,250.00 $6,275.00 $6,350.00 $3,200.00 $3,212.50 $3,237.50 $28,525.00
ﬁ Totals $193,750.00 = $194,525.00 $387,350.00 $387,200.00 $324,462.50 $132,737.50 $1,620,025.00
29|
| 30 |Range names used
| 31 |Demand =Model!SBS$18:5GS$18
| 32 |Ending_inventory =Model!$B$20:5GS$20
33 |On_hand_after_production =Model!SB$16:5G$16
| 34 [Production_capacity =Model!$B$14:5GS14
| 35 |Storage_capacity =Model!$BS$22:5GS$22
| 36 |Total_Cost =ModellSHS$28
37 |Units_produced =Model!$BS$12:5GS$12

9 Production quantities. Enter any values in the range Units_produced as production
quantities. As always, you can enter values that you believe are good, maybe even optimal.
This is not crucial, however, because Solver eventually finds the optimal production
quantities.

In multiperiod o On-hand inventory. Enter the formula

problems, there is
often one formula for
the first period and a
slightly different
(copyable) formula for
all other periods.

=B4+B12

in cell B16. This calculates the first month’s on-hand inventory after production (but
before demand). Then enter the typical formula

=B20+C12

for on-hand inventory after production in month 2 in cell C16 and copy it across row 16.
o Ending inventories. Enter the formula

=B16-B18
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Figure 3.26
Solver Dialog Box
for Production
Planning Model

for ending inventory in cell B20 and copy it across row 20. This formula calculates ending
inventory in the current month as on-hand inventory before demand minus the demand in
that month.

G Production and holding costs. Enter the formula

=B8*B12

in cell B26 and copy it across to cell G26 to calculate the monthly production costs. Then
enter the formula

=$B$5*B8*B20

in cell B27 and copy it across to cell G27 to calculate the monthly holding costs. Note
that these are based on monthly ending inventories. Finally, calculate the cost totals in
column H with the SUM function.

USING SOLVER

To use Solver, fill out the main dialog box as shown in Figure 3.26. The logic behind the
constraints is straightforward. The constraints are that (1) the production quantities cannot
exceed the production capacities, (2) the on-hand inventories after production must be at
least as large as demands, and (3) ending inventories cannot exceed storage capacities.
Check the Non-Negative option, and then click on Solve.

Solver Parameters El

Set Objective: | Total_Cost

To: O Max & Min ) Value OF:

By Changing Yariable Cells:

| Units_produced

Subject ko the Constraints:

0On_hand_after_production == Demand
Ending_inventory <= Starage_capacity
Units_produced <= Production_capacity
Change

Delete

Reset all

Load)3ave

Make Unconstrained Yariables Mon-Megative

[wiy
(=
(E]

Seleck a Salving Method: Simplex LP . | Options

Solving Method

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth,

Discussion of the Solution

The optimal solution from Solver appears in Figure 3.27. The solution can be interpreted
best by comparing production quantities to demands. In month 1, Pigskin should produce
just enough to meet month 1 demand (taking into account the initial inventory of 5000). In
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month 2, it should produce 5000 more footballs than month 2 demand, and then in month
3 it should produce just enough to meet month 3 demand, while still carrying the extra
5000 footballs in inventory from month 2 production. In month 4, Pigskin should finally
use these 5000 footballs, along with the maximum production amount, 30,000, to meet
month 4 demand. Then in months 5 and 6 it should produce exactly enough to meet these
months’ demands. The total cost is $1,535,563, most of which is production cost.

Figure 3.27 Optimal Solution for Production Planning Model

A | B | C | D | E F G H
| 1 [Multiperiod production model
| 2 |
| 3 [Input data
| 4 |Initial inventory (100s) 5000
| 5 |Holding cost as % of prod cost 5%
| 6 |
| 7 [Month 1 2 3 4 5 6
| 8 [Production cost/unit $12.50 $12.55 $12.70 $12.80 $12.85 $12.95
| 9 |
| 10 |Production plan (all quantities are in 100s of footballs)
i Month 1 2 3 4 5 6
12 |Units produced 5000 20000 30000 30000 25000 10000
? <= <= <= <= <= <=
E Production capacity 30000 30000 30000 30000 30000 30000
[ 15 |
16 |On hand after production 10000 20000 35000 35000 25000 10000
E >= >= >= >= >= >=
| 18 |Demand 10000 15000 30000 35000 25000 10000
[ 19|
20 |Ending inventory 0 5000 5000 0 0 0
21| <= <= <= <= <= <=
Z Storage capacity 10000 10000 10000 10000 10000 10000
| 23 |
| 24 |Summary of costs (all costs are in hundreds of dollars)
| 25 [Month 1 2 3 4 5 6 Totals
E Production costs $62,500.00 $251,000.00 $381,000.00 $384,000.00 $321,250.00 $129,500.00 $1,529,250.00
i Holding costs $0.00 $3,137.50 $3,175.00 $0.00 $0.00 $0.00 $6,312.50
ﬁTotals $62,500.00 $254,137.50 $384,175.00 $384,000.00 $321,250.00 $129,500.00 $1,535,562.50
29|
| 30 |Range names used
31 |Demand =Model!$B$18:5G$18
32 |Ending_inventory =Model!$BS$20:5GS$20
33] On_hand_after_production =Model!$B$16:5GS16
34 | Production_capacity =Model!$B$14:5GS14
| 35 [Storage_capacity =Model!$B$22:5GS22
| 36 [Total_Cost =Model!SHS$28
37 |Units_produced =Model!$B$12:5G$12

You can often improve
your intuition by trying
to reason why Solver’s
solution is indeed
optimal.
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Could you have guessed this optimal solution? Upon reflection, it makes perfect
sense. Because the monthly holding costs are large relative to the differences in monthly
production costs, there is little incentive to produce footballs before they are needed to take
advantage of a “cheap” production month. Therefore, the Pigskin Company produces foot-
balls in the month when they are needed—when possible. The only exception to this rule is
the 20,000 footballs produced during month 2 when only 15,000 are needed. The extra
5000 footballs produced in month 2 are needed, however, to meet the month 4 demand of
35,000, because month 3 production capacity is used entirely to meet the month 3 demand.

Introduction to Optimization Modeling



Thus month 3 capacity is not available to meet the month 4 demand, and 5000 units of
month 2 capacity are used to meet the month 4 demand.

FUNDAMENTAL INSIGHT

Multiperiod Optimization Bblems and
Myopic Solutions

Many optimization pr oblems ar e of a m ultiperiod
nature, where a sequence of decisions must be made
over time.When making the first of these decisions,
the one for this week or this month, say, it is usually

make the initial decision based onl  y on the first
period, the resulting decision is called myopic (short-
sighted). Myopic decisions ar e occasionally optimal,
but not very often.The idea is that if y ou act now in
a way that looks best in the shor t run, it might lead
you do wn a strategicall y unattractiv e path f or the
long run.

best to include future decisions in the model, as has
been done her e. If y ou ignor e futur e periods and

If you want Solver
Table to keep track
of a quantity that is
not in your model,
you need to create it
with an appropriate
formula in a new cell.

Sensitivity Analysis

SolverTable can now be used to perform a number of interesting sensitivity analyses. We
illustrate two possibilities. First, note that the most inventory ever carried at the end of a
month is 5000, although the storage capacity each month is 10,000. Perhaps this is because
the holding cost percentage, 5%, is fairly large. Would more ending inventory be carried if
this holding cost percentage were lower? Or would even less be carried if it were higher?
You can check this with the SolverTable output shown in Figure 3.28. Now the single input
cell is cell B5, and the single output is the maximum ending inventory ever held, which
you can calculate in cell B31 with the formula

=MAX(Ending_inventory)

As the SolverTable results indicate, the storage capacity limit is reached only when the
holding cost percentage falls to 1%. (This output doesn’t indicate which month or how

Figure 3.28
Sensitivity of
Maximum Inventory
to Holding Cost

A | B | ¢ | b E | °F G
3 |Holding cost % (cell $BS5) values along side, output cell(s) along top
>
S
1S
(]
>
£
él
4 =
5 1% 10000
6 2% 5000
7 3% 5000
8 4% 5000
9 5% 5000
10 6% 5000
11 7% 5000
12 8% 5000
13 9% 5000
14 10% 5000
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many months the ending inventory is at the upper limit.) On the other hand, even when the
holding cost percentage reaches 10%, the company still continues to hold a maximum end-
ing inventory of 5000.

A second possible sensitivity analysis is suggested by the way the optimal production
schedule would probably be implemented. The optimal solution to Pigskin’s model speci-
fies the production level for each of the next six months. In reality, however, the company
would probably implement the model’s recommendation only for the first month. Then at
the beginning of the second month, it would gather new forecasts for the next six months,
months 2 through 7, solve a new six-month model, and again implement the model’s rec-
ommendation for the first of these months, month 2. If the company continues in this man-
ner, we say that it is following a six-month rolling planning horizon.

The question, then, is whether the assumed demands (really, forecasts) toward the end
of the planning horizon have much effect on the optimal production quantity in month 1.
You would hope not, because these forecasts could be quite inaccurate. The two-way
Solver table in Figure 3.29 shows how the optimal month 1 production quantity varies with
the forecasted demands in months 5 and 6. As you can see, if the forecasted demands for
months 5 and 6 remain fairly small, the optimal month 1 production quantity remains at
5000. This is good news. It means that the optimal production quantity in month 1 is fairly
insensitive to the possibly inaccurate forecasts for months 5 and 6.

Figure 3.29 Sensitivity of Month 1 Production to Demand in Months 5 and 6

A | 8 | ¢ | o | € [ ¢ [ e | w [ 1 T 1
3 |Month 5 demand (cell $F$18) values along side, Month 6 demand (cell $GS$18) values along top, output cell in corner

4 Units_produced_1 10000 20000 30000
z 10000 5000 5000 5000
| 6| 20000 5000 5000 5000

7 30000 5000 5000 5000

Solver’s sensitivity report for this model appears in Figure 3.30. The bottom part of
this report is fairly straightforward to interpret. The first six rows are for sensitivity to
changes in the storage capacity, whereas the last six are for sensitivity to changes in the
demand. (There are no rows for the production capacity constraints, because these are sim-
ple upper-bound constraints on the decision variables. Recall that Solver’s sensitivity
report handles this type of constraint differently from “normal” constraints.) In contrast,
the top part of the report is virtually impossible to unravel. This is because the objective
coefficients of the decision variables are each based on multiple inputs. (Each is a combi-
nation of unit production costs and the holding cost percentage.) Therefore, if you want to
know how the solution will change if you change a single unit production cost or the hold-
ing cost percentage, this report does not answer your question. This is one case where a
sensitivity analysis with SolverTable is much more straightforward and intuitive. It allows
you to change any of the model’s inputs and directly see the effects on the solution.

Modeling Issues

We assume that Pigskin uses a six-month planning horizon. Why six months? In multi-
period models such as this, the company has to make forecasts about the future, such as the
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Figure 3.30 Solver Sensitivity Report for Production Planning Model

Al B | C | b | E | F G | H
6 [Variable Cells
7 Final Reduced Objective Allowable Allowable
8 Cell Name Value Cost Coefficient Increase Decrease
9 S$BS12 Units produced 5000 0 16.318 1E+30 0.575
10 SCS12 Units produced 20000 0 15.743 0.575 0.478
11| $DS$12 Units produced 30000 -0.478 15.265 0.478 1E+30
12 SES12  Units produced 30000 -1.013 14.730 1.013 1E+30
13| S$F$12 Units produced 25000 0 14.140 1.603 0.543
14 S$GS$12 Units produced 10000 0 13.598 0.543 13.598
15
16 |Constraints
17 Final Shadow Constraint Allowable Allowable
18 Cell Name Value Price R.H. Side Increase Decrease
19| $BS16 On hand after production <= 10000 0.575 10000 10000 5000
20 SCS16 On hand after production <= 20000 0 15000 5000 1E+30
21 S$DS16 On hand after production <= 35000 0 30000 5000 1E+30
22 SES16 On hand after production <= 35000 1.603 35000 5000 5000
23| S$F$16 On hand after production <= 25000 0.543 25000 5000 20000
24 $GS$S16 On hand after production <= 10000 13.598 10000 10000 10000
25 SBS20 Ending inventory >= 0 0 10000 1E+30 10000
26| $CS$S20 Ending inventory >= 5000 0 10000 1E+30 5000
27 SDS20 Ending inventory >= 5000 0 10000 1E+30 5000
28| S$ES20 Ending inventory >= 0 0 10000 1E+30 10000
29 SF$20 Ending inventory >= 0 0 10000 1E+30 10000
30| $GS$20 Endinginventory >= 0 0 10000 1E+30 10000

PROBLEMS

level of customer demand. Therefore, the length of the planning horizon is usually the
length of time for which the company can make reasonably accurate forecasts. Here,
Pigskin evidently believes that it can forecast up to six months from now, so it uses a six-

month planning horizon. =

Skill-Building Problems

18.

(19.]

Can you guess the results of a sensitivity analysis on
the initial inventory in the Pigskin model? See if your
guess is correct by using SolverTable and allowing
the initial inventory to vary from 0 to 10,000 in
increments of 1000. Keep track of the values in the
changing cells and the objective cell.

Modify the Pigskin model so that there are eight
months in the planning horizon. You can make up
reasonable values for any extra required data. Don’t
forget to modify range names. Then modify the model

again so that there are only four months in the
planning horizon. Do either of these modifications
change the optimal production quantity in month 1?

. As indicated by the algebraic formulation of the

Pigskin model, there is no real need to calculate
inventory on hand after production and constrain it to
be greater than or equal to demand. An alternative is to
calculate ending inventory directly and constrain it to
be nonnegative. Modify the current spreadsheet model
to do this. (Delete rows 16 and 17, and calculate
ending inventory appropriately. Then add an explicit
nonnegativity constraint on ending inventory.)
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In one modification of the Pigskin problem, the

maximum storage constraint and the holding cost are
based on the average inventory (not ending inventory)
for a given month, where the average inventory is
defined as the sum of beginning inventory and ending
inventory, divided by 2, and beginning inventory is
before production or demand. Modify the Pigskin
model with this new assumption, and use Solver to
find the optimal solution. How does this change the
optimal production schedule? How does it change the
optimal total cost?

Skill-Extending Problems

22.

Modify the Pigskin spreadsheet model so that except
for month 6, demand need not be met on time. The
only requirement is that all demand be met eventually
by the end of month 6. How does this change the
optimal production schedule? How does it change the
optimal total cost?

Modify the Pigskin spreadsheet model so that demand

24.

in any of the first five months must be met no later
than a month late, whereas demand in month 6 must
be met on time. For example, the demand in month 3
can be met partly in month 3 and partly in month 4.
How does this change the optimal production
schedule? How does it change the optimal total cost?

Modify the Pigskin spreadsheet model in the following
way. Assume that the timing of demand and
production are such that only 70% of the production in
a given month can be used to satisfy the demand in
that month. The other 30% occurs too late in that
month and must be carried as inventory to help satisty
demand in later months. How does this change the
optimal production schedule? How does it change the
optimal total cost? Then use SolverTable to see how
the optimal production schedule and optimal cost vary
as the percentage of production usable for this month’s
demand (now 70%) is allowed to vary from 20% to
100% in increments of 10%.

3.9 A COMPARISON OF ALGEBRAIC AND SPREADSHEET MODELS

To this point you have seen three algebraic optimization models and three corresponding
spreadsheet models. How do they differ? If you review the two product mix examples in this
chapter, we believe you will agree that (1) the algebraic models are quite straightforward and
(2) the spreadsheet models are almost direct translations into Excel of the algebraic models.
In particular, each algebraic model has a set of xs that corresponds to the changing cell range
in the spreadsheet model. In addition, each objective and each left side of each constraint in
the spreadsheet model corresponds to a linear expression involving xs in the algebraic model.

However, the Pigskin production planning model is quite different. The spreadsheet
model includes one set of changing cells, the production quantities, and everything else is
related to these through spreadsheet formulas. In contrast, the algebraic model has two sets
of variables, the Ps for the production quantities and the /s for the ending inventories, and
together these constitute the decision variables. These two sets of variables must then be
related algebraically, and this is done through a series of balance equations.

This is a typical situation in algebraic models, where one set of variables (the produc-
tion quantities) corresponds to the real decision variables, and other sets of variables, along
with extra equations or inequalities, are introduced to capture the logic. We believe—and
this belief is reinforced by many years of teaching experience—that this extra level of
abstraction makes algebraic models much more difficult for typical users to develop and
comprehend. It is the primary reason we have decided to focus almost exclusively on
spreadsheet models in this book.

3.10 A DECISION SUPPORT SYSTEM

If your job is to develop an LP spreadsheet model to solve a problem such as Pigskin’s pro-
duction problem, then you will be considered the “expert” in LP. Many people who need to
use such models, however, are not experts. They might understand the basic ideas behind
LP and the types of problems it is intended to solve, but they will not know the details. In
this case it is useful to provide these users with a decision support system (DSS) that can
help them solve problems without having to worry about technical details.
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Figure 3.31

Explanation Sheet
for DSS

Figure 3.32

Dialog Box for
Obtaining User
Inputs

We will not teach you in this book how to build a full-scale DSS, but we will show you
what a typical DSS looks like and what it can do.!* (We consider only DSSs built around
spreadsheets. There are many other platforms for developing DSSs that we will not con-
sider.) Basically, a spreadsheet-based DSS contains a spreadsheet model of a problem,
such as the one in Figure 3.27. However, as a user, you will probably never even see this
model. Instead, you will see a front end and a back end. The front end allows you to select
input values for your particular problem. The user interface for this front end can include
several features, such as buttons, dialog boxes, toolbars, and menus—the things you are
used to seeing in Windows applications. The back end will then produce a report that
explains the solution in nontechnical terms.

We illustrate a DSS for a slight variation of the Pigskin problem in the file Decision
Support.xlsm. This file has three worksheets. When you open the file, you see the
Explanation sheet shown in Figure 3.31. It contains two buttons, one for setting up the prob-
lem (getting the user’s inputs) and one for solving the problem (running Solver). When you
click on the Set Up Problem button, you are asked for the inputs: the initial inventory, the
forecasted demands for each month, and others. An example appears in Figure 3.32. These
input boxes should be self-explanatory, so that all you need to do is enter the values you

Pigskin Production Planning

This application solves a 6-month production planning model similar to
Example 3 in the chapter. The only difference is that the production
capacity and storage capacity are allowed to vary by month. To run the
application, click on the left button to enter inputs. Then click on the
right button to run Solver and obtain a solution report.

[ Set Up Problem J [ Find Optimal J

User, Inputs

This Form allows you to enter the inputs for a 6-month planning horizon. The
inputs vou see initially are those for the model that was solved previously, Feel

free to change any of these, If you change them so that the model has no

feasible solutions, Solver will inform wou that this is the case. Cancel |
Eeginning inwenkary: IW

ot cotpocs [ 505 SIS kol cosl

Monthly values Month 1 Maonth 2 Month 3 Month 4 Iaonth 5 Month &

Unit production cost | 12,5 1265 | 1275 | 1275 | 1275 | 13

|
Production capacty | sgpon | soooo | ssoon | ssooo | 4000 | 40000
Storage capadity | 1ooo0 | toooo | toooo | aoooo | o1zsoo | 1200
Forscasteddemand | yopog | gsoo0 | soooo | ssooo | soooo | 3sooo

4For readers interested in learning more about this DSS, this textbook’s essential resource Web site includes
notes about its development in the file Developing the Decision Support A pplication.docx under Chapter 3
Example Files. If you are interested in learning more about spreadsheet DSSs in general, Albright has written
the book VBA for Modelers, now in its third edition. It contains a primer on the Visual Basic for Applications
language and presents many applications and instructions for creating DSSs with VBA.
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want to try. (To speed up the process, the inputs from the previous run are shown by
default.) After you have entered all of these inputs, you can take a look at the Model
worksheet. This sheet contains a spreadsheet model similar to the one in Figure 3.27 but
with the inputs you just entered.

Now go back to the Explanation sheet and click on the Find Optimal Solution button.
This automatically sets up the Solver dialog box and runs Solver. There are two possibili-
ties. First, it is possible that there is no feasible solution to the problem with the inputs you
entered. In this case you see a message to this effect, as in Figure 3.33. In most cases, how-
ever, the problem has a feasible solution. In this case you see the Report sheet, which sum-
marizes the optimal solution in nontechnical terms. Part of one sample output appears in
Figure 3.34.

Figure 3.33 No solution

Indication of No
Feasible Solutions 1 ": The Salver couldn't find a solution, Try a different set of inputs.
-

Figure 3.34 Monthly schedule
Optimal Solution Month 1
Report Units Dollars
Start with 5000
Produce 5000 Production cost  $62,500.00
Demand is 10000
End with 0 Holding cost $0.00
Month 2
Units Dollars
Start with 0
Produce 15000 Production cost $189,750.00
Demand is 15000
End with 0 Holding cost $0.00
Month 3
Units Dollars
Start with 0
Produce 30000 Production cost $382,500.00
Demand is 30000
End with 0 Holding cost $0.00

After studying this report, you can then click on the Solve Another Problem button,
which takes you back to the Explanation sheet so that you can solve a new problem. All of
this is done automatically with Excel macros. These macros use Microsoft’s Visual Basic
for Applications (VBA) programming language to automate various tasks. In most
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professional applications, nontechnical people need only to enter inputs and look at
reports. Therefore, the Model sheet and VBA code will most likely be hidden and pro-
tected from end users.

3.11 CONCLUSION

This chapter has provided a good start to LP modeling—and to optimization modeling in
general. You have learned how to develop three basic LP spreadsheet models, how to use
Solver to find their optimal solutions, and how to perform sensitivity analyses with Solver’s
sensitivity reports or with the SolverTable add-in. You have also learned how to recognize
whether a mathematical programming model satisfies the linear assumptions. In the next
few chapters you will see a variety of other optimization models, but the three basic steps of
model development, Solver optimization, and sensitivity analysis remain the same.

Summary of Key Terms

Term Explanation Excel Page

Linear programming An optimization model with a linear 68

model objective and linear constraints

Objective The value, such as profit, to be optimized 69
in an optimization model

Constraints Conditions that must be satisfied in 69
an optimization model

Changing cells Cells that contain the values of the Specify in Solver 69
decision variables dialog box

Objective cell Cell that contains the value Specify in 69
of the objective Solver dialog box

Nonnegativity constraints Constraints that require the decision 69

variables to be nonnegative,
usually for physical reasons

Feasible solution A solution that satisfies all of the constraints 70

Feasible region The set of all feasible solutions 70

Optimal solution The feasible solution that has 70
the best value of the objective

Solver Add-in that ships with Excel for Solver on 70
performing optimization Data ribbon

Simplex method An efficient algorithm for finding the 70

optimal solution in a linear programming model

Sensitivity analysis Seeing how the optimal solution changes 70
as various input values change

Algebraic model A model that expresses the constraints 72
and the objective algebraically

Graphical solution Shows the constraints and objective 72
graphically so that the optimal solution
can be identified; useful only when
there are two decision variables

Spreadsheet model A model that uses spreadsheet formulas 74
to express the logic of the model
Binding constraint A constraint that holds as an equality 82
(continued)
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Summary of Key Terms (Continued)

Term Explanation Excel Page
Nonbinding constraint, A constraint where there is a difference, the 82
slack slack, between the two sides of

the inequality
Solver’s sensitivity Report available from Solver that shows Available in Solver 83
report sensitivity to objective coefficients and dialog box

right sides of constraints after Solver runs
Reduced cost Amount the objective coefficient of a 85

variable currently equal to zero must change
before it is optimal for that variable to be positive
(or the amount the objective of a variable currently
at its upper bound must change before that variable
decreases from its upper bound)

Shadow price The change in the objective for a change in 85
the right side of a constraint; indicates amount
a company would pay for more of a scarce
resource

SolverTable Add-in that performs sensitivity analysis SolverTable ribbon 87
to any inputs and reports results in
tabular and graphical form

Selecting multiple ranges Useful when changing cells, e.g., are in Pressing Ctrl key, 89
noncontiguous ranges drag ranges, one
after the other

Mathematical Any optimization model, whether linear, integer, 94
programming model or nonlinear

Proportionality, Properties of optimization model that result 94
additivity, divisibility in a linear programming model

Infeasibility Condition where a model has no feasible solutions 97
Unboundedness Condition where there is no limit to the objective; 97

almost always a sign of an error in the model

Rolling planning horizon Multiperiod model where only the decision in the 116
first period is implemented, and then a new multiperiod
model is solved in succeeding periods

Decision support system User-friendly system where an end user can 118
enter inputs to a model and see outputs, but need
not be concerned with technical details

PROBLEMS

Skﬂ]_Bui]ding Problems a. Use Solver to determine a daily production plan
that minimizes the cost of meeting the company’s
A chemical company manufactures three chemicals: daily demands.
A, B, and C. These chemicals are produced via two b. Confirm graphically that the daily production plan
production processes: 1 and 2. Running process 1 for from part a minimizes the cost of meeting the
an hour costs $400 and yields 300 units of A, 100 company’s daily demands.
units of B, and 100 units of C. Running process 2 for ¢. Use SolverTable to see what happens to the
an hour costs $100 and yields 100 units of A and 100 decision variables and the total cost when the
units of B. To meet customer demands, at least 1000 hourly processing cost for process 2 increases in
units of A, 500 units of B, and 300 units of C must be increments of $0.50. How 1arge must this cost
produced daily. increase be before the decision variables change?
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26.

28.

‘What happens when it continues to increase
beyond this point?

A furniture company manufactures desks and chairs.

Each desk uses four units of wood, and each chair uses

three units of wood. A desk contributes $400 to profit,

and a chair contributes $250. Marketing restrictions

require that the number of chairs produced be at least

twice the number of desks produced. There are 2000

units of wood available.

a. Use Solver to maximize the company’s profit.

b. Confirm graphically that the solution in part a
maximizes the company’s profit.

¢. Use SolverTable to see what happens to the
decision variables and the total profit when the
availability of wood varies from 1000 to 3000 in
100-unit increments. Based on your findings, how
much would the company be willing to pay for
each extra unit of wood over its current 2000 units?
How much profit would the company lose if it lost
any of its current 2000 units?

A farmer in Iowa owns 450 acres of land. He is going to

plant each acre with wheat or corn. Each acre planted

with wheat yields $2000 profit, requires three workers,

and requires two tons of fertilizer. Each acre planted

with corn yields $3000 profit, requires two workers, and

requires four tons of fertilizer. There are currently 1000

workers and 1200 tons of fertilizer available.

a. Use Solver to help the farmer maximize the profit
from his land.

b. Confirm graphically that the solution from part a
maximizes the farmer’s profit from his land.

¢. Use SolverTable to see what happens to the
decision variables and the total profit when the
availability of fertilizer varies from 200 tons to
2200 tons in 100-ton increments. When does the
farmer discontinue producing wheat? When does
he discontinue producing corn? How does the
profit change for each 10-ton increment?

During the next four months, a customer requires,
respectively, 500, 650, 1000, and 700 units of a
commodity, and no backlogging is allowed (that is, the
customer’s requirements must be met on time).
Production costs are $50, $80, $40, and $70 per unit
during these months. The storage cost from one month
to the next is $20 per unit (assessed on ending
inventory). It is estimated that each unit on hand at the
end of month 4 can be sold for $60. Assume there is
no beginning inventory.

a. Determine how to minimize the net cost incurred in
meeting the demands for the next four months.

b. Use SolverTable to see what happens to the decision
variables and the total cost when the initial inventory
varies from 0 to 1000 in 100-unit increments. How
much lower would the total cost be if the company
started with 100 units in inventory, rather than none?

Would this same cost decrease occur for every
100-unit increase in initial inventory?

A company faces the following demands during the

30.

next three weeks: week 1, 2000 units; week 2, 1000
units; week 3, 1500 units. The unit production costs
during each week are as follows: week 1, $130; week
2, $140; week 3, $150. A holding cost of $20 per unit
is assessed against each week’s ending inventory. At
the beginning of week 1, the company has 500 units
on hand. In reality, not all goods produced during a
month can be used to meet the current month’s
demand. To model this fact, assume that only half of
the goods produced during a week can be used to meet
the current week’s demands.

a. Determine how to minimize the cost of meeting the
demand for the next three weeks.

b. Revise the model so that the demands are of the form
D, + kA, where D, is the original demand (from
above) in month #, k is a given factor, and A, is an
amount of change in month 7 demand. (The Greek
symbol delta is typically used to indicate change.)
Develop the model in such a way that you can use
SolverTable to analyze changes in the amounts
produced and the total cost when & varies from O to
10 in 1-unit increments, for any fixed values of the
As. For example, try this when A, = 200, A, = 500,
and A; = 300. Describe the behavior you observe in
the table. Can you find any reasonable A s that
induce positive production levels in week 3?

Maggie Stewart loves desserts, but due to weight and
cholesterol concerns, she has decided that she must
plan her desserts carefully. There are two possible
desserts she is considering: snack bars and ice cream.
After reading the nutrition labels on the snack bar and
ice cream packages, she learns that each serving of a
snack bar weighs 37 grams and contains 120 calories
and 5 grams of fat. Each serving of ice cream weighs
65 grams and contains 160 calories and 10 grams of
fat. Maggie will allow herself no more than 450
calories and 25 grams of fat in her daily desserts, but
because she loves desserts so much, she requires at
least 120 grams of dessert per day. Also, she assigns a
“taste index” to each gram of each dessert, where 0 is
the lowest and 100 is the highest. She assigns a taste
index of 95 to ice cream and 85 to snack bars (because
she prefers ice cream to snack bars).

a. Use Solver to find the daily dessert plan that stays
within her constraints and maximizes the total taste
index of her dessert.

b. Confirm graphically that the solution from part a
maximizes Maggie’s total taste index.

¢. Use a two-way Solver table to see how the optimal
dessert plan varies when the calories per snack bar
and per ice cream vary. Let the former vary from
80 to 200 in increments of 10, and let the latter
vary from 120 to 300 in increments of 10.
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For a telephone survey, a marketing research group
needs to contact at least 600 wives, 480 husbands, 400
single adult males, and 440 single adult females. It
costs $3 to make a daytime call and (because of higher
labor costs) $5 to make an evening call. The file
P03_31.xlsx lists the results that can be expected. For
example, 30% of all daytime calls are answered by a
wife, 15% of all evening calls are answered by a single
male, and 40% of all daytime calls are not answered at
all. Due to limited staff, at most 40% of all phone calls
can be evening calls.

a. Determine how to minimize the cost of completing
the survey.

b. Use SolverTable to investigate changes in the unit
cost of either type of call. Specifically, investigate
changes in the cost of a daytime call, with the cost
of an evening call fixed, to see when (if ever) only
daytime calls or only evening calls will be made.
Then repeat the analysis by changing the cost of an
evening call and keeping the cost of a daytime call
fixed.

A furniture company manufactures tables and chairs.

Each table and chair must be made entirely out of oak

or entirely out of pine. A total of 15,000 board feet of

oak and 21,000 board feet of pine are available. A

table requires either 17 board feet of oak or 30 board

feet of pine, and a chair requires either 5 board feet of
oak or 13 board feet of pine. Each table can be sold for
$800, and each chair for $300.

a. Determine how the company can maximize its
revenue.

b. Use SolverTable to investigate the effects of
simultaneous changes in the selling prices of the
products. Specifically, see what happens to the total
revenue when the selling prices of oak products
change by a factor 1 + k, and the selling prices of
pine products change by a factor 1 + k,. Revise
your model from the previous problem so that you
can use SolverTable to investigate changes in total
revenue as k; and k, both vary from —0.3 to 0.3 in
increments of 0.1. Can you conclude that total
revenue changes /inearly within this range?

A manufacturing company makes two products. Each
product can be made on either of two machines. The
time (in hours) required to make each product on each
machine is listed in the file P03 33.xlIsx. Each month,
500 hours of time are available on each machine. Each
month, customers are willing to buy up to the
quantities of each product at the prices also given in
the same file. The company’s goal is to maximize the
revenue obtained from selling units during the next
two months.
a. Determine how the company can meet this goal.
Assume that it will not produce any units in a
month that it cannot sell in that month.
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b. Use SolverTable to see what happens if customer
demands for each product in each month
simultaneously change by a factor 1 + k. Revise
the model so that you can use SolverTable to
investigate the effect of this change on total
revenue as k varies from —0.3 to 0.3 in increments
of 0.1. Does revenue change in a linear manner
over this range? Can you explain intuitively why it
changes in the way it does?

34. There are three factories on the Momiss River. Each

emits two types of pollutants, labeled P| and P,, into

the river. If the waste from each factory is processed,

the pollution in the river can be reduced. It costs
$1500 to process a ton of factory 1 waste, and each ton
processed reduces the amount of P by 0.10 ton and
the amount of P, by 0.45 ton. It costs $1000 to process

a ton of factory 2 waste, and each ton processed

reduces the amount of P| by 0.20 ton and the amount

of P, by 0.25 ton. It costs $2000 to process a ton of
factory 3 waste, and each ton processed reduces the
amount of P| by 0.40 ton and the amount of P, by

0.30 ton. The state wants to reduce the amount of P| in

the river by at least 30 tons and the amount of P, by at

least 40 tons.

a. Use Solver to determine how to minimize the cost
of reducing pollution by the desired amounts. Are
the LP assumptions (proportionality, additivity,
divisibility) reasonable in this problem?

b. Use SolverTable to investigate the effects of
increases in the minimal reductions required by the
state. Specifically, see what happens to the amounts
of waste processed at the three factories and the
total cost if both requirements (currently 30 and 40
tons, respectively) are increased by the same
percentage. Revise your model so that you can use
SolverTable to investigate these changes when the
percentage increase varies from 10% to 100% in
increments of 10%. Do the amounts processed at
the three factories and the total cost change in a
linear manner?

Skill-Extending Problems

35. A company manufactures two types of trucks. Each

truck must go through the painting shop and the
assembly shop. If the painting shop were completely
devoted to painting type 1 trucks, 800 per day could
be painted, whereas if the painting shop were
completely devoted to painting type 2 trucks, 700 per
day could be painted. If the assembly shop were
completely devoted to assembling truck 1 engines,
1500 per day could be assembled, whereas if the
assembly shop were completely devoted to
assembling truck 2 engines, 1200 per day could be
assembled. It is possible, however, to paint both
types of trucks in the painting shop. Similarly, it is
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possible to assemble both types in the assembly shop.
Each type 1 truck contributes $1000 to profit; each
type 2 truck contributes $1500. Use Solver to
maximize the company’s profit. (Hint: One approach,
but not the only approach, is to try a graphical
procedure first and then deduce the constraints from
the graph.)

A company manufactures mechanical heart valves
from the heart valves of pigs. Different heart
operations require valves of different sizes. The
company purchases pig valves from three different
suppliers. The cost and size mix of the valves
purchased from each supplier are given in the file
P03 36.xlsx. Each month, the company places an
order with each supplier. At least 500 large, 300
medium, and 300 small valves must be purchased each
month. Because of the limited availability of pig
valves, at most 500 valves per month can be purchased
from each supplier.
a. Use Solver to determine how the company can
minimize the cost of acquiring the needed valves.
b. Use SolverTable to investigate the effect on total
cost of increasing its minimal purchase
requirements each month. Specifically, see how the
total cost changes as the minimal purchase
requirements of large, medium, and small valves
all increase from their original values by the same
percentage. Revise your model so that SolverTable
can be used to investigate these changes when the
percentage increase varies from 2% to 20% in
increments of 2%. Explain intuitively what
happens when this percentage is at least 16%.

A company that builds sailboats wants to determine
how many sailboats to build during each of the next
four quarters. The demand during each of the next four
quarters is as follows: first quarter, 160 sailboats;
second quarter, 240 sailboats; third quarter, 300
sailboats; fourth quarter, 100 sailboats. The company
must meet demands on time. At the beginning of the
first quarter, the company has an inventory of 40
sailboats. At the beginning of each quarter, the
company must decide how many sailboats to build
during that quarter. For simplicity, assume that
sailboats built during a quarter can be used to meet
demand for that quarter. During each quarter, the
company can build up to 160 sailboats with regular-
time labor at a total cost of $1600 per sailboat. By
having employees work overtime during a quarter, the
company can build additional sailboats with overtime
labor at a total cost of $1800 per sailboat. At the end
of each quarter (after production has occurred and the
current quarter’s demand has been satisfied), a holding
cost of $80 per sailboat is incurred.
a. Determine a production schedule to minimize the
sum of production and inventory holding costs
during the next four quarters.

38.

39.

b. Use SolverTable to see whether any changes in the
$80 holding cost per sailboat could induce the
company to carry more or less inventory. Revise
your model so that SolverTable can be used to
investigate the effects on ending inventory during
the four-quarter period of systematic changes in the
unit holding cost. (Assume that even though the
unit holding cost changes, it is still constant over
the four-quarter period.) Are there any
(nonnegative) unit holding costs that would induce
the company to hold more inventory than it holds
when the holding cost is $80? Are there any unit
holding costs that would induce the company to
hold /ess inventory than it holds when the holding
cost is $80?

During the next two months an automobile
manufacturer must meet (on time) the following
demands for trucks and cars: month 1, 400 trucks and
800 cars; month 2, 300 trucks and 300 cars. During
each month at most 1000 vehicles can be produced.
Each truck uses two tons of steel, and each car uses
one ton of steel. During month 1, steel costs $700 per
ton; during month 2, steel is projected to cost $300 per
ton. At most 2500 tons of steel can be purchased each
month. (Steel can be used only during the month in
which it is purchased.) At the beginning of month 1,
100 trucks and 200 cars are in the inventory. At the
end of each month, a holding cost of $200 per vehicle
is assessed. Each car gets 20 miles per gallon (mpg),
and each truck gets 10 mpg. During each month, the
vehicles produced by the company must average at
least 16 mpg.

a. Determine how to meet the demand and mileage
requirements at minimum total cost.

b. Use SolverTable to see how sensitive the total cost
is to the 16 mpg requirement. Specifically, let this
requirement vary from 14 mpg to 18 mpg in
increments of 0.25 mpg. Explain intuitively what
happens when the requirement is greater than
17 mpg.

A textile company produces shirts and pants. Each
shirt requires two square yards of cloth, and each pair
of pants requires three square yards of cloth. During
the next two months the following demands for shirts
and pants must be met (on time): month 1, 1000 shirts
and 1500 pairs of pants; month 2, 1200 shirts and
1400 pairs of pants. During each month the following
resources are available: month 1, 9000 square yards of
cloth; month 2, 6000 square yards of cloth. In
addition, cloth that is available during month 1 and is
not used can be used during month 2. During each
month it costs $8 to produce an article of clothing with
regular-time labor and $16 with overtime labor.
During each month a total of at most 2500 articles of
clothing can be produced with regular-time labor, and
an unlimited number of articles of clothing can be
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produced with overtime labor. At the end of each

month, a holding cost of $3 per article of clothing is

incurred (There is no holding cost for cloth.)

a. Determine how to meet demands for the next two
months (on time) at minimum cost. Assume that
100 shirts and 200 pairs of pants are already in
inventory at the beginning of month 1.

b. Use a two-way SolverTable to investigate the effect
on total cost of two simultaneous changes. The first
change is to allow the ratio of overtime to regular-
time production cost (currently $16/$8 = 2) to vary
from 1.2 to 1.8 in increments of 0.2, while keeping
the regular time cost at $8. The second change is
to allow the production capacity each month
(currently 2500) to decrease by 10% to 50% in
increments of 10%. The idea here is that less
regular-time capacity is available, but overtime
becomes relatively cheaper. Is the net effect on
total cost positive or negative?

Each year, a shoe manufacturing company faces
demands (which must be met on time) for pairs of
shoes as shown in the file P03 _40.xIsx. Employees
work three consecutive quarters and then receive one
quarter off. For example, a worker might work during
quarters 3 and 4 of one year and quarter 1 of the next
year. During a quarter in which an employee works, he
or she can produce up to 500 pairs of shoes. Each
worker is paid $5000 per quarter. At the end of each
quarter, a holding cost of $10 per pair of shoes is
incurred.

a. Determine how to minimize the cost per year
(labor plus holding) of meeting the demands for
shoes. To simplify the model, assume that at the
end of each year, the ending inventory is 0. (You
can assume that a given worker gets the same
quarter off during each year.)

b. Suppose the company can pay a flat fee for a
training program that increases the productivity of
all of its workers. Use SolverTable to see how
much the company would be willing to pay for a
training program that increases worker productivity
from 500 pairs of shoes per quarter to P pairs of
shoes per quarter, where P varies from 525 to 700
in increments of 25.

A small appliance manufacturer must meet (on time)
the following demands: quarter 1, 3000 units;
quarter 2, 2000 units; quarter 3, 4000 units. Each
quarter, up to 2700 units can be produced with
regular-time labor, at a cost of $40 per unit. During
each quarter, an unlimited number of units can be
produced with overtime labor, at a cost of $60 per
unit. Of all units produced, 20% are unsuitable and
cannot be used to meet demand. Also, at the end of
each quarter, 10% of all units on hand spoil and
cannot be used to meet any future demands. After
each quarter’s demand is satisfied and spoilage is

Introduction to Optimization Modeling

Copyright 2011 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

42.

43.

accounted for, a cost of $15 per unit in ending

inventory is incurred.

a. Determine how to minimize the total cost of
meeting the demands of the next three quarters.
Assume that 1000 usable units are available at the
beginning of quarter 1.

b. The company wants to know how much money it
would be worth to decrease the percentage of
unsuitable items and/or the percentage of items that
spoil. Write a short report that provides relevant
information. Base your report on three uses of
SolverTable: (1) where the percentage of unsuitable
items decreases and the percentage of items that
spoil stays at 10%, (2) where the percentage of
unsuitable items stays at 20% and the percentage of
items that spoil decreases, and (3) where both
percentages decrease. Does the sum of the separate
effects on total cost from the first two tables equal
the combined effect from the third table? Include an
answer to this question in your report.

A pharmaceutical company manufactures two drugs
at Los Angeles and Indianapolis. The cost of
manufacturing a pound of each drug depends on

the location, as indicated in the file P03 _42.xIsx.

The machine time (in hours) required to produce a

pound of each drug at each city is also shown in this

table. The company must produce at least 1000

pounds per week of drug 1 and at least 2000 pounds

per week of drug 2. It has 500 hours per week of
machine time at Indianapolis and 400 hours per week
at Los Angeles.

a. Determine how the company can minimize the cost
of producing the required drugs.

b. Use SolverTable to determine how much the
company would be willing to pay to purchase a
combination of 4 extra hours of machine time at
Indianapolis and B extra hours of machine time at
Los Angeles, where 4 and B can be any positive
multiples of 10 up to 50.

A company manufactures two products on two
machines. The number of hours of machine time and
labor depends on the machine and product as shown in
the file P03 _43.xIsx. The cost of producing a unit of
each product depends on which machine produces it.
These unit costs also appear in the same file. There are
200 hours available on each of the two machines, and
there are 400 labor hours available total. This month at
least 200 units of product 1 and at least 240 units of
product 2 must be produced. Also, at least half of the
product 1 requirement must be produced on machine
1, and at least half of the product 2 requirement must
be produced on machine 2.
a. Determine how the company can minimize the cost
of meeting this month’s requirements.
b. Use SolverTable to see how much the “at least
half” requirements are costing the company. Do



this by changing both of these requirements from
“at least half” to “at least x percent,” where x can
be any multiple of 5% from 0% to 50%.

Modeling Problems

44.

45.

46.

47.

48.

49.

Suppose you use Solver to find the optimal solution to
a maximization model. Then you remember that you
omitted an important constraint. After adding the
constraint and running Solver again, is the optimal
value of the objective guaranteed to decrease? Why or
why not?

Consider an optimization model with a number of
resource constraints. Each indicates that the amount of
the resource used cannot exceed the amount available.
Why is the shadow price of such a resource constraint
always zero when the amount used in the optimal
solution is /ess than the amount available?

If you add a constraint to an optimization model, and
the previously optimal solution satisfies the new
constraint, will this solution still be optimal with the
new constraint added? Why or why not?

Why is it generally necessary to add nonnegativity
constraints to an optimization model? Wouldn’t Solver
automatically choose nonnegative values for the
changing cells?

Suppose you have a /inear optimization model where
you are trying to decide which products to produce to
maximize profit. What does the additive assumption
imply about the profit objective? What does the
proportionality assumption imply about the profit
objective? Be as specific as possible. Can you think of
any reasonable profit functions that would not be
linear in the amounts of the products produced?

In a typical product mix model, where a company
must decide how much of each product to produce to
maximize profit, discuss possible situations where

50.

51.

52.

53.

there might not be any feasible solutions. Could these
be realistic? If you had such a situation in your
company, how might you proceed?

In a typical product mix model, where a company
must decide how much of each product to produce to
maximize profit, there are sometimes customer
demands for the products. We used upper-bound
constraints for these: Don’t produce more than you
can sell. Would it be realistic to have lower-bound
constraints instead: Produce at least as much as is
demanded? Would it be realistic to have both (where
the upper bounds are greater than the lower bounds)?
Would it be realistic to have equality constraints:
Produce exactly what is demanded?

In a typical production scheduling model like
Pigskin’s, if there are no production capacity
constraints—the company can produce as much as it
needs in any time period—but there are storage
capacity constraints and demand must be met on time,
is it possible that there will be no feasible solutions?
Why or why not?

In a production scheduling problem like Pigskin’s,
suppose the company must produce several products
to meet customer demands. Would it suffice to solve a
separate model for each product, as we did for
Pigskin, or would one big model for all products be
necessary? If the latter, discuss what this big model
might look like.

In any optimization model such as those in this chapter,
we say that the model is unbounded (and Solver will
indicate as such) if there is no limit to the value of the
objective. For example, if the objective is profit, then
for any dollar value, no matter how large, there is a
feasible solution with profit at least this large. In the
real world, why are there never any unbounded
models? If you run Solver on a model and get an
“unbounded” message, what should you do?
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APPENDIX INFORMATION ON SOLVERS

Microsoft Office (or Excel) ships with a built-in version of Solver. This version and all
other versions of Solver have been developed by Frontline Systems, not Microsoft. When
you install Office (or Excel), you have the option of installing or not installing Solver. In
most cases, a typical install should install Solver. To check whether Solver is installed on
your system, open Excel, select the Office Button (or the File tab in Excel 2010), select
Excel Options, select Add-Ins, and click on Go. If there is a Solver item in the list, Solver
has been installed. (To actually add it in, make sure this item is checked.) Otherwise, you
need to run the Office Setup program with the Add/Remove feature to install Solver. Users
of previous versions of Excel (2003 or earlier) should note that the actual Solver add-in file
is a different one in Excel 2007 or Excel 2010. In previous versions, it was Solver.xla; now
it is Solver.xlam. However, the basic functionality is the same.

If you have used versions of Solver in Excel 2007 or earlier, you will see some changes
in Solver for Excel 2010. First, the user interface is slightly different, as you have already
seen in the screen shots of its main dialog box. Second, it now includes the Evolutionary
algorithm, which used to be available only in the Premium Solver product. (Because of
this, we no longer need to supply an educational version of Premium Solver with the book.)
We will continue to use the Evolutionary algorithm extensively in Chapter 8. Third, the
Solver algorithms have been revised to work better. Specifically, we have very rarely seen
the annoying message about a model not being linear when we know it is linear. This mes-
sage can still occur in certain models, but it is less likely to occur than in previous versions
of Solver.

The built-in version of Solver is able to solve most problems you are likely to
encounter. However, it has two important limitations you should be aware of. First, it
allows only 200 changing cells. This might sound like plenty, but many real-world prob-
lems go well beyond 200 changing cells. Second, Solver for Excel 2010 allows only 100
constraints. (There was no such limit in previous versions.) For example, if you specify a
constraint such as B15:B17<=D15:D17, this counts as three constraints against the 100-
constraint limit. However, simple upper or lower bound constraints, such as B15<=100 or
B15>=50, where B15 is a changing cell, do not count against the 100-constraint limit. If
you want to solve larger problems, you will need to purchase one of Frontline’s commer-
cial versions of Solver. For more information, check Frontline Systems’ Web site at
www.solver.com.
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CASE

helby Shelving is a small company that

manufactures two types of shelves for grocery
stores. Model S is the standard model; model LX is a
heavy-duty version. Shelves are manufactured in
three major steps: stamping, forming, and assembly. In
the stamping stage, a large machine is used to stamp
(i.e., cut) standard sheets of metal into appropriate
sizes. In the forming stage, another machine bends
the metal into shape.Assembly involves joining the
parts with a combination of soldering and riveting.
Shelby’s stamping and forming machines work on
both models of shelves. Separate assembly
departments are used for the final stage of
production.

3.1 SHELBY SHELVING

The file Shelby Shelving.xlsxontains relevant
data for Shelby. (See Figure 3.35.) The hours required
on each machine for each unit of product are shown
in the range B5:Cé6 of the Accounting Data sheet.
For example, the production of one model S shelf
requires 0.25 hour on the forming machine. Both
the stamping and forming machines can operate for
800 hours each month.The model S assembly
department has a monthly capacity of 1900 units.
The model LX assembly department has a monthly
capacity of only 1400 units. Currently Shelby is
producing and selling 400 units of model S and
1400 units of model LX per month.

Figure 3.35 Data for Shelby Case

A [ B8 [ ¢ [ o

Shelby Shelving Data for Current Production Schedule

Machine requirements (hours per unit)

Model S Model LX Available
Stamping 0.3 0.3 800
Forming 0.25 0.5 800

Model S Model LX
Current monthly production 400 1400

Hours spent in departments

Model S Model LX Totals
Stamping 120 420 540
Forming 100 700 800

Percentages of time spent in departments
Model S Model LX

NIN[N[N[Rplr ekl

Stamping 22.2% 77.8%
Forming 12.5% 87.5%
Unit selling price $1,800 $2,100
Assembly capacity 1900 1400

Given monthly overhead cost data

Fixed Variable S Variable LX
Stamping $125,000 $80 $90
Forming $95,000 $120 $170
Model S Assembly $80,000 $165 S0
Model LX Assembly $85,000 S0 $185

Standard costs of the shelves -- based on the current production levels

Model S Model LX

Direct materials $1,000 $1,200
Direct labor:

Stamping $35 $35

Forming $60 $90

Assembly $80 $85
Total direct labor $175 $210
Overhead allocation

Stamping $149 $159

Forming $150 $229

Assembly $365 $246
Total overhead $664 $635
Total cost $1,839 $2,045

Model S shelves are sold for $1800, and model
LX shelves are sold for $2100. Shelby’s operation is
fairly small in the industry, and management at Shelby
believes it cannot raise prices beyond these levels
because of the competition. However, the marketing
department believes that Shelby can sell as much as it
can produce at these prices.The costs of production
are summarized in the Accounting Data sheet.

As usual, values in blue cells are given, whereas other
values are calculated from these.

Management at Shelby just met to discuss next
month’s operating plan.Although the shelves are
selling well, the overall profitability of the company is
a concern.The plant’s engineer suggested that the
current production of model S shelves be cut back.
According to him,“Model S shelves are sold for

Case 3.1 Shelby Shelving 129

Copyright 2011 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



$1800 per unit, but our costs are $1839. Even
though we're selling only 400 units a month, we're
losing money on each one.We should decrease
production of model S.” The controller disagreed. He
said that the problem was the model S assembly
department trying to absorb a large overhead with a
small production volume.“The model S units are
making a contribution to overhead. Even though
production doesn’t cover all of the fixed costs, we'd
be worse off with lower production.”

Your job is to develop an LP model of Shelby’s
problem, then run Solver; and finally make a
recommendation to Shelby management, with a
short verbal argument supporting the engineer or
the controller.

Notes onAccounting Data Calculations

The fixed overhead is distributed using activity-based
costing principles. For example, at current production
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levels, the forming machine spends 100 hours on
model S shelves and 700 hours on model LX shelves.
The forming machine is used 800 hours of the month,
of which 12.5% of the time is spent on model S
shelves and 87.5% is spent on model LX shelves.The
$95,000 of fixed overhead in the forming department
is distributed as $11,875 (= 95,000 X 0.125) to
model S shelves and $83,125 (= 95,000 X 0.875) to
model LX shelves.The fixed overhead per unit of
output is allocated as $29.69 (= 11,875/400) for
model S and $59.38 (= 83,125/1400) for model LX.
In the calculation of the standard overhead cost, the
fixed and variable costs are added together, so that
the overhead cost for the forming department
allocated to a model S shelf is $149.69 (= 29.69 + 120,
shown in cell G20 rounded up to $150). Similarly, the
overhead cost for the forming department allocated
to a model LX shelf is $229.38 (= 59.38 + 170,
shown in cell H20 rounded down to $229). =



CASE

fter graduating from business school, George

Clark went to work for a Big Six accounting firm
in San Francisco. Because his hobby has always been
wine making, when he had the opportunity a few
years later he purchased five acres plus an option to
buy 35 additional acres of land in Sonoma Valley in
Northern California. He plans eventually to grow
grapes on that land and make wine with them.
George knows that this is a big undertaking and that
it will require more capital than he has at the
present. However, he figures that if he persists, he
will be able to leave accounting and live full time
from his winery earnings by the time he is 40.

Because wine making is capital-intensive and
because growing commercial-quality grapes with a
full yield of five tons per acre takes at least eight
years, George is planning to start small. This is
necessitated by both his lack of capital and his
inexperience in wine making on a large scale,
although he has long made wine at home. His plan is
first to plant the grapes on his land to get the vines
started. Then he needs to set up a small trailer
where he can live on weekends while he installs the
irrigation system and does the required work to the
vines, such as pruning and fertilizing. To help maintain
a positive cash flow during the first few years, he also
plans to buy grapes from other nearby growers so
he can make his own label wine. He proposes to
market it through a small tasting room that he will
build on his land and keep open on weekends during
the spring—summer season.

To begin, George is going to use $10,000 in
savings to finance the initial purchase of grapes from
which he will make his first batch of wine. He is also
thinking about going to the Bank of Sonoma and
asking for a loan. He knows that if he goes to the
bank, the loan officer will ask for a business plan; so
he is trying to pull together some numbers for
himself first. This way he will have a rough notion of
the profitability and cash flows associated with his
ideas before he develops a formal plan with a pro
forma income statement and balance sheet. He has
decided to make the preliminary planning horizon
two years and would like to estimate the profit over
that period. His most immediate task is to decide
how much of the $10,000 should be allocated to

3.2 SONOMA VALLEY WINEs!5

purchasing grapes for the first year and how much to
purchasing grapes for the second year. In addition,
each year he must decide how much he should
allocate to purchasing grapes to make his favorite
Petite Sirah and how much to purchasing grapes to
make the more popular Sauvignon Blanc that seems
to have been capturing the attention of a wider
market during the last few years in California.

In the first year, each bottle of Petite Sirah
requires $0.80 worth of grapes and each bottle of
Sauvignon Blanc uses $0.70 worth of grapes. For the
second year, the costs of the grapes per bottle are
$0.75 and $0.85, respectively.

George anticipates that his Petite Sirah will sell
for $8.00 a bottle in the first year and for $8.25 in
the second year, while his Sauvignon Blanc’s price
remains the same in both years at $7.00 a bottle.

Besides the decisions about the amounts of
grapes purchased in the two years, George must
make estimates of the sales levels for the two wines
during the two years.The local wine-making
association has told him that marketing is the key to
success in any wine business; generally, demand is
directly proportional to the amount of effort spent
on marketing. Thus, since George cannot afford to do
any market research about sales levels due to his lack
of capital, he is pondering how much money he
should spend to promote each wine each year.The
wine-making association has given him a rule of
thumb that relates estimated demand to the amount
of money spent on advertising. For instance, they
estimate that for each dollar spent in the first year
promoting the Petite Sirah, a demand for five bottles
will be created; and for each dollar spent in the
second year, a demand for six bottles will result.
Similarly, for each dollar spent on advertising for the
Sauvignon Blanc in the first year, up to eight bottles
can be sold;and for each dollar spent in the second
year, up to ten bottles can be sold.

I5This case was written by William D. Whisler, California State
University, Hayward.
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The initial funds for the advertising will come
from the $10,000 savings. Assume that the cash
earned from wine sales in the first year is available in
the second year.

A personal concern George has is that he
maintain a proper balance of wine products so that
he will be well positioned to expand his marketing
capabilities when he moves to the winery and makes
it his full-time job.Thus, in his mind it is important to
ensure that the number of bottles of Petite Sirah
sold each year falls in the range between 40% and
70% of the overall number of bottles sold.

Questions

I. George needs help to decide how many grapes
to buy, how much money to spend on
advertising, how many bottles of wine to sell,
and how much profit he can expect to earn over
the two-year period. Develop a spreadsheet LP
model to help him.

2. Solve the linear programming model formulated
in Question |.

The following questions should be attempted only
after Questions | and 2 have been answered correctly.

3. After showing the business plan to the Bank of
Sonoma, George learns that the loan officer is
concerned about the market prices used in
estimating the profits—recently it has been
forecasted that Chile and Australia will be
flooding the market with high-quality, low-priced
white wines over the next couple of years. In
particular, the loan officer estimates that the price
used for the Sauvignon Blanc in the second year is
highly speculative and realistically might be only
half the price George calculated. Thus, the bank is
nervous about lending the money because of the
big effect such a decrease in price might have on
estimated profits.VWhat do you think?

4. Another comment the loan officer of the Bank
of Sonoma has after reviewing the business plan
is:“l see that you do have an allowance in your
calculations for the carryover of inventory of
unsold wine from the first year to the second
year, but you do not have any cost associated
with this. All companies must charge something
for holding inventory, so you should redo your
plans to allow for this.” If the holding charges are
$0.10 per bottle per year, how much, if any, does
George’s plan change?
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5. The president of the local grape growers’
association mentions to George that there is
likely to be a strike soon over the unionization
of the grape workers. (Currently they are not
represented by any union.) This means that the
costs of the grapes might go up by anywhere
from 50% to 100%. How might this affect
George’s plan?

6. Before taking his business plan to the bank,
George had it reviewed by a colleague at the
accounting firm where he works. Although his
friend was excited about the plan and its
prospects, he was dismayed to learn that George
had not used present value in determining his
profit.“George, you are an accountant and must
know that money has a time value; and although
you are only doing a two-year planning problem,
it still is important to calculate the present value
profit.”” George replies,“Yes, | know all about
present value. For big investments over long
time periods, it is important to consider. But in
this case, for a small investment and only a
two-year time period, it really doesn’t matter.”
Who is correct, George or his colleague? Why?
Use an 8% discount factor in answering this
question. Does the answer change if a 6% or
10% discount rate is used? Use a spreadsheet to
determine the coefficients of the objective
function for the different discount rates.

7. Suppose that the Bank of Sonoma is so excited
about the prospects of George’s wine-growing
business that they offer to lend him an extra
$10,000 at their best small business rate—28%
plus a 10% compensating balance.'® Should he
accept the bank’s offer? Why or why not?

8. Suppose that the rule of thumb George was
given by the local wine-making association is
incorrect. Assume that the number of bottles
of Petite Sirah sold in the first and second
years is at most four for each dollar spent on
advertising. And likewise for the Sauvignon Blanc,
assume that it can be at most only five in years
| and 2.

9. How much could profits be increased if
George’s personal concerns (that Petite Sirah
sales should account for between 40% and 70%
of overall sales) are ignored?

16The compensating balance requirement means that only $9,000
of the $10,000 loan is available to George; the remaining $1,000
remains with the bank.



CHAPTER

Linear Programming Models

ROB KIM/Landov

PRODUCTION,INVENTORY, AND
DISTRIBUTION AT KELLOGG

he Kellogg Company is the largest cereal producer in the world and is a

leading producer of convenience foods. Its worldwide sales in 1999 were
nearly $7 billion. Kellogg’s first product in 1906 was Corn Flakes, and it
developed a variety of ready-to-eat cereals over the years, including Raisin
Bran, Rice Krispies, Corn Pops, and others. Although the company continues
to develop and market new cereals, it has recently gone into convenience
foods, such as Pop-Tarts and Nutri-Grain cereal bars, and has also entered
the health-food market. Kellogg produces hundreds of products and sells
thousands of stock-keeping units (SKUs). Managing production, inventory,
and distribution of these—that is, the daily operations—in a cost-effective
manner is a challenge.

By the late 1980s, Kellogg realized that the increasing scale and
complexity of its operations required optimization methods to coordinate
its daily operations in a centralized manner. As described in Brown et al.
(2001), a team of management scientists developed an optimization software
system called KPS (Kellogg Planning System). This system was originally in-
tended for operational (daily and weekly) decisions, but it expanded into a
system for making tactical (longer-range) decisions about issues such as plant
budgets, capacity expansion, and consolidation. By the turn of the century,
KPS had been in use for about a decade. Operational decisions made by
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KPS reduced production, inventory, and distribution costs by approximately $4.5 million
per year. Better yet, the tactical side of KPS recently suggested a consolidation of pro-
duction capacity that saved the company approximately $35 million to $40 million
annually.

Kellogg operates 5 plants in the United States and Canada, has 7 distribution centers
(DCGCs) in such areas as Los Angeles and Chicago, and has about |5 co-packers, companies
that contract to produce or pack some of Kellogg’s products. Customer demands are
seen at the DCs and the plants. In the cereal business alone, Kellogg has to coordinate
the packaging, inventorying, and distributing of 600 SKUs at about 27 locations with a
total of about 90 productions lines and 180 packaging lines. This requires a tremendous
amount of day-to-day coordination to meet customer demand at a low cost. The KPS
operational system that guides operational decisions is essentially a large linear program-
ming model that takes as its inputs the forecasted customer demands for the various
products and specifies what should be produced, held, and shipped on a daily basis. The
resulting model is similar to the Pigskin model of football production discussed in the
previous chapter, except that it is much larger.

Specifically, for each week of its 30-week planning horizon, the model specifies
(1) how much of each product to make on each production line at each facility, (2) how
much of each SKU to pack on each packaging line at each facility, (3) how much inven-
tory of each SKU to hold at each facility, and (4) how much of each SKU to ship from
each location to other locations. In addition, the model has to take constraints into ac-
count. For example, the production within a given plant in a week cannot exceed the
processing line capacity in that plant. Linear programming models such as Kellogg’s tend
to be very large—thousands of decision variables and hundreds or thousands of con-
straints—but the algorithms Kellogg uses are capable of optimizing such models very
quickly. Kellogg runs its KPS model each Sunday morning and uses its recommendations
in the ensuing week.

Kellogg’s KPS illustrates a common occurrence when companies turn to manage-
ment science for help. As stated earlier, the system was originally developed for making
daily operational decisions. Soon, however, the company developed a tactical version of
KPS for long-range planning on the order of 12 to 24 months. The tactical model is simi-
lar to the operational model except that time periods are now months, not days or
weeks, and other considerations must be handled, such as limited product shelf lives. The
point is, however, that when companies such as Kellogg become comfortable with man-
agement science methods in one part of their operations, they often look for other
areas to apply similar methods. As with Kellogg, such methods can save the company
millions of dollars. ®

4.1 INTRODUCTION

In a recent survey of Fortune 500 firms, 85% of those responding said that they used linear
programming. In this chapter, we discuss some of the LP models that are most often ap-
plied to real applications. In this chapter’s examples, you will discover how to build
optimization models to

m purchase television ads

m schedule postal workers

m create an aggregate labor and production plan at a shoe company

[

create a blending plan to transform crude oils into end products
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plan production of interdependent products at a drug company
choose an investment strategy at a financial investment company

manage a pension fund

determine which of several hospitals use their inputs “efficiently”

The two basic goals of this chapter are to illustrate the wide range of real applications
that can take advantage of LP and to increase your facility in modeling LP problems in
Excel. We present a few principles that will help you model a wide variety of problems.
The best way to learn, however, is to see many examples and work through numerous prob-
lems. In short, mastering the art of LP spreadsheet modeling takes hard work and practice,
which you will find plenty of in this chapter.

Before continuing, remember that all of the models in this chapter are linear models
as described in the previous chapter. This means that the target cell is ultimately (possibly
through a series of formulas in intervening cells) a sum of products of constants and chang-
ing cells, where a constant is defined by the fact that it does not depend on changing cells.
Similarly, each side of each constraint is either a constant or a sum of products of constants
and changing cells. Also, each changing cell (except in a few cases where it is specified
otherwise) is allowed to contain a continuous range of values, not just integer values.
These properties allow Solver to use its very efficient simplex method to find the optimal
solution.'

4.2 ADVERTISING MODELS

Many companies spend enormous amounts of money to advertise their products. They
want to ensure that they are spending their money wisely. Typically, they want to reach
large numbers of various groups of potential customers and keep their advertising costs as
low as possible. The following example illustrates a simple model—and a reasonable ex-
tension of this model—for a company that purchases television ads.

EXAMPLE 4.1 PURCHASING TELEVISION ADS

he General Flakes Company sells a brand of low-fat breakfast cereal that appeals to

people of all age groups and both genders. The company advertises this cereal in a va-
riety of 30-second television ads, and these ads can be placed in a variety of television
shows. The ads in different shows vary by cost—some 30-second slots are much more ex-
pensive than others—and by the types of viewers they are likely to reach. The company has
segmented the potential viewers into six mutually exclusive categories: males age 18 to 35,
males age 36 to 55, males over 55, females age 18 to 35, females age 36 to 55, and females
over 55. A rating service can supply data on the numbers of viewers in each of these cate-
gories who will watch a 30-second ad on any particular television show. Each such viewer
is called an exposure. The company has determined the required number of exposures it
wants to obtain for each group. It wants to know how many ads to place on each of several
television shows to obtain these required exposures at minimum cost. The data on costs per
ad, numbers of exposures per ad, and minimal required exposures are listed in Table 4.1,
where numbers of exposures are expressed in millions, and costs are in thousands of
dollars. What should the company do?

'In the special cases where integer constraints are imposed on some changing cells, the Simplex LP option can still
be chosen. However, Solver uses a somewhat different optimization algorithm when there are integer-constrained
changing cells. This is covered in more depth in Chapter 6.
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Table 4.1 Data for Advertising Problem

Viewer “Monday “The Real Lifetime “Law Minimal
Group/ “Desperate Night “The “Sports World”  Evening & Order Required
TV Show Housewives” Football” Simpsons” Center” (MTYV) Movie CNN SVU”  Exposures
Men 18-35 5 6 5 0.5 0.7 0.1 0.1 3 60
Men 36-55 3 5 2 0.5 0.2 0.1 0.2 5 60
Men over 55 1 3 0 0.3 0 0 0.3 4 28
Women 18-35 6 1 4 0.1 0.9 0.6 0.1 3 60
Women 36-55 4 1 2 0.1 0.1 1.3 0.2 5 60
Women over 55 2 1 0 0 0 0.4 0.3 4 28
Cost per Ad 0 100 80 9 13 15 8 140

This list is a small
subset of shows from
which a company
could choose, but it is
a good representation
of the types of shows
favored by various age
groups and genders.

Objective To develop an LP spreadsheet model that relates the numbers of ads on vari-
ous television shows to the exposures to various viewer groups, and to use Solver to find
the minimum-cost advertising strategy that meets minimum exposure constraints.

WHERE Do THE NUMBERS COME FROM?
The data for this problem would probably be straightforward to obtain, as suggested here:

m The advertising costs per ad are the going rates for 30-second slots for the various
types of shows.

m The exposures per ad on the various shows are typically supplied by the media
planning departments of advertising agencies. (However, see the “Modeling Issues”
section at the end of this example.)

m The required numbers of exposures are probably determined internally by the
company. The company’s marketing department knows which population groups are
its best customers and probably has some sense of the numbers of exposures the
company should obtain for a general level of advertising.

Solution

This problem is straightforward to model. As indicated in Table 4.2, the company needs to
decide how many ads to place on each television show. This determines the total advertis-
ing cost, which becomes the objective to minimize, and the total number of exposures to
each viewer group. The only constraint, other than nonnegativity, is that there must be at
least the required number of exposures for each group.

Table 4.2 Variables and Constraints for Advertising Model

Input variables Cost per ad, exposures per ad, minimal required exposures

Decision variables (changing cells)
Objective (target cell)
Other calculated variables

Numbers of ads to place on various types of shows
Total advertising cost
Total exposures to each viewer group

Constraints Actual exposures = Required exposures

Comparison to Peduct Mix Model

Before continuing, note that this model is essentially the opposite of the product mix
models in the previous chapter. With a product mix model, the goal is to make the values
of the decision variables (numbers of items to produce) as large as possible to make a large
profit. The constraints on resource availability impose a limit on these values. In contrast,
the goal now is to make the values of the decision variables as small as possible to mini-
mize cost. This time, the constraints on required exposures impose lower limits on these
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LP models tend to values. These two prototype LP models—maximizing profit subject to “less than or equal
fall into “types,” at to” constraints, and minimizing cost subject to “greater than or equal to” constraints—are

least from a structural certainly not the only types of LP models that exist, but they are very common.
point of view, even

though their actual
contexts might be
very different.The two
types mentioned here
are among the most
common.

DEVELOPINGTHE SPREADSHEETMODEL

The completed model for the advertising problem appears in Figure 4.1.% (See the file
Advertising 1.xIsx.) The model can be created with the following steps:

Figure 4.1 Optimal Solution for the Advertising Model

A | B C [ D | E [ F G H |
1 [Advertising model
2 Note: All monetary values are in $1000s, and all
3 | Inputs T exposures to ads are in millions of exposures.
4 |Exposures to various groups per ad |
1 5 | Desperate Housewives MNF The Simpsons:  Sports Center; The Real World Lifetime movie CNN  Law & Order SVU
i Men 18-35 5 6 5 0.5 0.7 0.1 0.1 3
7 [Men 36-55 3 5 2 0.5 0.2 0.1 0.2 5
8 [Men >55 1 8 0 0.3 0 0 0.3 4
iWomen 18-35 6 1 4 0.1 0.9 0.6 0.1 3
10 |Women 36-55 4 1 2 0.1 0.1 i3 0.2 5
lWomen >55 2 1 0 0 0 0.4 03 4
iTotalviewers | 21 17 13 1.5 1.9 25 12 24
13 ]
14 |Cost per ad 140 100 80 9 13 15 8 140
i Cost per million exposures 6.667 5.882 6.154 6.000 6.842 6.000 6.667 5.833
16
17 |Advertising plan
‘e Desperate Housewives MNF The Simpsons.  Sports Center; The Real World Lifetime movie CNN Law & Order SVU
19 [Number ads purchased 0.000 0.000 8.719 20.625 0.000 6.875 0.000 6.313
20
A Constraints on numbers of exposures Range names used:
22 Actual exposures Required exposures Actual_exposures =Model!$SB$23:5B$28
23 |Men 18-35 73.531 >= 60 Number_ads_purchased =Model!$B$19:51$19
| 24 |Men 36-55 60.000 >= 60 Required_exposures =Model!$D$23:5D$28
25 |Men >55 31.438 >= 28 Total_cost =Model!$B$31
26 |Women 18-35 60.000 >= 60
27 [Women 36-55 60.000 >= 60
[ 28|Women >55 | 28.000 >= 28
29 |
| 30 |Objective to minimize
31 [Total cost $1,870.000

o Input values and range names. Enter the inputs from Table 4.1 in the shaded ranges,
and name the ranges as shown.

Excel Tip: Range Name Shortcut

We ve said it before, but we’ll say it a gain. Whenever possible, use short and descriptive
labels such as in cells A19 and B22. Then you can tak e advantage of these labels, along
with the Create from Selection shortcut, to name multiple ranges quickly.

e Ads purchased. Enter any values in the Number_ads_purchased range. These are the
only changing cells for this model.

o Exposures obtained. The numbers of ads purchased determine the numbers of expo-
sures to the various viewer groups. To calculate these exposures, enter the formula

=SUMPRODUCT (B6:16,Number_ads_purchased)

in cell B23 and copy it down to cell B28.

2 From here on, to save space we typically show only the optimal solution. However, remember that when you
develop a spreadsheet optimization model, you can enter any values in the changing cells initially. Solver will
eventually find the optimal solution.
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o Total cost. The quantities of ads purchased also determine the total cost of advertising.
Calculate this cost in cell B31 with the formula

=SUMPRODUCT (B14:114,Number_ads_purchased)

USING SOLVER

The main Solver dialog box appears in Figure 4.2. After filling it out as shown and check-
ing the Non-Negative option and selecting the Simplex LP method, click on the Solve
button to obtain the solution shown in Figure 4.1.

Figure 42 Solver Parameters [z|
Solver Dialog

Box for the Set Objective: |T0ta|_mst

Advertising To: O max o O 5 |
Model

By Changing Variable Cells:

| Number _ads_purchased

Subject to the Constraints:

Ackual_exposures == Required_exposures

Change

Delete

Reset All

LoadfSave

Make Unconstrained Variables Mon-Megative

Select a Solving Method: Simplex LP b | Cptians

B
[ IIII H] E]

Salving Method

Select the GRG Nonlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplesx
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smoath,

Discussion of the Solution

The optimal solution is probably not the one you would have guessed. With a set of ads that
cost very different amounts and reach very different mixes of viewers, it is difficult to guess
the optimal strategy. For comparison, however, we calculated the total number of viewers
from each type of ad in row 12 and divided the costs in row 14 by the numbers of viewers
in row 12 to obtain the cost per million viewers in row 15. You might expect the ads with
low cost per million viewers to be chosen most frequently. However, this is not necessarily
the case. For example, “Monday Night Football” (MNF) has the second-lowest cost per
million viewers, but the optimal solution doesn’t include any ads for this show.

Sensitivity Angbis
Solver’s sensitivity report, shown in Figure 4.3, is enlightening for this solution. Here is a
sample of the information it provides.
m The company is not currently purchasing any ads on “Desperate Housewives.” The
reduced cost for this show implies that the cost per ad would have to decrease by at
least 10 ($10,000) before it would be optimal to purchase any ads on this show.

m The company is currently purchasing about 20 ads on “Sports Center.” The allowable
increase and decrease for this show indicate how much the cost per ad would have to
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Figure 43 Sensitivity Report for the Advertising Model

Al B | C [ o | e ] F | G | H
6 |Variable Cells
7| Final Reduced = Objective Allowable Allowable
I3 Cell Name Value Cost Coefficient Increase Decrease
z $BS19 Number ads purchased Desperate Housewives 0 10 140 1E+30 10
| 10| $CS$19 Number ads purchased MNF 0 7.5 100 1E+30 7.5
| 11| $D$19 Number ads purchased The Simpsons 8.719 0 80 1.744 29.091
12 SES$S19 Number ads purchased Sports Center 20.625 0 9 0.762 0.451
13| $FS19 Number ads purchased The Real World 0 0.5 13 1E+30 0.5
E $GS$19 Number ads purchased Lifetime movie 6.875 0 15 2.286 1.103
15| $HS$S19 Number ads purchased CNN 0 2.25 8 1E+30 2.25
16 | $I1$S19 Number ads purchased Law & Order SVU 6.313 0 140 11.034 6.957
17
18 |Constraints
E Final Shadow Constraint Allowable Allowable
20 Cell Name Value Price R.H. Side Increase Decrease
Z $BS$23 Men 18-35 Actual exposures 73.531 0 60 13.531 1E+30
22 $BS24 Men 36-55 Actual exposures 60 15 60 44 5.116
E $BS$25 Men >55 Actual exposures 31.438 0 28 3.438 1E+30
| 24| $BS$26 Women 18-35 Actual exposures 60 10 60 11 14.931
25| S$B$27 Women 36-55 Actual exposures 60 5 60 44.889 4.889
26 | $BS$28 Women >55 Actual exposures 28 2.5 28 6.286 7.586

This is called a dual-
objective optimization
model. Typically, the
two objectives are
pulling in different di-
rections, as they are
here.

change before the optimal number of ads on the show would change. For example, if
the price per ad increased above 9 + 0.762 ($9762), the company might purchase
fewer than 20 ads. How many fewer? You would have to rerun Solver to know.

m  The constraint on exposures to men in the 36-55 age range has the largest shadow
price, 15.000. If the company relaxed this constraint to require only 59 million
exposures, it would save $15,000 in total advertising cost. On the other side, if the
company required 61 million exposures to this group, rather than 60 million, its cost
would increase by $15,000.

A Dual-Objectie Extension of the Model

This advertising model can be extended in a very natural way. General Flakes really
has two competing objectives: (1) to obtain as many exposures as possible, and (2) to keep
the total advertising cost as low as possible. In the original model, we decided to minimize
total cost and constrain the exposures to be at least as large as a required level. An
alternative is to maximize the total number of excess exposures and put a budget constraint
on total cost. Here, excess exposures are those above the minimal required level.

To implement this alternative, only minor modifications to the original model are
necessary, as shown in Figure 4.4. (See the file Advertising 2.xlIsx.) You can do this with
the following steps:

c Excess exposures. For each viewer group, calculate the number of excess exposures
by entering the formula

=B23-D23
in cell F23 and copying it down. Then sum these in cell B35 with the SUM function. This
cell becomes the new target cell to maximize.

e Budget constraint. Calculate the total cost exactly as before, but now constrain it to be
less than or equal to a given budget in cell D32.

9 Solver dialog box. Modify the Solver dialog box as shown in Figure 4.5.
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Figure 44 Spreadsheet Model for Extension to the Advertising Problem

A [ B C [ D [ E [ F G H |
| 1 [Two-objective advertising model |
2 Note: All monetary valuesare in $1000s, and all
3 | Inputs exposures to ads are in millions of exposures.
| 4 |Exposures to various groups per ad | ;
| 5 | Desperate Housewives MNF The Simpsons| ~ Sports Centeri The Real World | Lifetime movie CNN Law & Order SVU
6 |Men 18-35 5 6 5] 0.5 0.7 0.1 0.1 8
| 7 |Men 36-55 3 5 2 0.5 0.2 0.1 0.2 5
| 8 [Men>55 1 Bl 0 0.3 0 0 0.3 4
9 |Women 18-35 6 1 4 0.1 0.9 0.6 0.1 8
| 10 |Women 36-55 4 1 2 0.1 0.1 1.3 0.2 5
| 11 [Women >55 2 1 0 0 0 0.4 03 4
| 12 | Total viewers 21 17 13 1.5% 1.9 2.5 1.2 24
|13 | |
14 |Cost per ad 140 100 80 9 13 15 8 140
15 [Cost per million exposures 6.667 5.882 6.154 6.000 6.842 6.000 6.667 5.833
1_6
17 [Advertising plan
| 18 | Desperate Housewives MNF The Simpsons, ~ Sports Center The Real World | Lifetime movie CNN Law & Order SVU
| 19 | Number ads purchased
20
| 21 |C ints on numbers of exp Range names used:
| 22 | Actual exposures Required exposu res‘ Excess exposures Actual_exposures =Model!$B$23:5B$28
23 [Men 18-35 60.000 >= 60 0.000 Budget =Model!$D$32
| 24 | Men 36-55 61.005 >= 60 1.005 Excess_exposures =Model!SF$23:5F$28
25 [Men >55 38.191 >= 28 10.191 Number_ads_purchased  =Model!$B$19:51$19
| 26 |Women 18-35 60.000 >= 60 0.000 Required_exposures =Model!$D$23:5D$28
| 27 | Women 36-55 75.477 >= 60 15.477 Total_cost =Model!SB$32
28 |Women >55 43.015 >= 28 15.015 Total_excess_exposures  =Model!$BS$35
| 29 |
|30 | Budget constrain on total cost
31 Total cost Budget
| 32 | $2,000 <= $2,000
133 |
34 |Objective to
35 |Total excess exposures 41.688
Figum 45 Solver Parameters [zl
Modified Solver :
Set Objective: |Tntal_excess_axpnsures
Dialog Box for
Extension to the G O Om SAke S : |
Advertising By Changing Yariable Cells;
‘ Mumber_ads_purchased
Problem

Subject ko the Constraints:

Actual_exposures == Required_exposures
Tatal_cost <= Budget

Change

Delete

Reset Al

LoadjSave

Make Unconstrained Variables Non-Megative

Select a Solving Method: Simples: LP ~ | Options

=%
&

Solving Method

Select the GRG Nonlinear engine For Solver Problems that are smoath nonlinear, Select the LP Simples
engine for linear Solver Problems, and select the Evolutionary engine For Solver problems that are
non-smoath,

£ Solve 1 [ Clse J

At this point, you are probably wondering where the budget of $2 million in Figure 4.4
comes from. This requires some explanation of the solution strategy in this extension of the
original model. The basic assumption is that the company has two objectives: to maximize
total excess exposures and to minimize total cost. Unfortunately, it is impossible to do both
because they are pulling in different directions. When you have a dual-objective problem
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For dual-objective

models, you optimize

one objective and

a constraint on the
other.Then you can
use SolverTable to
vary the right-hand
side of this constraint.

The result is a
trade-off curve.

such as this, you typically use one of the objectives as the target cell and constrain the other.
Here, the company is asking how many excess exposures it can get for a given budget.
There is no natural budget to use, and it makes perfect sense to ask questions such as these:
How many exposures can the company get for $1.9 million? How many for $2.0 million?
How many for $2.1 million?

Fortunately, SolverTable is the perfect tool to answer all of these questions in one step.
You first develop the model as in Figure 4.4, using any budget such as $2.0 million in
put cell D32, and run Solver in the usual way. Then you run a one-way SolverTable, allowing
the budget to vary over some desired range, and keep track of selected output variables.
Typical results appear in Figure 4.6, which are based on the SolverTable settings in
Figure 4.7. For low budget levels, the problem is infeasible—there is no way with this bud-
get to obtain the required exposures. Above a certain budget level, the problem becomes
feasible, and the optimal solutions are shown. As the budget increases, the company can
clearly obtain larger numbers of excess exposures, but the optimal advertising strategy in
columns B through I changes in a somewhat unpredictable way.

The results of this sensitivity analysis can be shown graphically in a trade-off curve,
as in Figure 4.8. To create this, highlight the numbers in columns A and J of Figure 4.6
(from row 43 down) and insert a line chart. This chart illustrates the rather obvious fact that
when the company is allowed to spend more on advertising, it can achieve more total
excess exposures.

Figure 4.6 Sensitivity of Optimal Solution to the Advertising Budget

A [ B | ¢ | o | € [ F G H [ J

1 |Oneway analysis for Solver model in Model worksheet

2

3 |Budget (cell $D$32) values along side, output cell(s) along top
i ) “ & D © ™ ®
Eel el el Eel © © Eel gel %]
() (D) () (0] (] () () () ()
® @ @ ® © @ © @ 5
ey = = = < ey ey ey [
2 o e [ o [ 2 o 9
=} 35 35 =} =} =} =} =} %
o o o o o o o o ()
o o o o " o o o o
© © © © o ae) © © (%]
© © © © © © © O (O]
(] (O] (O] (O] [0} [0} (] (] ()
) o) o) o o o o o 1
€ € € € IS IS € € IS

4 2 Z Z Z z Z Z z 2

5 $1,800|Not feasible

6 $1,850(|Not feasible

7 $1,900 0.000 0.000 8.208 0.000 0.000 1.887 0.000 8.679 23.717

8 $1,950 0.000 0.000 6.934 0.000 0.000 8.491 0.000 9.057 32.726

9 $2,000 0.000 0.000 6.030 0.000 0.000 12.060 0.000 9.548 41.688

10 $2,050 0.000 0.000 5.653 0.000 0.000 11.307 0.000 10.201 50.583

11 $2,100 0.000 0.000 5.276 0.000 0.000 10.553 0.000 10.854 59.477

12 $2,150 0.000 0.000 4.899 0.000 0.000 9.799 0.000 11.508 68.372

13 $2,200 0.000 0.000 4,523 0.000 0.000 9.045 0.000 12.161 77.266

14 $2,250 0.000 0.000 4.146 0.000 0.000 8.291 0.000 12.814 86.161

15 $2,300 0.000 0.000 3.769 0.000 0.000 7.538 0.000 13.467 95.055

16 $2,350 0.000 0.000 3.392 0.000 0.000 6.784 0.000 14.121 103.950

17 $2,400 0.000 0.000 3.015 0.000 0.000 6.030 0.000 14.774 112.844

18 $2,450 0.000 0.000 2.638 0.000 0.000 5.276 0.000 15.427 121.739

19 $2,500 0.000 0.000 2.261 0.000 0.000 4,523 0.000 16.080 130.633
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Figure 4.7 Parameters for, oneway table
801verTab1e Specify the Following information about the input
Settings for to be varied and the outputs to be captured,

Sensitivity Analysis

Cancel |

I $D¢32 - l

(Optional) Descriptive
name faor input:

Input cell:

I Budget

— Walues of input to use For table

* Base input values on Following:

Iinimurn value: 1800
Maxirnurn value: 2500
Increment: 50

" Use the values from the following range:

Input value range: I ;I

™ Use the values below (separate with commas)

Input values: I

Output cellis): 651941519, 38435 =

Mote about specifying output cells: The safest way ko select mulkiple
output cells or ranges is ko put your finger on the Ctrl key and then
drag as many output cell ranges as you like. This will automatically insert
commas between the ranges vou seleck,

Figure 4.8

Trade-Off Curve Between Total Excess Exposures and Total Cost
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Using Integr Constraints

The two advertising models to this point have allowed noninteger values in the chang-
ing cells. In reality, this is not allowed; the company cannot purchase, say, 6.313 ads on
“Law & Order SVU.” It must purchase integer numbers of ads. Given this, your first in-
stinct is probably to round the optimal values in the changing cells to the nearest integers
to obtain the optimal integer solution. Unfortunately, this can have unpredictable results.
First, the rounded solution might not be feasible. Second, even if it is feasible, it might not
be the optimal integer solution.
Use the int option in Although all of Chapter 6 is devoted to special types of integer programming models—
the Solver constraint ' those with integer constraints on at least some of the changing cells—we can preview the
dialog .box to constrain topic here. In fact, from a user’s standpoint, there isn’t much to it. To force the changing
changing cells to be . . o .

cells to have integer values, you simply add another constraint in the Solver dialog box, as

integers.
shown in Figure 4.9. In the left text box, select the changing cell range. In the middle text box,
select int (for integer). The right text box then automatically contains the word Integer. When
you eventually click on Solve, you get the optimal integer solution shown in Figure 4.10.

Figure 49 Add Constraint [X|

Specifying an

Integer Constraint Cell Reference: Copstraint:

|§B$19:41519 it v | [integer
[ QK J L:,. .......:............

Consider the following about this integer solution:

m The total cost in the target cell is now worse (larger) than before. This illustrates the
general rule that when any additional constraints are imposed, including integer con-
straints, the objective can only get worse or remain the same; it can never get better.

m  The optimal integer solution is not the rounded noninteger solution. In fact, it isn’t
even close. (Compare the before and after “The Real World” and “Sports Center”

Figure 4.10 Optimal Integer Solution to the Advertising Problem

A B | c | D [ E [ F | G H |
1 |Advertising model r
2 Note: All monetary values are in $1000s, and all
3 |Inputs exposures to ads are in millions of exposures.
I Exposures to various groups per ad
|5 | Desperate Housewives MNF The Simpsons  Sports Center| The Real World Lifetime movie CNN|{ Law & Order SVU
6 |Men 18-35 5 6 5 0.5 0.7 0.1 0.1 3
| 7 [Men 36-55 3 5 2 0.5 0.2 0.1 0.2 5
| 8 |Men>55 1 3 0 03 0 0 03 4
9 |Women 18-35 6 1 4 0.1 0.9 0.6 0.1 3
10 |Women 36-55 4 i 2 0.1 0.1 ) 0.2 5
[ 11 |women >55 2 1 0 0 0 04 03 4
iTota\ viewers 21 17 13 1.5 1.9 2.5 12 24
[13 ]
| 14 [Cost per ad 140 100 80 9 13 15 8 140
15 |Cost per million exposures 6.667 5.882 6.154 6.000 6.842 6.000 6.667 5.833
]
| 17 [Advertising plan |
|18 | Desperate Housewives MNF The Simpsons  Sports Center The Real World Lifetime movie CNN| Law & Order SVU
19 [Number ads purchased 0 0 8 16 2 6 0 7|
[ 20 ]
[ 21 | constraints on numbers of exposures
[ 22| Actual exposures Required exposures
| 23 [Men 18-35 71.000 >= 60
| 24 [Men 36-55 60.000 >= 60
[ 25 [Men >55 32.800, >= 28
26 |Women 18-35 60.000 >= 60
[27 |Women 36-55 60.600 >= 60
[ 28 |Women >55 30.400 >= 28
[29]
| 30 [Objective to minimize
31 |Total cost $1,880.000
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values, for example.) Rounding noninteger solutions sometimes works, and some-
times it doesn’t. Using Solver with explicit integer constraints is always safer.

Specifying integer m  When there are integer constraints, Solver uses an algorithm—called branch and
constraints in the bound—that is significantly different from the simplex method. (Actually, the sim-
Solver dialog box is plex method is still used to solve subproblems, but we won’t discuss the details here.)
;Zj{éf;j:j{es’o Iver Integer-constrained models are typically much harder to solve than models without
must typically do a lot any integer constraints. Although this small model still solves in a fraction of a sec-
more work to solve ond, larger integer models can take minutes or even hours of solution time.
problems with integer

X m If the model is linear except for the integer constraints—that is, it satisfies the
constraints.

proportionality and additivity assumptions of linear models—you should still select
the Simplex LP method. =

MODELING ISSUES

The advertising model has one weakness, at least for realistic applications. Perhaps you
have already spotted it: double-counting. Suppose a company runs three ads for the same
product on a “Monday Night Football” telecast. Also, suppose that the rating service
claims that an ad reaches, say, six million men age 18-35. How many total exposures do
these three ads reach for this viewer group? Our model claims that it reaches 3(6) = 18 mil-
lion. However, the effective number of exposures is probably lower than 18 million, for the
simple reason that many of the same men are watching all three ads.
Unfortunately, many This presents two difficulties for the modeler. First, it is probably difficult to estimate
marketing models, the effective number of exposures to any viewer group when an ad is run multiple times on
including this one, are - {he same show. Second, even if a company can obtain such estimates, it faces a nonlinear
inherently nonlinear. . . .. . . .
model, as discussed in Chapter 7. This is because the proportionality assumption of LP no
longer holds. Specifically, each extra ad on a given show reaches a decreasing number of
new exposures. (We will revisit this model in Chapter 7.) =

PROBLEMS

Solutions for problems whose numbers appear within a much has it cost the company to make this policy
colored box can be found in the Student Solutions Files. decision?
Refer to this book’s preface for purchase information. Suppose, in addition to the shows already listed,

General Flakes wants to open the possibility of pur-
chasing ads on the “Good Morning America” show on

Sklll—Bulldlng Problems ABC. Make up any reasonable input data you need to

In addition to the constraints already in the (original) include this possibility in the (original) model, and
advertising model, suppose General Flakes also wants find the optimal solution.
to obtain at least 180 million exposures to men and at 4. Suppose that General Flakes decides that it shouldn’t

least 160 million exposures to women. Does the
current optimal solution satisty these constraints? If
not, modify the model as necessary, and rerun Solver
to find the new optimal solution.

place any more than 10 ads on any given show.
Modify the (original) advertising model appropriately
to incorporate this constraint, and then reoptimize
(with integer constraints on the numbers of ads).

2. Suppose, as a matter of corporate policy, that General Finally, run SolverTable to see how sensitive the
Flakes decides not to advertise on the Lifetime optimal solution is to the maximum number of ads per
channel. Modify the original advertising model show allowed. You can decide on a reasonable range
appropriately and find the new optimal solution. How for the sensitivity analysis.
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Skill-Extending Problems trade-off curve from the results of the sensitivity

. .. analysis.

5. In the dual-objective advertising model, we put a
budget constraint on the total advertising cost and 6. Suppose there are three objectives, not just two:
then maximized the total number of excess expo- the total advertising cost, the total number of excess
sures. Do it the opposite way, reversing the roles of exposures to men, and the total number of excess
the two objectives. That is, model it so that you put a exposures to women. Continuing the approach sug-
lower limit on the total number of excess exposures gested in the previous problem, how might you
and minimize the total advertising cost. Then run a proceed? Take it as far as you can, including a
sensitivity analysis on this lower limit, and create a sensitivity analysis and a trade-off curve.

4.3 WORKER SCHEDULING MODELS

Many organizations must determine how to schedule employees to provide adequate ser-
vice. The following example illustrates how LP can be used to schedule employees.

EXAMPLE 4.2 PosTAL EMPLOYEE SCHEDULING

In real employee-
scheduling problems,
much of the work
involves forecasting
and queueing analysis
to obtain worker
requirements. This
must be done before
an optimal schedule
can be found.

post office requires different numbers of full-time employees on different days of the

week. The number of full-time employees required each day is given in Table 4.3.
Union rules state that each full-time employee must work five consecutive days and then
receive two days off. For example, an employee who works Monday to Friday must be off
on Saturday and Sunday. The post office wants to meet its daily requirements using only
full-time employees. Its objective is to minimize the number of full-time employees on its
payroll.

Table 4.3 Employee Requirements for Post Office

Day of Week Minimum Number of Employees Required
Monday 17
Tuesday 13
Wednesday 15
Thursday 19
Friday 14
Saturday 16
Sunday 11

Objective To develop an LP spreadsheet model that relates five-day shift schedules to
daily numbers of employees available, and to use Solver on this model to find a schedule
that uses the fewest number of employees and meets all daily workforce requirements.

WHERE Do THE NuMBERS CoME FroM?

The only inputs needed for this problem are the minimum employee requirements in
Table 4.3, but these are not easy to obtain. They would probably be obtained through a
combination of two quantitative techniques: forecasting (Chapter 14) and queueing
analysis (Chapter 13). The post office would first use historical data to forecast customer
and mail arrival patterns throughout a typical week. It would then use queueing analysis
to translate these arrival patterns into worker requirements on a daily basis. Actually,
we have kept the problem relatively simple by considering only daily requirements. In a
realistic setting, the organization might forecast worker requirements on an hourly or even
a 15-minute basis.
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Solution

The variables and constraints for this problem appear in Table 4.4. The trickiest part is iden-
tifying the appropriate decision variables. Many students believe the decision variables
should be the numbers of employees working on the various days of the week. Clearly, these
values must eventually be determined. However, it is not enough to specify, say, that 18 em-
ployees are working on Monday. The problem is that this doesn’t indicate when these
18 employees start their five-day shifts. Without this knowledge, it is impossible to implement
the five-consecutive-day, two-day-off requirement. (If you don’t believe this, try developing
your own model with the wrong decision variables. You will eventually reach a dead end.)

Table 4.4 Variables and Constraints for Postal Scheduling Problem

Input variables Minimum required number of workers each day
Decision variables (changing cells) Number of employees working each of the five-day shifts
(defined by their first day of work)
Objective cell Total number of employees on the payroll
Other calculated variables Number of employees working each day
Constraints Employees working = Employees required
The key to this model The trick is to define the decision variables as the numbers of employees working each

is choosing the correct | of the seven possible five-day shifts. By knowing the values of these decision variables, the
changing cells. other output variables can be calculated. For example, the number working on Thursday is
the sum of those who begin their five-day shifts on Sunday, Monday, Tuesday, Wednesday,
and Thursday.

FUNDAMENTAL INSIGHT

Choosing the Changing Cells worker scheduling model), the proper choice of

changing cells takes some deeper thinking about the

problem. An improper choice of changing cells typi-

cally leads to a dead end, where their values do not
supply enough information to calculate required out-
puts or implement certain constraints.

The changing cells, which are really just the decision
variables, should always be chosen so that their values
determine all required outputs in the model. In other
words, their values should tell the compan y exactly
how to run its business. Sometimes the choice of
changing cells is obvious, but in many cases (as in this

Note that this is a “wraparound” problem. We assume that the daily requirements in
Table 4.3 and the worker schedules continue week after week. So, for example, if eight em-
ployees are assigned to the Thursday through Monday shift, these employees always wrap
around from one week to the next on their five-day shift.

DEVELOPING THE SPREADSHEET MODEL

The spreadsheet model for this problem is shown in Figure 4.11. (See the file Worker
Scheduling.xlIsx.) To form this spreadsheet, proceed as follows.

c Inputs and range names. Enter the number of employees needed on each day of the
week (from Table 4.3) in the blue cells, and create the range names shown.

0 Employees beginning each day. Enter any trial values for the number of employees
beginning work on each day of the week in the Employees_starting range. These beginning
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Figure 4.11 Worker Scheduling Model with Optimal Solution

A [ B C D E F G H I ]
1 |Worker scheduling model Range names used
2 Employees_available |=Model!$BS$23:5HS23)
3 |Decision variables: number of employees starting their five-day shift on various days Employees_required  |=Model!$BS$25:5H$25
4 |Mon 6.33 Employees_Starting =Model!$B$4:5B$10
5 |Tue 5.00 Total_employees =Model!$B$28
6 |Wed 0.33
7 |Thu 7.33
8 |Fri 0.00
9 [Sat 3.33
10 |Sun 0.00
11
12 |Result of decisions: number of employees working on various days (along top) who started their shift on various days (along side)
13 Mon Tue Wed Thu Fri Sat Sun
14 [Mon 6.33 6.33 6.33 6.33 6.33
15 [Tue 5.00 5.00 5.00 5.00 5.00
16 |Wed 0.33 0.33 0.33 0.33 0.33
| 17 [Thu 7.33 7.33 7.33 7.33 7.33
18 |Fri 0.00 0.00 0.00 0.00 0.00
19 |Sat 3.33 3.33 3.33 3.33 3.33
20 |Sun 0.00 0.00 0.00 0.00 0.00
21
22 |Constraint on worker availabilities
23 |Employees available ‘ 17.00 14.67 15.00 19.00 19.00 16.00 11.00
24 ‘ >= >= >= >= >= >= >=
25 [Employees required 17 13 15 19 14 16 11
26 | \
27 |Objective to maximize H
28 |Total employees

days determine the possible five-day shifts. For example, the employees in cell B4 work
Monday through Friday.

9 Employees on hand each day. The key to this solution is to realize that the numbers
in the Employees_starting range—the changing cells—do not represent the number of
workers who will show up each day. As an example, the number in cell B4 represent those
who start on Monday and work Monday through Friday. Therefore, enter the formula

=$B$4

in cell B14 and copy it across to cell F14. Proceed similarly for rows 15-20, being careful
to take wraparounds into account. For example, the workers starting on Thursday work
Thursday through Sunday, plus Monday. Then calculate the total number who are available
on each day by entering the formula

=SUM(B14:B20)
in cell B23 and copying it across to cell H23.

Excel Tip: CTRL+Enter Shortcut

You often enter a typical formula in a cell and then copy it. One way to do this eficiently is
to highlight the entir e range, here B23:H23. Then enter the typical formula, her e

=SUM(B14:B20), and press Ctrl+ Enter. This has the same ef fect as copying, but it is
slightly quicker.

o Total employees. Calculate the total number of employees in cell B28 with the
formula
=SUM(Employees_starting)

Note that there is no double-counting in this sum. For example, the employees in cells B4
and B5 are not the same people.
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At this point, you might want to experiment with the numbers in the changing cell
range to see whether you can guess an optimal solution (without looking at Figure 4.11). It
is not that easy. Each worker who starts on a given day works the next four days as well, so
when you find a solution that meets the minimal requirements for the various days, you
usually have a few more workers available on some days than are needed.

USING SOLVER

Invoke Solver and fill out its main dialog box as shown in Figure 4.12. (You don’t need to
include the integer constraints yet. We will discuss them shortly.) Make sure you check the
Non-Negative option and use the Simplex LP method.

Discussion of the Solution

The optimal solution shown in Figure 4.11 has one drawback: It requires the number of em-
ployees starting work on some days to be a fraction. Because part-time employees are not
allowed, this solution is unrealistic. However, it is simple to add an integer constraint on the
changing cells. This integer constraint appears in Figure 4.12. With this integer constraint,
the optimal solution appears in Figure 4.13.

The changing cells in the optimal solution indicate the numbers of workers who start
their five-day shifts on the various days. You can then look at the columns of the B14:H20
range to see which employees are working on any given day. This optimal solution is typi-
cal in scheduling problems. Due to a labor constraint—each employee must work five
consecutive days and then have two days off—it is typically impossible to meet the mini-
mum employee requirements exactly. To ensure that there are enough employees available
on busy days, it is necessary to have more than enough on hand on light days.

Figure 4.12 Solver Parameters E|
Solver Dialog Box
for Worker Set Objective: | Total_employees
Scheduling Model
checuimg ode ik O Max & Min O value Of: |

By Changing Variable Cellz:

| Employees_Starting

Subject to the Constraints:

Employees_Starting = integer
Employees_available == Employees_available

Change

Celete

Reset Al

Load/Save

Make Unconstrained Variables Mon-Megative

Select a Solving Method: Simplex LP N | Options

[ IIII 7 B

Solving Method

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear., Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

Close
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Figure 4.13 Optimal Integer Solution to Worker Scheduling Model

A [ B C D E F G H I [«
| 1 |Worker scheduling model Range names used ‘
2 [ Employees_available |=Model!$B$23:5HS23)
3 |Decision variables: number of employees starting their five-day shift on various days Employees_required  |=Model!$BS$25:5H$25
4 |Mon 6 Employees_Starting =Model!$B$4:$B$10
5 |Tue 6 Total_employees =Model!$B$28
6 (Wed 0
7 (Thu 7
8 |Fri 0
9 |Sat 4
10 |Sun 0
11
12 |Result of decisions: number of employees working on various days (along top) who started their shift on various days (along side)
13 Mon Tue Wed Thu Fri Sat Sun
14 |Mon 6 6 6 6 6
15 |Tue 6 6 6 6 6
16 |Wed 0 0 0 0 0
17 |Thu 7 7 7 7 7
18 |Fri 0 0 0 0 0
19 |Sat 4 4 4 4 4
20 [Sun 0 0 0 0 0
21
22 |Constraint on worker availabilities
23 |Employees available ‘ 17 16 16 19 19 17 11
24 ‘ >= >= >= >= >= >= >=
25 |Employees required 17 13 15 19 14 16 11
2 ! |
27 |Objective to
28 |Total employees H

Multiple optimal
solutions have
different values in
the changing cells,
but they all have the
same objective value.

Set Solver’s Tolerance
to zero to ensure that
you get the optimal
integer solution. Be
aware, however, that
this can incur
significant extra
computing time for
larger models.

To run some
sensitivity analyses
with SolverTable, you
need to modify the
original model slightly
to incorporate the
effect of the input
being varied.

Another interesting aspect of this problem is that if you solve this problem on your own
PC, you might get a different schedule that is still optimal—that is, a solution that still uses a
total of 23 employees and meets all constraints. This is a case of multiple optimal solutions,
not at all uncommon in LP problems. In fact, it is typically good news for a manager, who can
then choose among the optimal solutions using other, possibly nonquantitative criteria.>

Technical Tip: Solver Tolerance Setting

When working with inte ger constraints, you should be awar e of Solver’s Tolerance setting.
The idea is as follows. As Solver searches for the best integer solution, it is often able to find
a “good” solution fairly quickly, but it often has to spend a lot of time finding slightly better
solutions. A nonzero tolerance setting allows it to quit early. The default tolerance setting is
5 (percent). This means that if Solver finds a feasible solution that is guar anteed to have an
objective value no more than 5% from the optimal value, it will quit and report this good so-
lution (which might even be the optimal solution). Thetefore, if you keep this default tolerance
value, your integer solutions will sometimes not be optimal, tut they will be close. If you want
to ensure that you get an optimal solution, you can change the Solver tolerance value to zero.
(In Excel 2010, this setting is directly under the Solver Options on the All Methods tab.)
Sensitivity Analysis

The most obvious type of sensitivity analysis in this example is to analyze the effect of
worker requirements on the optimal solution. Specifically, let’s suppose the number of em-
ployees needed on each day of the week increases by two, four, or six. How does this
change the total number of employees needed? You can answer this with SolverTable, but
you must first modify the model slightly, as shown in Figure 4.14. The problem is that we
want to increase each of the daily minimal required values by the same amount. The trick
is to enter the original requirements in row 12, enter a trial value for the extra number

3 It is usually difficult to tell whether there are multiple optimal solutions. You typically discover this by rerunning
Solver from different starting solutions.
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